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independent of d

+ Works for any n − Bound can be loose

Classical asymptotics (e.g., [van der Vaart, 1998; Liang & Jordan, 2008])

En = d
n + op

(
1
n

)
⇒ n = Θ(d)

independent of C2

+ Exact up to first order −Works for large n

What’s the true behavior of En?
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A heuristic answer

n

En

Trivial Bounds Classical asymptotics

?

Suggests multiple regimes

Are these the actual regimes?

Where are the regime transitions and how do they behave?
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The learning curve

Goal: precisely characterize the full learning curve at all n

n

En
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Two examples

Mean estimation

Linear regression
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Mean estimation: setup

Problem:

Data: X(1), · · · , X(n) ∼ N (µ∗, I)
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Goal: estimate µ∗
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}

Random regime (B̃2 � d̃):
µ̂ is a random guess on sphere

Norm B̃ dominates

Unregularized regime (d̃� B̃2):
µ̂− µ∗ ∼ Gaussian

Dimensionality d̃ dominates
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Data:

X ∼ N (0,Σ) Y ∼ N (X>β∗, σ2)

Regularized least-squares estimator:

β̂λ
def= argmin

β∈Rd

1
n

n∑
i=1

(
Y (i) −X(i)>β

)2

+ λ‖β‖2

Excess risk (prediction squared loss):

Eλn = E[(Y −X>β̂λ)2]− E[(Y −X>β∗)2]

Oracle excess risk:

E∗n = infλ≥0E
λ
n
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Linear regression: special structure

β∗ = (1, 0, . . . , 0)>

Σ = diag(B2, C2

d−1, . . . ,
C2

d−1)

Intuition:

B: norm of signal in data

C: norm of sum of irrelevant components
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Linear regression: simplification

Componentwise estimator:

For j = 1, . . . , d:

β̂λj = least-squares solution using {X(i)
j }ni=1
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Linear regression: simplification

Componentwise estimator:

For j = 1, . . . , d:

β̂λj = least-squares solution using {X(i)
j }ni=1

Note: oracle selection of λ still couples components
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Broad goal: understand the learning curve

Finite sample bounds, classical asymptotics: partial picture

High-dimensional asymptotics (statistics, statistical physics)

Key: concentration in high dimensions

Future work: analyze more complex settings
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