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Game Plan

v Introduction, Motivation and Background
v" The Dynamics of Rational Deliberation

v Reasoning to a Solution: Common Modes of Reasoning in
Games

Lecture 4: Reasoning to a Model: Iterated Belief Change as
Deliberation

Lecture 5: Reasoning in Specific Games

:
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Reasoning to a context

“It is important to understand that we have two forms of irrationality in
this paper...For us, a player is rational if he optimizes and also rules
nothing out. So irrationality might mean not optimizing. But it can
also mean optimizing while not considering everything possible.”

(pg. 314)

A. Brandenburger, A. Friedenberg and H. J. Keisler. Admissibility in Games. Econo-
metrica, 76:2, 2008, pgs. 307 - 352.
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A player can be rationally criticized for

1. not choosing what is best or what is rationally permissible, given
one's information.
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Reasoning to a context

“It is important to understand that we have two forms of irrationality in
this paper...For us, a player is rational if he optimizes and also rules
nothing out. So irrationality might mean not optimizing. But it can
also mean optimizing while not considering everything possible.”

(pg. 314)

A. Brandenburger, A. Friedenberg and H. J. Keisler. Admissibility in Games. Econo-
metrica, 76:2, 2008, pgs. 307 - 352.

A player can be rationally criticized for

1. not choosing what is best or what is rationally permissible, given
one's information.

2. not reasoning to a “proper” informational context.
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Recall...

Epistemic-Plausibility Model: M = (W, {~;}ica,{=i}ica, V)
» w =<; v means v is at least as plausibility as w for agent i.

Language: ¢ :=p | ¢ | o A | Kip | BYY | [=i]e

Truth:
> felm ={w | M, w = ¢}
» M,w = BPy iff for all v € Min<,([¢]am N [w]i), M, v E9
» M,w = [Ri]e iff forall ve W, if v <; w then M,v = ¢
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Recall...

| 2 Wi ~ Wy ~ W3

o W3

o W1 o Wo
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Recall...

> oWy~ W~ W3

> w; X Wy and wr = wy (W1 and %)
are equi-plausbile)

» wy < w3 (wg < ws and wz A wp)

> wy < w3 (w2 X w3 and wz A w)

o W3

o W1 o Wo
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Recall...

| 2 Wi ~ Wy ~ W3

> w; X Wy and wr = wy (Wl and %)
are equi-plausbile)

» wy < w3 (wg < ws and wz A wp)
> wy < w3 (w2 X w3 and wz A w)
{wi, wa} C Min<([w;])

v

o W3

o Wq o Wo
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Recall...

Incorporate the new information ¢
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Recall...

Public Announcement: Information from an infallible source
(l¢): A< B
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Recall...

Public Announcement: Information from an infallible source
(l¢): A< B

Conservative Upgrade: Information from a trusted source
(tg): A<;C<;iD=<;BUE

:
Eric Pacuit: Models of Strategic Reasoning 5/57


http://ai.stanford.edu/~epacuit

Recall...

Public Announcement: Information from an infallible source
(l¢): A< B
Conservative Upgrade: Information from a trusted source

(T@)IA%,‘C%,‘D%,’BUE

Radical Upgrade: Information from a strongly trusted source
(ﬂ(p): A<;B=<;C=<;D<;E
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Key ldea

Informational contexts of a game arise as fixed points of iterated
“rationality announcements” .
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Key ldea

Informational contexts of a game arise as fixed points of iterated
“rationality announcements”.

J. van Benthem. Rational dynamics and epistemic logic in games. International Game
Theory Review 9, 1 (2007), 13-45.

A. Baltag, S. Smets, and J. Zvesper. Keep hoping for rationality: a solution to the
backwards induction paradox. Synthese 169 (2009), 301-333.

K. Apt and J. Zvesper. Public announcements in strategic games with arbitrary
strategy sets. Proceedings of LOFT 2010 (2010).

J. van Benthem, and A. Gheerbrant. Game solution, epistemic dynamics and fixed-
point logics. Fund. Inform. 100 (2010), 1-23.
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Iterated belief revision as a model of deliberation
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Reasoning about (strategic) games
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Reasoning about (strategic) games
There is Kripke structure “built in" a strategic game.

W = {o | o is a strategy profile: o € M;enSi}

ORI
f1(01)](14) | (2,0)

o | Q.
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Reasoning about (strategic) games

o ~j o' iff o; = o this epistemic relation represents player i's “view of
the game” at the ex interim stage where i's choice is fixed but the
choices of the other players’ are unknown

o | Q

CILEATET]  (om)n(im)e(e0)

7o) [ (1a) | (20) ! ! !
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Reasoning about (strategic) games

o=~ o iff o_;j = o_;: this relation of “action freedom” gives the
alternative choices for player i when the other players’ choices are fixed.

! !
CALEATET]  (en)(on)(e0)

7o) [ (Le) | (20) ! ! !

o | Q
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Reasoning about (strategic) games

o =; o’ iff player i prefers the outcome o at least as much as outcome

O,/

?
®

N
=
e<_

9@
i
e<_

(23) 1 (22) | (1.1)
(0.2) | (40) | (1.0
F1(01) | (1.4) ] (2,0)

o | Q

/
e\
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Reasoning about (strategic) games

M = (W, {~i}tien, {=itien, {=i}ien)

v

o = [~i]e iff for all o/, if 0 ~; o then o’ = ¢.

o | [=i]p iff for all o, if 0 ~; o’ then ¢’ |= .

o |= (=i)y iff there exists o’ such that ¢’ =; o and ¢’ |= ¢.
o = (i) iff there is a o/ with o/ =; 0, 0 %#;0', and o/ E ¢

v

v

v
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Rationality Announcements

o | Q

F1(01) | (1.4) ] (2,0)

e a0 HH
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Rationality Announcements

o | Q

f1(01)](14) | (20)

Al
IO 99@
O
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Rationality Announcements: Theorem

Weak Rationality: w = WR; means Aa#WU) ‘j thinks that j's current

action is at least as good for j as a.’, where the a's run over the current
model.

Theorem The following are equivalent for all states s in a full game
model

1. s survives iterated removal of strongly dominated strategies

2. repeated successive public announcements of WR for the players
stabilizes at a submodel whose domain contains s.

J. van Benthem. Rational dynamics and epistemic logic in games. International Game
Theory Review 9, 1 (2007), 13-45.
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Dynamics for the tree

Where do the models satisfying common knowledge/belief of rationality
come from?

J. van Benthem and A. Gheerbrant. Game solution, epistemic dynamics and fixed-
point logics. Fund. Inform., 100 (2010) 1-23..

Eric Pacuit: Models of Strategic Reasoning 11/57


http://ai.stanford.edu/~epacuit

Dynamics for the tree

A
VAN
170 E
’ VRN
y A
0,5
VRN
Z u
6.4 5.5
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Dynamics for the tree

A A A
170 E £ % E B
) / \ ) / \ )
y A y A
0,5 0,5
/
Z
6,4
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Dynamics for the tree

x/A\E x/A\E x/A\E
N T N T N

y z y z y z
0,100 99,99 0,100 99,99 0,100 99,99
X y z frrat X y > z frrat X >y >z
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The Dynamics of Rational Play

A. Baltag, S. Smets and J. Zvesper. Keep ‘hoping’ for rationality: a solution to the
backward induction paradox. Synthese, 169, pgs. 301 - 333, 2009.
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Hard vs. Soft Information in a Game

The structure of the game and past moves are ‘hard information’:
irrevocably known
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Hard vs. Soft Information in a Game

The structure of the game and past moves are ‘hard information’:
irrevocably known

Players’ ‘knowledge’ of other players’ rationality and ‘knowledge’ of her
own future moves at nodes not yet reached are not of the same degree
of certainty.
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There are atomic propositions for each possible outcome o; is true only
at state o;).
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There are atomic propositions for each possible outcome o; is true only
at state o;).

The non-terminal nodes v € V are then identified with the set of
outcomes reachable from that node:

VZ:\/O
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There are atomic propositions for each possible outcome o; is true only
at state o;).

The non-terminal nodes v € V are then identified with the set of
outcomes reachable from that node:

VZ:\/O

v~0

Open future: none of the players have “hard information” that an
outcome is ruled out
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’é 1 T \

R
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Player 1 is committed to the Bl strategy is encoded in the conditional

beliefs of the player: both Bj*o; and Bj®03 are true in the previous
model.

: //_:\

W
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Player 1 is committed to the Bl strategy is encoded in the conditional
beliefs of the player: both Bj*o; and Bj®03 are true in the previous
model.

For player 2, B)?(03 \V 04) is true in the above model, which implies
player 2 plans on choosing action /» at node v».
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The players’ belief change as they learn (irrevocably) which of the
nodes in the game are reached:

M :M!VI;M!V2;M!V3;M!O4
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The players’ belief change as they learn (irrevocably) which of the
nodes in the game are reached:

M :M!VI;M!V2;M!V3;M!O4

The assumption that the players are “incurably optimistic” is
represented as follows: no matter what true formula is publicly
announced (i.e., no matter how the game proceeds), there is common

belief that the players will make a rational choice (when it is their turn
to move).
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The players’ belief change as they learn (irrevocably) which of the
nodes in the game are reached:

M :M!VI;M!V2;M!V3;M!O4

The assumption that the players are “incurably optimistic” is
represented as follows: no matter what true formula is publicly
announced (i.e., no matter how the game proceeds), there is common
belief that the players will make a rational choice (when it is their turn
to move).

M,w =[]y provided for all formulas ¢ if M, w = 1) then
M, w = [W]e.
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Theorem (Baltag, Smets and Zvesper). Common knowledge of the
game structure, of open future and common stable belief in dynamic
rationality implies common belief in the backward induction outcome.

Ck(Structg A Fg N[ | |CbRat) — Cb(Blg)
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Epistemic-plausibility models for strategic games
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ul3,3]|00
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EP and O. Roy. A Dynamic Analysis of Interactive Rationality. Proceedings of LORI-
111, 2011.
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Mo Ml (2) MT(ws 7(n) 2 o M,

initial flxed point
model

Where do the ¢y come from?
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a,bE& a/,b/ER; a”ER,-
c,deR; ceR; . c,d e E nothing
e ¢ RUR; f € RUR; e ¢ RUR; new

\/7(8011) VT(@{) vT(@j) 7(¢n)
My M2 Mol s M,
initial fixed-point
model

Where do the ¢, come from? from the players’ practical reasoning
(i.e., their categorization of their feasible moves)
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lterated Admissibility

Ann

Bob

1,1

1,0

1,0

0,1
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lterated Admissibility

Ann

T weakly dominates B

Bob

1,1

1,0

1,0

0,1
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lterated Admissibility

Bob

Ann

Then L strictly dominates R.
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lterated Admissibility

Bob
L R

i

B

Ann

The IA set
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lterated Admissibility

Bob
L R

15

B

Ann

But, now what is the reason for not playing B?
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A Dynamic Analysis of lterated Admissibility

L

R

ulll

1,0

d|10
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A Dynamic Analysis of lterated Admissibility
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A Dynamic Analysis of lterated Admissibility

L

R

1,0

d|1,0

0,1
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A Dynamic Analysis of lterated Admissibilit

L

R

1,0

d|1,0

0,1

Do

My
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A Dynamic Analysis of lterated Admissibilit

L R

d|1,0]01

d,L d,R
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A Dynamic Analysis of lterated Admissibilit

L R
ul1,1(1,0
d]11,0]0,1
d,L d,R d, R
1D,
0 R — R
U,L U,L d,L
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A Dynamic Analysis of lterated Admissibilit

L R

d|1,0(0,1

d,L d,R

u, R

u, L

Mo

M3

My = My
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A Dynamic Analysis of lterated Admissibilit

L R

d|1,0(0,1

d,L d,R

u, R

u, L

Mo

M3

My = My
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Suspending Judgement
Both ;1 and @9 describe “good” options...

( 2\
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Both ;1 and @9 describe “good” options...

|
F\ s
ND -2

Eric Pacuit: Models of Strategic Reasoning 25/57


http://ai.stanford.edu/~epacuit

Suspending Judgement
Both ;1 and @9 describe “good” options...

Eric Pacuit: Models of Strategic Reasoning 25/57


http://ai.stanford.edu/~epacuit

Suspending Judgement
Both ;1 and @9 describe “good” options...

t{p1,02} /AUE<B=<CUD<FUG
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Suspending Judgement
Both ;1 and @9 describe “good” options...

t{p1,02} /AUE<B=<CUD<FUG

{1, 2} tA<E<B=<CUD<FUG
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Remembering Reasons

L

R

ul|l,1

1,0

d|10

0.1
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Game Plan

v Introduction, Motivation and Background
v" The Dynamics of Rational Deliberation

v Reasoning to a Solution: Common Modes of Reasoning in
Games

v Reasoning to a Model: Iterated Belief Change as
Deliberation

Lecture 5: Reasoning in Specific Games

:
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Pure Coordination

Ann

Bob

1,1

0,0

0,0

1,1

Eric Pacuit: Models of Strategic Reasoning

28/57


http://ai.stanford.edu/~epacuit

Hi-Low

Ann

Bob

3,3

0,0

0,0

1,1
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Focal Points

“There are these two broad empirical facts about Hi-Lo
games, people almost always choose A [Hi] and people with
common knowledge of each other’s rationality think it is
obviously rational to choose A [Hi].”

[Bacharach, Beyond Individual Choice, 2006, pg. 42]

See also chapter 2 of:
C.F. Camerer. Behavioral Game Theory. Princeton UP, 2003.
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N. Bardsley, J. Mehta, C. Starmer and R. Sugden. The Nature of Salience Revisited:
Cognitive Hierarchy Theory versus Team Reasoning. Economic Journal.
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‘primary salience’: players’ psychological propensities to play particular
strategies by default, when theor are no other reasons for choice.
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‘primary salience’: players’ psychological propensities to play particular
strategies by default, when theor are no other reasons for choice.

(level-n theory/ cognitive hierarchy theory

‘team reasoning’: assumes that each player chooses the decision rule
which, if used by all players, would be optimal for each of them.
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Do the two approaches make different predictions?

What do the experiments support?
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pickers: choose between labels without any incentive to choose one
rather than the other

Eric Pacuit: Models of Strategic Reasoning 34/57


http://ai.stanford.edu/~epacuit

pickers: choose between labels without any incentive to choose one
rather than the other

guessers. guess how pickers have behaved

Eric Pacuit: Models of Strategic Reasoning 34/57


http://ai.stanford.edu/~epacuit

pickers: choose between labels without any incentive to choose one
rather than the other

guessers. guess how pickers have behaved

coordinators: try to coordinate their choices

Eric Pacuit: Models of Strategic Reasoning 34/57


http://ai.stanford.edu/~epacuit

pickers: choose between labels without any incentive to choose one
rather than the other

guessers: guess how pickers have behaved

coordinators: try to coordinate their choices

labels vs. options
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{water, beer, sherry, whisky, wine}
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Task 2: guess what your opponent picked
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Task 1: pick an option
Task 2: guess what your opponent picked
Task 3: try to coordinate with your (unknown) partner
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{water, beer, sherry, whisky, wine}

Task 1: pick an option
Task 2: guess what your opponent picked
Task 3: try to coordinate with your (unknown) partner

pick guess coordinate

water 20 15 38
beer 13 26 11
sherry 4 1 0
whisky 6 6 5
wine 10 4 2

Eric Pacuit: Models of Strategic Reasoning
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coordination game: the normal form plus the mechanism of labeling
which allows players to distinguish between strategies.

51 = {511, e ,51,7}

52 = {521, ce ,52,,}
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coordination game: the normal form plus the mechanism of labeling
which allows players to distinguish between strategies.

51 = {511, e ,51,7}

52 = {521, ce ,52,,}

Payoffs: Us,..., U,
If s1; and sp; are chosen, then each receive U;
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coordination game: the normal form plus the mechanism of labeling
which allows players to distinguish between strategies.

51 = {511, e ,51,7}

52 = {521, ce ,52,,}

Payoffs: Us,..., U,
If s1; and sp; are chosen, then each receive U;

Ui = --- = U, (pure coordination); otherwise a hi-low game.
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L={h,...,I,} a set of distinct labels, common to both players.
Eg., L = {h =<< heads >>, h =<< tails >>}
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L={h,...,In} a set of distinct labels, common to both players.
Eg., L = {h =<< heads >>, h =<< tails >>}

coordination index: For each /;, let m; be the number of individuals
who choose it. (
_ mjim; —1)
€= Z N(N — 1

measure the probability that two distinct individuals, chosen at random
without replacement from the set N of individuals, choose the same
label.
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When L = {/j =<< heads >>, h =<< tails >>} and 36 choose
<< heads >>, then ¢ = 0.75.
Randomly picking would imply the expected value ¢ = 0.5.
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normalised coordination index: c¢* = cn (n is the number of labels)

c* = 1.50.
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When L = {h =<< heads >>, h =<< tails >>} and 36 choose
<< heads >>, then ¢ = 0.75.
Randomly picking would imply the expected value ¢ = 0.5.

normalised coordination index: c¢* = cn (n is the number of labels)

c* = 1.50.

The distribution of label choices is more concentrated (less dispersed),
the higher the value of ¢*

Why are NClI's consistently higher than 17
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Players behavior is a probability on L: p = (p1,...,pn)
cognitive levels k =0,1,2,...

For each k, g is the relative frequency of level k players in the
population.
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probability p°.
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Players behavior is a probability on L: p = (p1,...,pn)
cognitive levels k =0,1,2,...

For each k, g is the relative frequency of level k players in the
population.

Level 0: randomize between labels according to some exogenously given
probability p°.

Level 1. believes his opponent is a level 0 player. Choose the label /*
that MEU given p°

Level 2: With probability qo/(qo + g1) the opponent reasons at level 0
and hence chooses according to p°. With probability q1/(qo0 + g1) the
opponent is a level 1 reasoner and choose /* with probability 1. The
level 2 reasoner chooses whichever label [** maximizes this belief.
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Is p° a uniform distribution?
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Is p° a uniform distribution?

Interpret p® as the tendency of players to opt for the various labels
when responding in some non-rational, non-strategic way.
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Is p° a uniform distribution?

Interpret p® as the tendency of players to opt for the various labels
when responding in some non-rational, non-strategic way.

“it predicts that players tend to choose ‘salient’ labels, but does not

explain what ‘salience’ is.
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Interpret p® as the tendency of players to opt for the various labels
when responding in some non-rational, non-strategic way.

“it predicts that players tend to choose ‘salient’ labels, but does not
explain what ‘salience’ is.”

focal points are induced by non-uniformities in p°.

Define p® empirically as measuring the frequency in which labels are
chosen in a picking task.
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Interpret p® as the tendency of players to opt for the various labels
when responding in some non-rational, non-strategic way.

“it predicts that players tend to choose ‘salient’ labels, but does not
explain what ‘salience’ is.”

focal points are induced by non-uniformities in p°.
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Define p! over labels such that each pj1 is the probability that a
randomly-selected player of any of the levels 1, 2, ... believes that /; is
the label with greatest primary salience.
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Define p! over labels such that each pj1 is the probability that a
randomly-selected player of any of the levels 1, 2, ... believes that /; is
the label with greatest primary salience.

secondary salience: pj1 is the measure of the secondary salience of the
corresponding label /;.
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Define p! over labels such that each pj1 is the probability that a
randomly-selected player of any of the levels 1, 2, ... believes that /; is
the label with greatest primary salience.

secondary salience: pj1 is the measure of the secondary salience of the
corresponding label /;.

p! is not a belief, it is a probability distribution over the players

possible beliefs about primary salience.
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What is the relationship between p® and p'?
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What is the relationship between p® and p'?

If you simply imagine yourself “picking” and simulate the behavior of
level O reasoning, then p® = p!
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What is the relationship between p® and p'?

If you simply imagine yourself “picking” and simulate the behavior of
level O reasoning, then p® = p!

But you often have additional information about the meaningful
descriptions.
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What is the relationship between p® and p'?

If you simply imagine yourself “picking” and simulate the behavior of
level O reasoning, then p® = p!

But you often have additional information about the meaningful
descriptions.

describable games
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Hypothesis PCI1: In any pure coordination game, the distribution of
responses is at least as concentrated for guessers as it is for pickers. If
the game is describable, the distribution is more concentrated for

guessers.
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Hypothesis PCI1: In any pure coordination game, the distribution of
responses is at least as concentrated for guessers as it is for pickers. If
the game is describable, the distribution is more concentrated for
guessers.

Hypothesis PC2: In any pure coordination game, the distribution of
responses is the same for coordinators as for guessers.
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An individual team reasons with respect to a group G if she works out
which profile of options for members of G would give the best results
for G, and then chooses here component of that team-optimal profile.
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which profile of options for members of G would give the best results
for G, and then chooses here component of that team-optimal profile.

If options are strategies, then this is the hypothesis the payoff
dominance is an equilibrium selection device.
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An individual team reasons with respect to a group G if she works out
which profile of options for members of G would give the best results
for G, and then chooses here component of that team-optimal profile.

If options are strategies, then this is the hypothesis the payoff
dominance is an equilibrium selection device.

Interpret an option as a ‘rule of selection’.

Primary and secondary salience can be used as rules of selection.
Choose the label as if you were just picking” “Choose the label most
likely to be picked by someone who is just picking"”.
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Thus, the theory of team reasoning is not disconfirmed if, as predicted
by cognitive hierarchy theory, guessing and coordination treatments
generate the same distribution of responses.
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Thus, the theory of team reasoning is not disconfirmed if, as predicted
by cognitive hierarchy theory, guessing and coordination treatments
generate the same distribution of responses.

Hypothesis PC3: In any pure coordination game, if the guessing and
coordination treatments generate different distributions of responses,
the distribution from the coordination treatment is at least as
concentrated as that from the guessing treatment.
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n=4, U1=U2=U3=10, U4=9.
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n=4, U1=U2=U3=10, U4=9.

Schelling: assume that “the strategies occur in a way that makes
ordering them intellectually impossible for rational players”.
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n=4 U= U = Us =10, Uy = 9.

Schelling: assume that “the strategies occur in a way that makes
ordering them intellectually impossible for rational players”.

nondescript games: though normal players are aware that the labels are
not the same, they do not have any readily-available way of describing
those differences, even to themselves.
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n=4 U= U = Us =10, Uy = 9.

Schelling: assume that “the strategies occur in a way that makes
ordering them intellectually impossible for rational players”.

nondescript games: though normal players are aware that the labels are
not the same, they do not have any readily-available way of describing
those differences, even to themselves.

Schelling claims: “[I]f no better means of coordination can be discerned,
the “solution” may be the strategy pair ... with payoffs of 9 apiece”.
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Choose label with payoff that is the odd one out
vs.
Choose label with payoff that is the highest payoff
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Choose label with payoff that is the odd one out
Vs,
Choose label with payoff that is the highest payoff

Team reasoning prefers the first strategy.
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Choose label with payoff that is the odd one out
Vs,
Choose label with payoff that is the highest payoff

Team reasoning prefers the first strategy.

Cognitive hierarchy: Iy is chosen with probability go/4 and the others
with probability go/4 + (1 — qo)/3.
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Hypothesis HL1: In any nondescript Hi-Lo game, the choice probability
for each of the labels associated with the highest payoff is greater than
that for every label associated with a lower payoff.

Hypothesis HL2: In any nondescript Hi-Lo game, the choice probability
for each team-optimal label is greater than that for every other label.

:
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“The main aim of the two experiments was to test cognitive hierarchy
theory and the theory of team reasoning as rival explanations of
behaviour in pure coordination and Hi-Lo games.
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“The main aim of the two experiments was to test cognitive hierarchy
theory and the theory of team reasoning as rival explanations of
behaviour in pure coordination and Hi-Lo games. Formally, our
conclusion must be that each theory failed at least one test.”

Eric Pacuit: Models of Strategic Reasoning 49/57


http://ai.stanford.edu/~epacuit

“The main aim of the two experiments was to test cognitive hierarchy
theory and the theory of team reasoning as rival explanations of
behaviour in pure coordination and Hi-Lo games. Formally, our
conclusion must be that each theory failed at least one test.”

“ The implication is that our subjects were able to use subtle features
of the experimental environment to solve the problem of coordinating
on a common mode of reasoning. This behaviour reveals an ability to
solve coordination problems at a conceptual level above that of the
theories of cognitive hierarchy and team reasoning that we have been
examining. Each of those theories captures certain aspects of
focal-point reasoning, but some essential feature of the human ability
to solve coordination problems seems to have escaped formalisation.”
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“The basic intellectual premise, or working hypothesis, for rational
players in this game seems to be the premise that some rule must be
used if success is to exceed coincidence, and that the best rule to be

found, whatever its rationalization, is consequently a rational
rule.” (Thomas Schelling)
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Concluding Remarks: Reasoning in Games

“The fundamental insight of game theory [is] that a rational player
must take into account that the players reason about each other in
deciding how to play” (pg. 81)

R. Aumann and J. Dreze. Rational expectations in games. American Economic
Review, Vol. 98, pgs. 72 — 86 (2008).
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Concluding Remarks: Reasoning in Games

“The fundamental insight of game theory [is] that a rational player
must take into account that the players reason about each other in
deciding how to play” (pg. 81)

R. Aumann and J. Dreze. Rational expectations in games. American Economic
Review, Vol. 98, pgs. 72 — 86 (2008).

Exactly how the players incorporate the fact that they are interacting
with other (actively reasoning) rational agents is the subject of much
debate.
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Concluding Remarks: Models of Strategic Reasoning

v

Brian Skyrms’ models of “dynamic deliberation”

v

Ken Binmore's analysis using Turing machines to “calculate” the
rational choice

v

Robin Cubitt and Robert Sugden’s “common modes of reasoning”

v

Johan van Benthem et col.'s "virtual rationality announcements’
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Concluding Remarks: Models of Strategic Reasoning

v

Brian Skyrms’ models of “dynamic deliberation”

v

Ken Binmore's analysis using Turing machines to “calculate” the
rational choice

v

Robin Cubitt and Robert Sugden’s “common modes of reasoning”

v

Johan van Benthem et col.’s “virtual rationality announcements’

Different frameworks, common thought: the “rational solutions” of a
game are the result of individual deliberation about the “rational”
action to choose.
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Concluding Remarks: Higher-Order Beliefs

J. Kadane and P. Larkey. Subjective Probability and the Theory of Games. Manage-
ment Science, 1982.
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Concluding Remarks: Higher-Order Beliefs

It is true that a subjectivist Bayesian (in games) will have an opinion
not only on his opponent’s behavior, but also on his opponent’s belief
about his own behavior, his opponent’s belief about his belief about his

opponent'’s behavior, etc.

J. Kadane and P. Larkey. Subjective Probability and the Theory of Games. Manage-
ment Science, 1982.
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It is true that a subjectivist Bayesian (in games) will have an opinion
not only on his opponent’s behavior, but also on his opponent’s belief
about his own behavior, his opponent’s belief about his belief about his
opponent’s behavior, etc. (He also has opinions about the phase of the
moon, tomorrow's weather and the winner of the next Superbowl).

J. Kadane and P. Larkey. Subjective Probability and the Theory of Games. Manage-
ment Science, 1982.
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Concluding Remarks: Higher-Order Beliefs

It is true that a subjectivist Bayesian (in games) will have an opinion
not only on his opponent’s behavior, but also on his opponent’s belief
about his own behavior, his opponent’s belief about his belief about his
opponent’s behavior, etc. (He also has opinions about the phase of the
moon, tomorrow's weather and the winner of the next Superbowl).
However, in a single-play game, all aspects of his opinion except his
opinion about his opponent’s behavior are irrelevant, and can be
ignored in the analysis by integrating them out of the joint

opinion.

J. Kadane and P. Larkey. Subjective Probability and the Theory of Games. Manage-
ment Science, 1982.
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Belief hierarchies...
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» are an explicit description (perhaps overly precise) of the contents
of the players thoughts about her opponents

> represent the outcome of a reasoning process: the reasons rational
players can point to in order to justify their choices
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Belief hierarchies...

» are an explicit description (perhaps overly precise) of the contents
of the players thoughts about her opponents

> represent the outcome of a reasoning process: the reasons rational
players can point to in order to justify their choices

» track the back-and-forth reasoning that players are engaged in as
they deliberate about what to do
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What are the players deliberating/reasoning about?
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What are the players deliberating/reasoning about?

Their preferences?
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Their preferences? The model? The other players? What to do?
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What are the players deliberating/reasoning about?

Their preferences? The model? The other players? What to do? What
is salient?
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What are the players deliberating/reasoning about?

Their preferences? The model? The other players? What to do? What
is salient?

Foundational issues: value of information, deliberation in decision
theory, iterated belief change, the nature of practical deliberation
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Thank you!
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Weak Thesis: In a situation of choice, the DM does not assign
extreme probabilities to options among which his choice is being made.

Strong Thesis: In a situation of choice, the DM does not assign any
probabilities to options among which his choice is being made.
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bé,s3 A bet on proposition A that costs C to buy and pays S if won.

A bet is fair if, and only if, the agent is prepared to take each side of
the bet (buy it, if offered, and sell it, if asked).
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A bet is fair if, and only if, the agent is prepared to take each side of
the bet (buy it, if offered, and sell it, if asked).

Assumption 1: The fair price C is unique
C is the highest price the agent is prepared to pay for the bet and the
lowest price he is prepared to sell it for.
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bé s: A bet on proposition A that costs C to buy and pays S if won.

A bet is fair if, and only if, the agent is prepared to take each side of
the bet (buy it, if offered, and sell it, if asked).

Assumption 1: The fair price C is unique
C is the highest price the agent is prepared to pay for the bet and the
lowest price he is prepared to sell it for.

Assumption 2: The ratio between price and stakes remains constant.
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bé s: A bet on proposition A that costs C to buy and pays S if won.

A bet is fair if, and only if, the agent is prepared to take each side of
the bet (buy it, if offered, and sell it, if asked).

Assumption 1: The fair price C is unique
C is the highest price the agent is prepared to pay for the bet and the
lowest price he is prepared to sell it for.

Assumption 2: The ratio between price and stakes remains constant.

Identification of credences with betting rates: P(A) = C/S

:
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EU(Buy b2 5) = P(A)- (S — C) + P(A)(~C)
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C/S-(§-C)-C/S-C
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EU(Buy b ) = P(A) - (5 — C) + P(A)(~C) =
C/S-(S-C)—C/S-C=0

EU(Sell b¢ 5) = P(A)-(—5+C)+P(A)(C)
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EU(Buy b2 5) = P(A) - (S — C) + P(A)(—C) =
C/S-(S— C) C/S-C=0

EU(Sell b2 5) = P(A)-(=S+C)+P(A)(C) = C/S(C-5)+C/S-C

Eric Pacuit: Models of Strategic Reasoning 59/57


http://ai.stanford.edu/~epacuit

EU(Buy b2 5) = P(A) - (S — C) + P(A)(—C) =
C/S-(S— C) C/S-C=0

EU(Sell b2 5) = P(A)-(=S+C)+P(A)(C) = C/S(C-5)+C/S:C=0
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Suppose that A and B are alternative actions available to the agent.

EU(A) and EU(B) are their expected utilities for the agent disregarding
any bets that he might place on the actions themselves.

The “gain” G for an agent who accepts and wins a bet b’és is the net
gain 5§ — C.

If he takes a bet on A with a net gain G, his expected utility of A will
instead be EU(A) 4+ G. The reason is obvious: If that bet is taken,
then, if A is performed, the agent will receive G in addition to EU(A).
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“The agents readiness to accept a bet on an act does not depend on
the betting odds but only on his gain. If the gain is high enough to put
this act on the top of his preference order of acts, he will accept it, and

if not, not. The stake of the agent is of no relevance whatsoever.”
(Spohn, 1977, p. 115)

Eric Pacuit: Models of Strategic Reasoning 61/57


http://ai.stanford.edu/~epacuit

“The agents readiness to accept a bet on an act does not depend on
the betting odds but only on his gain. If the gain is high enough to put
this act on the top of his preference order of acts, he will accept it, and
if not, not. The stake of the agent is of no relevance whatsoever.”
(Spohn, 1977, p. 115)

Take the bet “l will do action A" provided EU(A) + G > EU(B) and if
not, do not take the bet. This has nothing to do with the ratio C/S.
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Suppose EU(A) < EU(B), but EU(A) + G > EU(B) iff G > 4.
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Suppose EU(A) < EU(B), but EU(A) + G > EU(B) iff G > 4.

Let C =10 and S = 15. Then, G = 15 — 10 = 5, which rationalizes
taking the bet on A.
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Suppose EU(A) < EU(B), but EU(A) + G > EU(B) iff G > 4.

Let C=10and S = 15. Then, G = 15 — 10 = 5, which rationalizes
taking the bet on A.

However, if C and S drop down to 4 and 6, respectively, the quotient
C/S remains unchanged but G falls below 4.
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Suppose EU(A) < EU(B), but EU(A) + G > EU(B) iff G > 4.

Let C=10and S = 15. Then, G = 15 — 10 = 5, which rationalizes
taking the bet on A.

However, if C and S drop down to 4 and 6, respectively, the quotient
C/S remains unchanged but G falls below 4.

The agent is certain that if he takes the bet on doing the action, then
he will do that action.

Betting on an action is not the same thing as deciding to do an action.

Eric Pacuit: Models of Strategic Reasoning 62/57


http://ai.stanford.edu/~epacuit

Argument I

Suppose that P(A) is well-defined and EU(A) < EU(B), but
EU(A) + G > EU(B)
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Argument I

Suppose that P(A) is well-defined and EU(A) < EU(B), but
EU(A) + G > EU(B)

The agent considers it probable that if he is offered a bet on A, then he
will take it (but not necessarily certain).
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Argument I

Suppose that P(A) is well-defined and EU(A) < EU(B), but
EU(A) + G > EU(B)

The agent considers it probable that if he is offered a bet on A, then he
will take it (but not necessarily certain).

If no bet on A is offered, then the agent does not think it is probable
that he will perform A, so P(A) is relatively low.
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Argument I

If a bet on A is offered with net gain G, then P(A) increases.
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Argument I

If a bet on A is offered with net gain G, then P(A) increases.

The agent thinks it probable that he will perform A if he takes the bet
(since EU(A) + G > EU(B), we have EU(A) + G > EU(B) — C)
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Argument I
If a bet on A is offered with net gain G, then P(A) increases.

The agent thinks it probable that he will perform A if he takes the bet
(since EU(A) + G > EU(B), we have EU(A)+ G > EU(B) — C)and

the agent thinks it probable that he will take the bet (because of the
above assumption and the fact that EU(A) + G > EU(B)).
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Argument I
If a bet on A is offered with net gain G, then P(A) increases.

The agent thinks it probable that he will perform A if he takes the bet
(since EU(A) + G > EU(B), we have EU(A)+ G > EU(B) — C)and

the agent thinks it probable that he will take the bet (because of the
above assumption and the fact that EU(A) + G > EU(B)).

Thus, the probability of an action depends on whether the bet is
offered or not.

:
Eric Pacuit: Models of Strategic Reasoning 64/57


http://ai.stanford.edu/~epacuit

If probabilities correspond to betting rates, then this cannot depend on
whether or not the bets are offered.
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If probabilities correspond to betting rates, then this cannot depend on
whether or not the bets are offered.

proves too much: If a bet on a future A would now be offered to the
agent, taking that bet would be a current option on his part.
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If probabilities correspond to betting rates, then this cannot depend on
whether or not the bets are offered.

proves too much: If a bet on a future A would now be offered to the
agent, taking that bet would be a current option on his part.

forgetfulness

:
Eric Pacuit: Models of Strategic Reasoning 65/57


http://ai.stanford.edu/~epacuit

We must choose between the following 4 complex options:

1. take the bet on A & do A
take the bet on A & do B
abstain from the bet on A & do A
abstain from the bet on A & do B

i SN

:
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We must choose between the following 4 complex options:

1. take the bet on A & do A
take the bet on A & do B
abstain from the bet on A & do A
abstain from the bet on A & do B

i SN

Claim 1: If an agent is certain that he won't perform an option, then
this option is not feasible
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We must choose between the following 4 complex options:

1. take the bet on A & do A
take the bet on A & do B
abstain from the bet on A & do A
abstain from the bet on A & do B

i SN

Claim 1: If an agent is certain that he won't perform an option, then
this option is not feasible

Claim 2: If the agent assigns probabilities to options, then, on pain of
incoherence, his probabilities for inadmissible (= irrational) options, as
revealed by his betting dispositions, must be zero.
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Consider two alternatives A and B with EU(A) > EU(B).
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Consider two alternatives A and B with EU(A) > EU(B).

Suppose P(A), P(B) are well-defined with
P(A) = the betting rate for A = x
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Consider two alternatives A and B with EU(A) > EU(B).

Suppose P(A), P(B) are well-defined with
P(A) = the betting rate for A = x

Suppose that the agent is offered a fair bet b on A, with a positive
stake S and a price C. Since b is fair, C/S = x. Since 1 > x > 0 and
5 >0, it follows that § > C > 0.

Thus, G=S5S-C>0.
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Expected utilities of the complex actions:
» EU(b & A) = EU(A)+ G

> EU(~b & A) = EU(A)
> EU(b & B) = EU(B) — C
> EU(—b & B) = EU(B)

At least one of b & A and —b & B is admissible.

EU(b & A) = EU(A)+ G > EU(B) = EU(—b & B)
This holds even if the agent's net gainis 0 (i.e., G =S — C =0).
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Expected utilities of the complex actions:
» EU(b & A) = EU(A)+ G
EU(—b & A) = EU(A)
EU(b& B)=EU(B) - C
EU(—b & B) = EU(B)
At least one of b & A and —b & B is admissible.

v

v

v

EU(b & A) = EU(A)+ G > EU(B) = EU(—b & B)
This holds even if the agent's net gainis 0 (i.e., G =S — C =0).
But then it follows that the agent should be willing to accept the bet
on Aeven if S = C. Thus, the (fair) betting rate x for A must equal 1

(P(A) = 1), Which implies, on pain of incoherence, that
P(B) =1— P(A) = 0. The inadmissible option has probability zero.
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Do we have to conclude that probabilities for ones current options must
lack any connection at all to ones potential betting behavior?

Rabinowicz: Suppose that the agent is offered an opportunity to make
a betting commitment with respect to A at stake S and price C. The
agent makes a commitment (to buy or sell) not knowing whether he
will be required to sell or to buy the bet.

A betting commitment is fair if the agent is willing to accept the
commitment even if he is radically uncertain about what will be
required of him.
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