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Subgames

Let H= (Hi,...,Hp,u1,...,u,) be an arbitrary strategic game.
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Subgames
Let H= (Hi,...,Hp,u1,...,u,) be an arbitrary strategic game.
A restriction of H is a sequence G = (Gy, ..., G,) such that

Gi C H;forallie{1,...,n}.

The set of all restrictions of a game H ordered by componentwise
set inclusion forms a complete lattice.
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Game Models

Relational models: (W, R;) where Ri C W x W. Write
Ri(w) = {v | wR;v}.

Events: £E C W

Knowledge/Belief: OF = {w | Ri(w) C E}
Common knowledge/belief:

OE =0E

Okt1E = OOKE

O*E =y, OXE

Fact. An event F is called evident provided F C OF. w € O*E
provided there is an evident event F such that w € F C OE.
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Game Models

Let G = (Gy,..., G,) be a restriction of a game H.

A knowledge/belief model of G is a tuple
(W,R1,...,Rn,01,...,0n) where (W Ry,...,Rp) is a
knowledge/belief model and o; : W — G;.
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Game Models

Let G = (Gy,..., G,) be a restriction of a game H.
A knowledge/belief model of G is a tuple

(W,R1,...,Rn,01,...,0n) where (W Ry,...,Rp) is a
knowledge/belief model and o; : W — G;.

Given a model (W,Ry1,...,Ry,01,...0p,) for a restriction G and a
sequence E = {E;,..., E,} where E; C W,

Gg = (01(E1); -, on(En))
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Some Lattice Theory

» (D, Q) is a lattice with largest element T. T : D — D an
operator.
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Some Lattice Theory

» (D, Q) is a lattice with largest element T. T : D — D an
operator.

» T is monotonic if for all G, G, G C G’ implies T(G) C T(G')
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Some Lattice Theory
» (D, Q) is a lattice with largest element T. T : D — D an
operator.
» T is monotonic if for all G, G, G C G’ implies T(G) C T(G')
» G is a fixed-point if T(G) =G
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Some Lattice Theory

» (D, Q) is a lattice with largest element T. T : D — D an
operator.

» T is monotonic if for all G, G, G C G’ implies T(G) C T(G')
» G is a fixed-point if T(G) =G
» v T is the largest fixed point of T
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Some Lattice Theory

» (D, Q) is a lattice with largest element T. T : D — D an
operator.

v

T is monotonic if for all G, G', G C G’ implies T(G) C T(G')
G is a fixed-point if T(G) =G

v T is the largest fixed point of T

T is the “outcome of T: TO =T, To+l = T(T*),

Th = Na<p T The outcome of iterating T is the least
such that 7@t = T denoted T

v

v

v
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Some Lattice Theory

» (D, Q) is a lattice with largest element T. T : D — D an
operator.

» T is monotonic if for all G, G, G C G’ implies T(G) C T(G')

» G is a fixed-point if T(G) =G

» v T is the largest fixed point of T

» T is the “outcome of T: TO =T, Tl = T(T?),
Th = Na<p T The outcome of iterating T is the least
such that 7@t = T denoted T

» Tarski's Fixed-Point Theorem: Every monotonic operator
T has a (least and largest) fixed point
T =vT =J{G | GC T(G)}.
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Some Lattice Theory

» (D, Q) is a lattice with largest element T. T : D — D an
operator.

» T is monotonic if for all G, G, G C G’ implies T(G) C T(G')

» G is a fixed-point if T(G) =G

» v T is the largest fixed point of T

» T is the “outcome of T: TO =T, Tl = T(T?),
Th = Na<p T The outcome of iterating T is the least
such that 7@t = T denoted T

» Tarski's Fixed-Point Theorem: Every monotonic operator
T has a (least and largest) fixed point
T =vT =J{G| GC T(G)}.

» T is contracting if T(G) C G. Every contracting operator has
an outcome (T°° is well-defined)
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Rationality Properties

©(si, G, G_;) holds between a strategy s; € H;, a set of strategies
G; for player i and strategies G_; of the opponents. Intuitively s; is
p-optimal strategy for player i in the restricted game

(Gj, G_j,u1,...,u,) (where the payoffs are suitably restricted).
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Rationality Properties

©(si, G, G_;) holds between a strategy s; € H;, a set of strategies
G; for player i and strategies G_; of the opponents. Intuitively s; is
p-optimal strategy for player i in the restricted game

(Gj, G_j,u1,...,u,) (where the payoffs are suitably restricted).

; is monotonic if for all G_;, G'; C H_; and s; € H;

G_; C G'; and ¢(s;, H;, G_;) implies ¢(s;, Hi, G’ ;)
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Removing Strategies

If o = (¢1,...,9n), then define T,(G) = G’ where

> G=(G,...,Gp), G' =(Gl,...,G),
» forall i € {1, Ceey n}, G,-/ = {S,' € G; ‘ <p,‘($,', H;, G_,')}
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Removing Strategies

If o = (¢1,...,9n), then define T,(G) = G’ where

> G=(G,...,Gp), G' =(Gl,...,G),
» forall i € {1, Ceey n}, G,-/ = {S,' € G; ‘ (p,'(S,', H;, G_,')}

Ty is contracting, so it has an outcome TZ2°
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Removing Strategies

If o = (¢1,...,9n), then define T,(G) = G’ where

> G=(G,...,Gp), G' =(Gl,...,G),
» forall i € {1, Ceey n}, G,-/ = {S,' € G; ‘ gO,'(S,', H;, G_,')}

Ty is contracting, so it has an outcome TZ2°

If each ¢; is monotonic, then v T, exists and equals T2°.
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Rational Play

Let H= (Hi,...,Hp,u1,...,u,) a strategic game and
(W,R1,...,Rn,01,...,0n) a model for H.

oi(w) is the strategy player is using in state w.

GR,(w) Is a restriction of H giving i's view of the game.
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Rational Play

Let H= (Hi,...,Hp,u1,...,u,) a strategic game and
(W,R1,...,Rn,01,...,0n) a model for H.

oi(w) is the strategy player is using in state w.
GR,(w) Is a restriction of H giving i's view of the game.

Player i is pj-rational in the state w if ;(0i(w), Hi, (Ggr,(w))-i)
holds.
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Rational Play

Let H= (Hi,...,Hp,u1,...,u,) a strategic game and
(W,R1,...,Rn,01,...,0n) a model for H.

oi(w) is the strategy player is using in state w.
GR,(w) Is a restriction of H giving i's view of the game.

Player i is pj-rational in the state w if ;(0i(w), Hi, (Ggr,(w))-i)
holds.

Rat(p) = {w € W | each player is @j-rational in w}

ORat(yp)
O*Rat(y)
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Theorem (Apt and Zvesper).

> Suppose that each ¢; is monotonic. Then for all belief models
for H,

GRat()nB* (Rat(y)) € T

» Suppose that each ¢; is monotonic. Then for all knowledge
models for H,

Gk (Rat(p)) € T

» For some standard knowledge model for H,

72" € Gk=(Rat(v))

K. Apt and J. Zvesper. The Role of Monotonicity in the Epistemic Analysis of
Games. Games, 1(4), pgs. 381-394, 2010.
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Claim If each ¢; is monotonic, then Gray(y)no<Rat(p) € To°-
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Claim If each ¢; is monotonic, then Gray(y)no<Rat(p) € To°-

Let s; be an element of the ith component of Grat(y)no*Rat(y):
si = oj(w) for some w € Rat(yp) N O*Rat(yp)
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I EEEEE—————
Claim If each ¢; is monotonic, then Gray(y)no<Rat(p) € To°-

Let s; be an element of the ith component of Grat(y)no*Rat(y):
si = oj(w) for some w € Rat(yp) N O*Rat(yp)

there is an F such that F C OF and

w € F C ORat(p) = {v € W | Vi Rj(v) C Rat(y)}
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I EEEEE—————
Claim If each ¢; is monotonic, then Gray(y)no<Rat(p) € To°-

Let s; be an element of the ith component of Grat(y)no*Rat(y):
si = oj(w) for some w € Rat(yp) N O*Rat(yp)

there is an F such that F C OF and
w € F C ORat(p) ={ve W | Vi R(v) C Rat(p)}

Claim. GrnRat(y) is post-fixed point of T,
(GFﬂRat(go) - TLP(GFﬂRat(cp)))'
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I EEEEE—————
Claim If each ¢; is monotonic, then Gray(y)no<Rat(p) € To°-

Let s; be an element of the ith component of Grat(y)no*Rat(y):
si = oj(w) for some w € Rat(yp) N O*Rat(yp)

there is an F such that F C OF and

w € F C ORat(p) = {v € W | Vi Rj(v) C Rat(y)}

Claim. GrnRat(y) is post-fixed point of T,
(GFﬂRat(go) - Tga(GFmRat(cp)))-

Since each ¢; is monotonic, T, is monotonic and by Tarski's
fixed-point theorem, Grnrat(,) © To°. But s; = oi(w) and
w € F N Rat(yp), so s; is the ith component in T2°.
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I EEEEE—————
F COF and w € F C ORat(p) = {ve W | Vi Ri(v) C Rat(y)}

Claim. GrnRat(y) is post-fixed point of T,
(GFrRat(p) € Tu(GFrRat(s)))-
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I EEEEE—————
F COF and w € F C ORat(p) = {ve W | Vi Ri(v) C Rat(y)}

Claim. GrnRat(y) is post-fixed point of T,
(GFrRat(p) € Tu(GFrRat(s)))-

Let w' € FNRat(p) and let i € {1,...,n}.

I —
Eric Pacuit and Olivier Roy 11



I EEEEE—————
F COF and w € F C ORat(p) = {ve W | Vi Ri(v) C Rat(y)}

Claim. GrnRat(y) is post-fixed point of T,
(GFrRat(p) € Tu(GFrRat(s)))-

Let w' € FNRat(p) and let i € {1,...,n}.

Since w’ € Rat(y), ¢i(oi(w'), H;, (Gg,(w))—i) holds.
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I EEEEE—————
F COF and w € F C ORat(p) = {ve W | Vi Ri(v) C Rat(y)}

Claim. GrnRat(y) is post-fixed point of T,
(GFrRat(p) € To(GFrRat(y)))-

Let w' € FNRat(p) and let i € {1,...,n}.
Since w' € Rat(y), wi(oi(w’), Hi, (Gg,(w))-i) holds.

F is evident, so R;(w’) C F. We also have R;(w’) C Rat(y).
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I EEEEE—————
F COF and w € F C ORat(p) = {ve W | Vi Ri(v) C Rat(y)}

Claim. GrnRat(y) is post-fixed point of T,
(GFrRat(p) € To(GFrRat(y)))-

Let w' € FNRat(p) and let i € {1,...,n}.
Since w' € Rat(y), wi(oi(w’), Hi, (Gg,(w))-i) holds.
F is evident, so R;(w’) C F. We also have R;(w’) C Rat(y).

Hence, Ri(w’) C F N Rat(y).
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I EEEEE—————
F COF and w € F C ORat(p) = {ve W | Vi Ri(v) C Rat(y)}

Claim. GrnRat(y) is post-fixed point of T,
(GFrRat(p) € To(GFrRat(y)))-

Let w' € FNRat(yp) and let i € {1,...,n}.

Since w' € Rat(y), wi(oi(w’), Hi, (Gg,(w))-i) holds.

F is evident, so R;(w’) C F. We also have R;(w’) C Rat(y).
Hence, Ri(w’) C F N Rat(y).

This implies (Gg,(w')) € (GFARat(e))—i» and so by monotonicity of
@i, wi(sis His (GFARat(p))—i) holds.
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I EEEEE—————
F COF and w € F C ORat(p) = {ve W | Vi Ri(v) C Rat(y)}

Claim. GrnRat(y) is post-fixed point of T,
(GFrRat(p) € To(GFrRat(y)))-

Let w' € FNRat(yp) and let i € {1,...,n}.

Since w' € Rat(y), wi(oi(w’), Hi, (Gg,(w))-i) holds.

F is evident, so R;(w’) C F. We also have R;(w’) C Rat(y).
Hence, Ri(w’) C F N Rat(y).

This implies (Gg,(w')) € (GFARat(e))—i» and so by monotonicity of
@i, wi(sis His (GFARat(p))—i) holds.

This means Grarat(y) € To(GFnRat(y))
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Sd,'(S,', G,', G_,') is —|E|SI{ S G,',VS_,' S G_,'U,'(SI{,S_,') > u,-(s,-,s_,-)
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Sd,'(S,', G,', G_,') is —\35; S G,',VS_,' S G_,'U,'(SI{,S_,') > U,'(S,',S_,')

bri(si, Gj, G_;) is 3pu; € Bi(G_j)Vs! € Gj, Ui(si, i) > Ui(s!, pi)-
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Sd,'(S,', G,', G_,') is —\35; S G,',VS_,' S G_,'U,'(SI{,S_,') > U,'(S,',S_,')

bri(si, Gj, G_;) is 3pu; € Bi(G_j)Vs! € Gj, Ui(si, i) > Ui(s!, pi)-

ULP(G) = G’ where G,-/ = {S,' € G; | 30,'(5,', G,', G_,')}.
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Sd,'(S,', G,', G_,') is —\35; S G,',VS_,' S G_,'U,'(SI{,S_,') > U,'(S,',S_,')

br;(s;, G;, G,,') is E][L,' S B,’(G,,')VS,{ € G;, U,'(S,',[L,') > U,'(S,{,u,').

ULP(G) = G’ where G,-/ = {S,' € G; | gO,'(S,', G,', G_,')}.

Note: U, is not monotonic.
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Corollary. For all belief models, Grat(br)no+Rat(br) © Ugy - For all
G, we have
Thr(G) C Tsa(G)

Tsd(G) g Usd(G)

e e]
Then, 727 C Ugy.
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Corollary. For all belief models, Grat(br)no+Rat(br) © Ugy - For all
G, we have
Thr(G) C Tsa(G)

Tsd(G) g Usd(G)

Then, 727 C Ugy.

Fact. Consider two operators Ty, T on (D, C) such that,

> forall G, T1(G) C T»(G)
» T7 is monotonic
» T, is contracting

Then, T C T3°.
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This analysis does not work for weak dominance...
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