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Subgames

Let H = 〈H1, . . . ,Hn, u1, . . . , un〉 be an arbitrary strategic game.

A restriction of H is a sequence G = (G1, . . . ,Gn) such that
Gi ⊆ Hi for all i ∈ {1, . . . , n}.

The set of all restrictions of a game H ordered by componentwise
set inclusion forms a complete lattice.
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Game Models

Relational models: 〈W ,Ri 〉 where Ri ⊆W ×W . Write
Ri (w) = {v | wRiv}.

Events: E ⊆W

Knowledge/Belief: 2E = {w | Ri (w) ⊆ E}

Common knowledge/belief:
21E = 2E
2k+1E = 22kE
2∗E =

⋂∞
k=12

kE

Fact. An event F is called evident provided F ⊆ 2F . w ∈ 2∗E
provided there is an evident event F such that w ∈ F ⊆ 2E .
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Game Models

Let G = (G1, . . . ,Gn) be a restriction of a game H.

A knowledge/belief model of G is a tuple
〈W ,R1, . . . ,Rn, σ1, . . . , σn〉 where 〈W ,R1, . . . ,Rn〉 is a
knowledge/belief model and σi : W → Gi .

Given a model 〈W ,R1, . . . ,Rn, σ1, . . . σn〉 for a restriction G and a
sequence E = {E1, . . . ,En} where Ei ⊆W ,

GE = (σ1(E1), . . . , σn(En))

Eric Pacuit and Olivier Roy 4



Game Models

Let G = (G1, . . . ,Gn) be a restriction of a game H.

A knowledge/belief model of G is a tuple
〈W ,R1, . . . ,Rn, σ1, . . . , σn〉 where 〈W ,R1, . . . ,Rn〉 is a
knowledge/belief model and σi : W → Gi .

Given a model 〈W ,R1, . . . ,Rn, σ1, . . . σn〉 for a restriction G and a
sequence E = {E1, . . . ,En} where Ei ⊆W ,

GE = (σ1(E1), . . . , σn(En))

Eric Pacuit and Olivier Roy 4



Some Lattice Theory

I (D,⊆) is a lattice with largest element >. T : D → D an
operator.

I T is monotonic if for all G ,G ′, G ⊆ G ′ implies T (G ) ⊆ T (G ′)

I G is a fixed-point if T (G ) = G

I νT is the largest fixed point of T

I T∞ is the “outcome of T : T 0 = >, Tα+1 = T (Tα),
T β =

⋂
α<β T

α, The outcome of iterating T is the least α

such that Tα+1 = Tα, denoted T∞

I Tarski’s Fixed-Point Theorem: Every monotonic operator
T has a (least and largest) fixed point
T∞ = νT =

⋃
{G | G ⊆ T (G )}.

I T is contracting if T (G ) ⊆ G . Every contracting operator has
an outcome (T∞ is well-defined)
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Rationality Properties

ϕ(si ,Gi ,G−i ) holds between a strategy si ∈ Hi , a set of strategies
Gi for player i and strategies G−i of the opponents. Intuitively si is
ϕ-optimal strategy for player i in the restricted game
〈Gi ,G−i , u1, . . . , un〉 (where the payoffs are suitably restricted).

ϕi is monotonic if for all G−i , G
′
−i ⊆ H−i and si ∈ Hi

G−i ⊆ G ′−i and ϕ(si ,Hi ,G−i ) implies ϕ(si ,Hi ,G
′
−i )

Eric Pacuit and Olivier Roy 6



Rationality Properties

ϕ(si ,Gi ,G−i ) holds between a strategy si ∈ Hi , a set of strategies
Gi for player i and strategies G−i of the opponents. Intuitively si is
ϕ-optimal strategy for player i in the restricted game
〈Gi ,G−i , u1, . . . , un〉 (where the payoffs are suitably restricted).

ϕi is monotonic if for all G−i , G
′
−i ⊆ H−i and si ∈ Hi

G−i ⊆ G ′−i and ϕ(si ,Hi ,G−i ) implies ϕ(si ,Hi ,G
′
−i )

Eric Pacuit and Olivier Roy 6



Removing Strategies

If ϕ = (ϕ1, . . . , ϕn), then define Tϕ(G ) = G ′ where

I G = (G1, . . . ,Gn), G ′ = (G ′1, . . . ,G
′
n),

I for all i ∈ {1, . . . , n}, G ′i = {si ∈ Gi | ϕi (si ,Hi ,G−i )}

Tϕ is contracting, so it has an outcome T∞ϕ

If each ϕi is monotonic, then νTϕ exists and equals T∞ϕ .
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Rational Play

Let H = 〈H1, . . . ,Hn, u1, . . . , un〉 a strategic game and
〈W ,R1, . . . ,Rn, σ1, . . . , σn〉 a model for H.

σi (w) is the strategy player is using in state w .

GRi (w) is a restriction of H giving i ’s view of the game.

Player i is ϕi -rational in the state w if ϕi (σi (w),Hi , (GRi (w))−i )
holds.

Rat(ϕ) = {w ∈W | each player is ϕi -rational in w}

2Rat(ϕ)
2∗Rat(ϕ)
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Theorem (Apt and Zvesper).

I Suppose that each ϕi is monotonic. Then for all belief models
for H,

GRat(ϕ)∩B∗(Rat(ϕ)) ⊆ T∞ϕ

I Suppose that each ϕi is monotonic. Then for all knowledge
models for H,

GK∗(Rat(ϕ)) ⊆ T∞ϕ

I For some standard knowledge model for H,

T∞ϕ ⊆ GK∗(Rat(ϕ))

K. Apt and J. Zvesper. The Role of Monotonicity in the Epistemic Analysis of
Games. Games, 1(4), pgs. 381-394, 2010.
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Claim If each ϕi is monotonic, then GRat(ϕ)∩2∗Rat(ϕ) ⊆ T∞ϕ .

Let si be an element of the ith component of GRat(ϕ)∩2∗Rat(ϕ):
si = σi (w) for some w ∈ Rat(ϕ) ∩2∗Rat(ϕ)

there is an F such that F ⊆ 2F and

w ∈ F ⊆ 2Rat(ϕ) = {v ∈W | ∀i Ri (v) ⊆ Rat(ϕ)}

Claim. GF∩Rat(ϕ) is post-fixed point of Tϕ
(GF∩Rat(ϕ) ⊆ Tϕ(GF∩Rat(ϕ))).

Since each ϕi is monotonic, Tϕ is monotonic and by Tarski’s
fixed-point theorem, GF∩Rat(ϕ) ⊆ T∞ϕ . But si = σi (w) and
w ∈ F ∩ Rat(ϕ), so si is the ith component in T∞ϕ .
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F ⊆ 2F and w ∈ F ⊆ 2Rat(ϕ) = {v ∈W | ∀i Ri (v) ⊆ Rat(ϕ)}

Claim. GF∩Rat(ϕ) is post-fixed point of Tϕ
(GF∩Rat(ϕ) ⊆ Tϕ(GF∩Rat(ϕ))).

Let w ′ ∈ F ∩ Rat(ϕ) and let i ∈ {1, . . . , n}.

Since w ′ ∈ Rat(ϕ), ϕi (σi (w
′),Hi , (GRi (w))−i ) holds.

F is evident, so Ri (w
′) ⊆ F . We also have Ri (w

′) ⊆ Rat(ϕ).

Hence, Ri (w
′) ⊆ F ∩ Rat(ϕ).

This implies (GRi (w ′)) ⊆ (GF∩Rat(ϕ))−i , and so by monotonicity of
ϕi , ϕi (si ,Hi , (GF∩Rat(ϕ))−i ) holds.

This means GF∩Rat(ϕ) ⊆ Tϕ(GF∩Rat(ϕ))
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sdi (si ,Gi ,G−i ) is ¬∃s ′i ∈ Gi , ∀s−i ∈ G−iui (s
′
i , s−i ) > ui (si , s−i )

bri (si ,Gi ,G−i ) is ∃µi ∈ Bi (G−i )∀s ′i ∈ Gi ,Ui (si , µi ) ≥ Ui (s
′
i , µi ).

Uϕ(G ) = G ′ where G ′i = {si ∈ Gi | ϕi (si ,Gi ,G−i )}.

Note: Uϕ is not monotonic.
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Corollary. For all belief models, GRat(br)∩2∗Rat(br) ⊆ U∞sd . For all
G , we have

Tbr (G ) ⊆ Tsd(G )

Tsd(G ) ⊆ Usd(G )

Then, T∞sd ⊆ U∞sd .

Fact. Consider two operators T1,T2 on (D,⊆) such that,

I for all G , T1(G ) ⊆ T2(G )

I T1 is monotonic

I T2 is contracting

Then, T∞1 ⊆ T∞2 .
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This analysis does not work for weak dominance...
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