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Game Theory

“We wish to find the mathematically complete principles which
define ‘rational behavior’ for the participants.” (pg. 31)

J. von Neumann and O. Morgenstern. Theory of Games and Economic Behavior.
Princeton University Press, 1944,
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Game Theory

“We wish to find the mathematically complete principles which
define ‘rational behavior’ for the participants.” (pg. 31)

J. von Neumann and O. Morgenstern. Theory of Games and Economic Behavior.
Princeton University Press, 1944,

“Game theory is a bag of analytical tools designed to help us
understand the phenomena that we observe when decision-makers

interact.” (pg. 1)

M. Osborne and A. Rubinstein. Introduction to Game Theory. MIT Press, 2004.

:
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Rationality in Interaction

What does it mean to be rational when the outcome of one’s
action depends upon the actions of other people and everyone is
trying to guess what the others will do?
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Rationality in Interaction

What does it mean to be rational when the outcome of one's
action depends upon the actions of other people and everyone is
trying to guess what the others will do?

In social interaction, rationality has to be enriched with further
assumptions about individuals’ mutual knowledge and beliefs,
but these assumptions are not without consequence.

C. Bicchieri. Rationality and Game Theory. Chapter 10 in [HR].
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Game Situations

1. a group of self-interested agents (players) involved in some
interdependent decision problem
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Game Situations
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1. a group of self-interested agents (players) involved in some
interdependent decision problem
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Game Situations

Ann

1. a group of self-interested agents (players) involved in some
interdependent decision problem

L
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Game Situations

Ann

1. a group of self-interested agents (players) involved in some
interdependent decision problem, and

L
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1,1

0,0

0,0

1,1

Eric Pacuit: Rationality (Lecture 10)

4/36


http://ai.stanford.edu/~epacuit
http://ai.stanford.edu/~epacuit/classes/rationality.html

Game Situations

Ann

L

Bob

1,1

0,0

0,0

1,1

What should Ann (Bob) do?
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Who is game theory about?
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Who is game theory about?

1. Classical view: idealized world with perfectly rational agents

2. Humanistic view: real people in interactive situations

L. Samuelson. Comments on Game Theory. Game Theory: 5 Questions, Auto-
matic Press, 2007.
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Who is game theory about?

1. Classical view: idealized world with perfectly rational agents

e The game itself it taken to be a literal description of the
strategic interaction

“We adhere to the classical point of view that the game
under consideration fully describes the real situation —
that any (pre) commitment possibilities, any repetitive
aspect, any probabilities of error, or any possibility of
Jjointly observing some random event, have already been
modeled in the game tree.” (pg. 1005)

E. Kohlberg and J.-F. Mertens. On the strategic stability of equilibria. Econo-
metrica, 54, pgs. 1003 - 1038, 1986.

L. Samuelson. Comments on Game Theory. Game Theory: 5 Questions, Auto-

matic Press, 2007.
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Who is game theory about?

1. Classical view: idealized world with perfectly rational agents

e The game itself it taken to be a literal description of the
strategic interaction

e Any appropriate concept of equilibrium should be an
implication of the information provided in the modeled
interpreted through an assumption of perfect rationality.

2. Humanistic view: real people in interactive situations

L. Samuelson. Comments on Game Theory. Game Theory: 5 Questions, Auto-
matic Press, 2007.
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Who is game theory about?

1. Classical view: idealized world with perfectly rational agents

e The game itself it taken to be a literal description of the
strategic interaction

e Any appropriate concept of equilibrium should be an
implication of the information provided in the modeled
interpreted through an assumption of perfect rationality.

2. Humanistic view: real people in interactive situations

e the mathematical structures are models of interactive
situations

e the appropriate notion of equilibrium is part of the
specification of the model

L. Samuelson. Comments on Game Theory. Game Theory: 5 Questions, Auto-
matic Press, 2007.
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What does it mean for Ann to be perfectly rational?

L

Bob

R

ul 11l

0,0

Ann

D 0,0

11

Eric Pacuit: Rationality (Lecture 10)

6/36


http://ai.stanford.edu/~epacuit
http://ai.stanford.edu/~epacuit/classes/rationality.html

What does it mean for Ann to be perfectly rational?

Ann

Ann’s best choice depends on what she expects Bob to do, and this
depends on what she thinks Bob expects her to do, and so on...

Bob
L R
1,1 |1 0,0
00| 1,1
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Just Enough Game Theory

“Game theory is a bag of analytical tools designed to
help us understand the phenomena that we observe when
decision-makers interact.”

Osborne and Rubinstein. Introduction to Game Theory. MIT Press .

Eric Pacuit: Rationality (Lecture 10) 7/36


http://ai.stanford.edu/~epacuit
http://ai.stanford.edu/~epacuit/classes/rationality.html

Just Enough Game Theory

“Game theory is a bag of analytical tools designed to
help us understand the phenomena that we observe when
decision-makers interact.”

Osborne and Rubinstein. Introduction to Game Theory. MIT Press .

A game is a description of strategic interaction that includes

> actions the players can take
» description of the players’ interests (i.e., preferences),

> description of the “structure” of the decision problem
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Just Enough Game Theory

“Game theory is a bag of analytical tools designed to
help us understand the phenomena that we observe when
decision-makers interact.”

Osborne and Rubinstein. Introduction to Game Theory. MIT Press .

A game is a description of strategic interaction that includes

> actions the players can take
» description of the players’ interests (i.e., preferences),

> description of the “structure” of the decision problem

It does not specify the actions that the players do take.
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A solution concept is a systematic description of the outcomes
that may emerge in a family of games.

This is the starting point for most of game theory and includes
many variants: Nash equilibrium, backwards inductions, or iterated
dominance of various kinds.

These are usually thought of as the embodiment of “rational
behavior” in some way and used to analyze game situations.
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A solution concept is a systematic description of the outcomes
that may emerge in a family of games.

This is the starting point for most of game theory and includes
many variants: Nash equilibrium, backwards inductions, or iterated
dominance of various kinds.

These are usually thought of as the embodiment of “rational
behavior” in some way and used to analyze game situations.

For this course, solution concepts are more of an endpoint.
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Suppose there are two players Ann and Bob dividing a cake.
Suppose that Ann cuts the cake and then Bob chooses the first
piece. (Suppose they only care about the size of the piece). Ann
cannot cut the cake exactly evenly, so one piece is always larger
than the other.

:
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Suppose that Ann cuts the cake and then Bob chooses the first
piece. (Suppose they only care about the size of the piece). Ann
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What should Ann do?

B
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Bob
B TS

cB| 14 | 41

Ann

CE| 23 | 3,2

What should Ann do? Bob best choice in Ann’s worst

choice

!
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Bob
B TS

cB| 14 | 41 |1

Ann

CE| 23|32 |2

What should Ann do? maximize over each row and choose

the maximum value

!
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Bob
B TS

cB| 14 | 41

Ann

CE| 2,3 | 3,2

What should Bob do? minimize over each column and choose

the maximum value

!
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Zero-Sum Games

Von Neumann Minmax Theorem. In any finite, two-player,
zero-sum game, there is always at least one minmax solution.
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What does it mean for Ann to be perfectly rational?

Ann

H

Bob
T

1-1

-1,1

-1,1

1-1

What is a rational choice for Ann (Bob)?
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What does it mean for Ann to be perfectly rational?

What is a rational choice for Ann (Bob)? Flip a coin!

Ann

H

Bob
T

1-1

-1,1

-1,1

1-1
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What does it mean for Ann to be perfectly rational?

Bob
C1 C2
_P11-1-1,1
<
P2l -1,111-1

What is a rational choice for Ann (Bob)?
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What does it mean for Ann to be perfectly rational?

Bob Bob
C1 C2 C1 C2
P 1-1(-11  _p1f1-11-1
< <
P2l -1111-1 P21 1-1|1-1

What is a rational choice for Ann (Bob)? Play a different game!
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Strategic Games

A strategic games is a tuple (N, {A;}ien, {=i}ien) where

> N is a finite set of players
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> N is a finite set of players

» for each i € N, A; is a nonempty set of actions
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Strategic Games

A strategic games is a tuple (N, {A;}ien, {=i}ien) where

> N is a finite set of players
» for each i € N, A; is a nonempty set of actions

» for each i € N, >; is a preference relation on A = IN;cnA;
(Often =; are represented by utility functions vu; : A — R)
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Strategic Games: Comments on Preferences

> Preferences may be over a set of consequences C. Assume
g:A— Cand {=F | i€ N} aset of preferences on C. Then
for a,b € A,
ax; biff g(a) =} g(b)

» Consequences may be affected by exogenous random variable
whose realization is not known before choosing actions. Let Q
be a set of states, then define g : Ax Q — C. Where g(a|-) is
interpreted as a lottery.

» Often »=; are represented by utility functions u; : A — R

:
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Strategic Games: Example

Column

u

Row

d

» N = {Row, Column}
> ARow = {Ua d}, AColumn = {r7 I}

> (U, r) iRow (d7 I) EROW (Ua I) ~ Row (d7 r)
(U, r) Z Column (d7 I) = Column (Ua /) ™~ Column (d7 r)
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Strategic Games: Example

u

Row

d

» N = {Row, Column}

> Arow = {U, d}. AColumn = {r7 /}

Column

r

(2.2)

(0.0)

(0,0)

(1.1)

> URow : AROW X AColumn — {07 17 2},

UColumn * ARow X AColumn — {07 172} with
UROW(U7 r) = uColumn(ua f) =2,
URow(d7 I) = UColumn(da I) =2,

and uy(u,l) = ux(d,r) =0 for x € N.
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Nash Equilibrium

Let (N, {Ai}ien,{=i}tien) be a strategic game

Fora_; € A_j, let
B,-(a_,-) = {a,— € A; ‘ (a_,-,a,-) =i (a_,-, af) W a; S A,‘}

B; is the best-response function.
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Nash Equilibrium

Let (N, {Ai}ien,{=i}tien) be a strategic game

Fora_; € A_j, let
B,-(a_,-) = {a,— € A; ‘ (a_,-, a,-) =i (a_,-, af) v a; S A,‘}

B; is the best-response function.

a* € Ais a Nash equilibrium iff a7 € B;j(a*;) forall i € N.
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Strategic Games Example: Bach or Stravinsky?

bC SC
b, 2100
S, 00112
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Strategic Games Example:

N = {I’, C} Ar = {br’sr}yAc = {bc;sc}

b

S

Bach or Stravinsky?

b. Se
2,110,0
0012
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Strategic Games Example:

b

S

Bach or Stravinsky?

b, Se
2,110,0
0,012

N = {I’, C} Ar = {br’sr}yAc = {bc;sc}

Br(bC) = {br}

B/(sc) = {s}
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Strategic Games Example:

b

S

Bach or Stravinsky?

b. Se
2,110,0
0,012

N = {I’, C} Ar = {brasr}yAc = {bc;sc}

Br(bC) = {br}

BC(br) = {bc}

B/(sc) = {s}
Be(sr) = {sc}
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Strategic Games Example: Bach or Stravinsky?

b. Se
b, |21]0,0
S, 0,012

N = {r7 C} A = {brasr}yAc = {bc;sc}

Br(bc) = {br} Br(sc) = {sr}
Bc(br) = {bc} Be(sr) = {sc}
(br, bc) is a Nash Equilibrium (sr,sc) is a Nash Equilibrium
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Another Example: Pure Coordination

Bob
L R
U 1100
<
D| 00| 11
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Another Example: Hi-Low

Ann

Bob

3,3

0,0

0,0

1,1
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Teamwork, Focal Points
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Teamwork, Focal Points

Question: can teamwork do better than that?
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Teamwork, Focal Points

Question: can teamwork do better than that?
Intuitively, Yes.

“There are these two broad empirical facts about Hi-Lo
games, people almost always choose A [Hi] and people
with common knowledge of each other’s rationality think
it is obviously rational to choose A [Hi].”

[Bacharach, Beyond Individual Choice, 2006, pg. 42]

See also chapter 2 of:
C.F. Camerer. Behavioral Game Theory. Princeton UP, 2003.
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Teamwork, Focal Points

Question: can teamwork do better than that?
Intuitively, Yes.

“There are these two broad empirical facts about Hi-Lo
games, people almost always choose A [Hi] and people
with common knowledge of each other’s rationality think
it is obviously rational to choose A [Hi].”

[Bacharach, Beyond Individual Choice, 2006, pg. 42]

See also chapter 2 of:
C.F. Camerer. Behavioral Game Theory. Princeton UP, 2003.

But then more machinery is needed...
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Prisoner’'s Dilemma

Two people commit a crime.
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Prisoner’'s Dilemma

Two people commit a crime. The are arrested by the police, who
are quite sure they are guilty but cannot prove it without at least
one of them confessing.
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Prisoner’'s Dilemma

Two people commit a crime. The are arrested by the police, who
are quite sure they are guilty but cannot prove it without at least
one of them confessing. The police offer the following deal. Each
one of them can confess and get credit for it.

:
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Prisoner’'s Dilemma

Two people commit a crime. The are arrested by the police, who
are quite sure they are guilty but cannot prove it without at least
one of them confessing. The police offer the following deal. Each
one of them can confess and get credit for it. If only one confesses,
he becomes a state witness and not only is he not punished, he
gets a reward.

:
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Prisoner’'s Dilemma

Two people commit a crime. The are arrested by the police, who
are quite sure they are guilty but cannot prove it without at least
one of them confessing. The police offer the following deal. Each
one of them can confess and get credit for it. If only one confesses,
he becomes a state witness and not only is he not punished, he
gets a reward. If both confess, they will be punished but will get
reduced sentences for helping the police.
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Prisoner’'s Dilemma

Two people commit a crime. The are arrested by the police, who
are quite sure they are guilty but cannot prove it without at least
one of them confessing. The police offer the following deal. Each
one of them can confess and get credit for it. If only one confesses,
he becomes a state witness and not only is he not punished, he
gets a reward. If both confess, they will be punished but will get
reduced sentences for helping the police. If neither confesses, the
police honestly admit that there is no way to convict them, and
they are set free.
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Prisoner’'s Dilemma

Two options: Confess (C), Don't Confess (D)
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Prisoner’'s Dilemma

Two options: Confess (C), Don't Confess (D)

Possible outcomes:
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Possible outcomes: We both confess (C, C),
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Possible outcomes: We both confess (C, C), | confess but my
partner doesn't (C, D),
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Prisoner’'s Dilemma

Two options: Confess (C), Don't Confess (D)

Possible outcomes: We both confess (C, C), | confess but my
partner doesn't (C, D), My partner confesses but | don't (D, C),
neither of us confess (D, D).
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Prisoner’'s Dilemma

Bob

Ann
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Prisoner’'s Dilemma

Ann

Ann's preferences
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Prisoner’'s Dilemma

Ann

Bob’s preferences
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Prisoner’'s Dilemma

Ann

D

Bob

3,3

1,4

4,1

2,2

What should Ann (Bob) do?
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Dominance Reasoning
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Dominance Reasoning
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Prisoner’'s Dilemma
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D
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3,3

1,4

4,1

2,2

What should Ann (Bob) do?
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Prisoner’'s Dilemma

Bob
D C

D331 14

Ann

c| 41| 22

What should Ann (Bob) do? Dominance reasoning
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Prisoner’'s Dilemma

Bob
D C

D133 |14

Ann

c| 4,1

What should Ann (Bob) do? Dominance reasoning is not Pareto!

Eric Pacuit: Rationality (Lecture 10) 26/36


http://ai.stanford.edu/~epacuit
http://ai.stanford.edu/~epacuit/classes/rationality.html

Prisoner’'s Dilemma

What should Ann (Bob) do? Think as a group!

Ann

Bob

2.5

2.5
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Prisoner’'s Dilemma

What should Ann (Bob) do? Play against your mirror image!

Ann

Bob

3,3

2,2
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Prisoner’'s Dilemma

Ann

What should Ann (Bob) do? Change the game (eg., Symbolic

Utilities)

D

C

€,€

1,4

4,1

2,2
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Ann

Bob

4.4

1,3

3,1

2,2

What should/will Ann (Bob) do?
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D

Bob

C

4.4

1,3

3,1

2,2

Assurance Game

What should/will Ann (Bob) do?

Eric Pacuit: Rationality (Lecture 10)

27/36


http://ai.stanford.edu/~epacuit
http://ai.stanford.edu/~epacuit/classes/rationality.html

Bob

D

C

D| 3,3

1,4
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2,2

Prisoner’s Dilemma

What should/will Ann (Bob) do?
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Nozick: Symbolic Utility

“Yet the symbolic value of an act is not determined solely by that
act.
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“Yet the symbolic value of an act is not determined solely by that
act. The act's meaning can depend upon what other acts are
available with what payoffs and what acts also are available to the
other party or parties.
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Nozick: Symbolic Utility

“Yet the symbolic value of an act is not determined solely by that
act. The act's meaning can depend upon what other acts are
available with what payoffs and what acts also are available to the
other party or parties. What the act symbolizes is something it
symbolizes when done in that particular situation, in preference to
those particular alternatives.

:
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“Yet the symbolic value of an act is not determined solely by that
act. The act's meaning can depend upon what other acts are
available with what payoffs and what acts also are available to the
other party or parties. What the act symbolizes is something it
symbolizes when done in that particular situation, in preference to
those particular alternatives. If an act symbolizes “being a
cooperative person,” it will have that meaning not simply because
it has the two possible payoffs it does
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Nozick: Symbolic Utility

“Yet the symbolic value of an act is not determined solely by that
act. The act's meaning can depend upon what other acts are
available with what payoffs and what acts also are available to the
other party or parties. What the act symbolizes is something it
symbolizes when done in that particular situation, in preference to
those particular alternatives. If an act symbolizes “being a
cooperative person,” it will have that meaning not simply because
it has the two possible payoffs it does but also because it occupies
a particular position within the two-person matrix — that is, being
a dominated action that (when joined with the other person’s
dominated action) yield a higher payoff to each than does the
combination of dominated actions. ” (pg. 55)

R. Nozick. The Nature of Rationality. Princeton University Press, 1993.
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Prisoner’s Dilemma

What should/will Ann (Bob) do?
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1,4
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What should/will Ann (Bob) do?

D
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“Game theorists think it just plain wrong to claim that the
Prisoners’ Dilemma embodies the essence of the problem of human
cooperation.
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“Game theorists think it just plain wrong to claim that the
Prisoners’ Dilemma embodies the essence of the problem of human
cooperation. On the contrary, it represents a situation in which the
dice are as loaded against the emergence of cooperation as they
could possibly be. If the great game of life played by the human
species were the Prisoner's Dilemma, we wouldn’t have evolved as
social animals!
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“Game theorists think it just plain wrong to claim that the
Prisoners’ Dilemma embodies the essence of the problem of human
cooperation. On the contrary, it represents a situation in which the
dice are as loaded against the emergence of cooperation as they
could possibly be. If the great game of life played by the human
species were the Prisoner's Dilemma, we wouldn’t have evolved as
social animals! .... No paradox of rationality exists. Rational
players don't cooperate in the Prisoners’ Dilemma, because the
conditions necessary for rational cooperation are absent in this
game.” (pg. 63)

K. Binmore. Natural Justice. Oxford University Press, 2005.

|
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Ann

Bob

3,3

0,0

0,0

1,1

What should/will Ann (Bob) do?
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N. Bardsley, J. Mehta, C. Starmer and R. Sugden. The Nature of Salience
Revisited: Cognitive Hierarch Theory versus Team Reasoning. Economic Journal.
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N. Bardsley, J. Mehta, C. Starmer and R. Sugden. The Nature of Salience
Revisited: Cognitive Hierarch Theory versus Team Reasoning. Economic Journal.

{water, beer, sherry, whisky, wine}
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N. Bardsley, J. Mehta, C. Starmer and R. Sugden. The Nature of Salience
Revisited: Cognitive Hierarch Theory versus Team Reasoning. Economic Journal.

{water, beer, sherry, whisky, wine}

Task 1: pick an option
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N. Bardsley, J. Mehta, C. Starmer and R. Sugden. The Nature of Salience
Revisited: Cognitive Hierarch Theory versus Team Reasoning. Economic Journal.
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Task 1: pick an option
Task 2: guess what your opponent picked
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N. Bardsley, J. Mehta, C. Starmer and R. Sugden. The Nature of Salience
Revisited: Cognitive Hierarch Theory versus Team Reasoning. Economic Journal.

{water, beer, sherry, whisky, wine}

Task 1: pick an option
Task 2: guess what your opponent picked
Task 3: try to coordinate with your (unknown) partner
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N. Bardsley, J. Mehta, C. Starmer and R. Sugden. The Nature of Salience
Revisited: Cognitive Hierarch Theory versus Team Reasoning. Economic Journal.

{water, beer, sherry, whisky, wine}

Task 1: pick an option
Task 2: guess what your opponent picked
Task 3: try to coordinate with your (unknown) partner

pick guess coordinate

water 20 15 38
beer 13 26 11
sherry 4 1 0
whisky 6 6 5
wine 10 4 2
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Footballer Example

A and B are players in the same football team. A has the ball, but
an opposing player is converging on him. He can pass the ball to
B, who has a chance to shoot. There are two directions in which A
can move the ball, left and right, and correspondingly, two
directions in which B can run to intercept the pass. If both choose
left there is a 10% chance that a goal will be scored. If they both
choose right, there is a 11% change. Otherwise, the chance is
zero. There is no time for communication; the two players must
act simultaneously.

What should they do?

R. Sugden. The Logic of Team Reasoning. Philosophical Explorations (6)3, pgs.
165 - 181 (2003).
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Row: What should | do?

Column

r

(10,10)

(00)

(00)

(11,11)
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Row: What should | do? (r if the probability of Column choosing
ris > % and / if the probability of Column choosing / is > %)

Row

Column

r
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(00)

(00)
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(00)

Row
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(11,11)

Row: What should we do?
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Team Reasoning: escape from the infinite regress? why should
this “mode of reasoning” be endorsed?

Row

Column

r

(10,10)

(00)

(00)

(11,11)
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“The basic intellectual premise, or working hypothesis, for rational
players in this game seems to be the premise that some rule must
be used if success is to exceed coincidence, and that the best rule

to be found, whatever its rationalization, is consequently a rational
rule.” (Thomas Schelling)

:
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Next Week: More game theory (common knowledge of rationality,
backwards induction), group preferences
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	Just Enough Game Theory

