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1 Ultrafilter Extensions

Definition 1.1 (Ultrafilter) Let W be a non-empty set. An ultrafilter on W
is a set u C (W) satisfying the following properties:

1. 0 ¢ u
2. f XY cuthen XNY €u
3. If Xeuwand X CY thenY € wu.

W

. For all X C W, either X € u or X € u (where X is the complement of X

in W) <

A collection uy C (W) has the finite intersection property provided for
each X, Y € up, X NY # 0.

Theorem 1.2 (Ultrafilter Theorem) If a set ug C p(W) has the finite in-
tersection property, then uy can be extended to an ultrafilter over W (i.e., there
is an ultrafilter v over W such that ug C u.

Proof. Suppose that ug has the finite intersection property. Then, consider the
set

uy = {Z | there are finitely many sets Xi,... Xy such that Z = X; n--- N Xy}

That is, uq is the set of finite intersections of sets from wug. Note that ug C uq,
since 1o has the finite intersection property, we have () € u;, and by definition
uy is closed under finite intersections. Now, define us as follows:

' ={Y | thereis a Z € u; such that Z C Y}
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We claim that u’ is a consistent filter: Y7,Y5 € o/ then there is a Z; € uq such
that Z; C Y7 and Z5 € uy such that Zo C Y. Then, since () # Z1 N Zy € up, we
have Z1 N Zy C Y1 NYs5. Hence, Y1 NYy € uy. Also, if X € uy then there is a
Z €€uysuchthat ZC X. If X CY, then ZCY and so Y € u;. Hence, u; is a
consistent filter.

The next step is to show that w; can be extended to an ultrafilter. This
follows almost directly from Zorn’s Lemmal!: Consider the set Z of all filters
that extend w;. That is, Z = {v | u1 C v and v is a consistent filter}. Note
that Z is partially-ordered under the C-relation. Furthermore, the upper bound
of any chain in Z (i.e., sequence of ultrafilters vg C v; C ---) is the union of
all the filters in the chain. This collection of sets will be a consistent ultrafilter
extending u;, and so is contained in Z. By Zorn’s Lemma, Z must contain a
maximal element. This maximal element must be an ultrafilter (containing uy).
QED

Let M = (W, R, V) be a Kripke model. Two functions are relevant to our
analysis:

e m: p(W)— p(W) defined as
m(X) = {w | there is a v such that wRv and v € X}, and

o [:p(W)— (W) defined as I(X) = {w | for all v, if wRv then v € X}.

Definition 1.3 (Ultrafilter Extension) An ultrafilter extension is a model
ue(M) = (Uf(W), R, V") where

o Uf(W) = {u | u is an ultrafilter over W},
o uR“uy iff for all X C W, if X € «' then m(X) € u, and
o V¥(p) ={u|V(p) € u}. <

Fact 1.4 In an ultrafilter extension ue(M) = (Uf (W), R, V“¢), we have uR"u’
i {Y | 1Y) eu} Cu.

Proof. Left as an exercise. QED

Let M = (W, R, V) be a model . The truth map [-Ja : £ — (W) is defined
by induction on the structure of ¢ as follows:

e For p € At, [pJm = V(p)

1Zorn’s Lemma states that in a partially ordered set P, if every chain has an upper bound
in P, then P contains at least on maximal element. The proof of Zorn’s Lemma uses the Axiom
of Choice (indeed, it is equivalent to the Axiom of Choice).




o [-¢olm =W — [¢lm
o [o AYIm = [l N [Y]m
e [Cplm =m([¢]m)

Lemma 1.5 For all models M = (W, R, V), for all modal formulas ¢, we have
[elat € u iff ue(M),u = .

Proof. The proof is by induction on the structure of ¢. Then we have,

Base case: ¢ is p € At.

[plm € w iff V(p) € u  (Definition of [-Jaq)
iff u € V¥(p) (Definition of V“¢)
iff ue(M),u f=p (Definition of truth in a model)

Induction Hypothesis: For all ¢ less complex? than ¢, [¢]y € uiff ue(M),u =
(G

Case 1: ¢ is -

[-Vlm ew it W—[¢jpmeu
iff - []m € u
iff we(M),u =
iff we(M),u =

Definition of [-Ja)
Properties of an ultrafilter)
Induction Hypothesis)
Definition of truth)

~ Y~~~

Case 2: pis ¥ Ao

Definition of [-Ja)
Properties of ultrafilters)

[V1 Apa]m € w i [1]aa N 2] € w
it [¢Y1]m € wand o] € u
iff ue(M),u = 91 and ue(M),u = )9
iff  we(M),u =1 A

Induction hypothesis)
Definition of truth)

A~ N~

Case 3: ¢ is O

Suppose that ue(M),u = O1p. Then, there is a v’ € Uf(W) such that uR“v’
and ue(M),u' |= 1. By the induction hypothesis, [¢)]Jpm € «'. By the definition
of R"¢, we have m([¢Jm) € u, and so, [Op]ar € u. Thus, we have shown that
ue(M),u = Oy implies [CY]ag € w.

Suppose that [C]m € u. We must show ue(M),u = Gip. Consider the set

up ={Y [ 1(Y) € uj U{[¢]m}

2Less complex means that 1) contains fewer connectives.




We claim that ug has the finite intersection property. We first show that {Y | [(Y) €
u} is closed under finite intersections. It is enough to show that for any two sets
Yi,Yo e {Y | UI(Y) € u}, iNYe € {Y | (Y) € u} (why?). Suppose that
Y1,Yo € {Y | (V) € u}. Note that I(Y1 NYa) = (Y1) Ni(Y2). Then, since u is
an ultrafilter and (Y7),1(Y2) € u, we have [(Y1 NY2) = 1(Y1) N{(Y2) € u. Hence
YiNnYs e {Y | I(Y) € u}. Next we show that for any Z € {Y | [(Y) € u}, we
have Z N [¢]am # 0. Choose an arbitrary Z such that I[(Z) € u. We will show
ZN[Y]m # 0. Since I(Z) € u and [O]am € u, we have I(Z) N[Oy m € u, and
so (Z)N[CY]m # 0. Let w € I(Z) N[O am. Then, there is a v € W such that
M, v = 1. Le, wRv and v € [1]am. Since w € [(Y) and wRv, we have v € Y.
Hence, v € Y N [¢]am. This implies that ug has the finite intersection property
(why?).

By the ultrafilter theorem, there is an ultrafilter v’ such that ug C u’. Since
{Y | I(Y) € u} C u/, we have uR"*«/. By the induction hypothesis, since
[]m € v/, we have ue(M),u' = 1. Hence, ue(M),u = . QED

Corollary 1.6 For all models M and states w in M, we have w «~ wu,,, where
Uy 18 the principle ultrafilter generated by w.

Proof. Let M = (W,R,V) be a model and w € W. The principle ultrafilter
generated by w is u,, = {X C W | w € X}. Let ¢ be an arbitrary modal formula.
We have M,w = ¢ iff w € [p]m iff [p]m € uy iff ue(M),uy | ¢ (the latter
equivalence follows from the above Lemma). QED

Lemma 1.7 For all models M, ue(M) is m-saturated.

Proof. Suppose that ue(M) = (Uf(W), R*¢, V") an ultrafilter extension of
some model M = (W, R, V). Let u € Uf(W) be any state in ue(M) and ¥
be a arbitrary set of modal formulas. Suppose that every finite subset of X
is satisfiable at some successor of u (i.e., for each finite set A C X, there is a
state va € W such that uR"“va and ue(M),va = A A). We must find a state
v € W such that uR"v and ue(M),v E X (i.e., for each ¢ € X, ue(M), v E ).
Consider the set

vo ={Y [ 1Y) € u} U{[¢]m | ¢ € X}

We will show v has the finite intersection property. Since {Y | [(Y) € u} is
closed under finite intersections, it is enough to show that Y N ({[¢v]m | ¥ €
A} # () for some finite subset A of ¥. Note that {[¢]m | ¥ € A} = [A A]m.
Recall that A is satisfiable at some successor state va of u. That is, uR"va
and ue(M),va = AA. By Lemma 1.5, this means [A AJpm € va. By the
definition of R"¢, we have m([A A]m) € u. Hence, [O A AJpm € u. Since w is



an ultrafilter, we have [(Y) N[O A AJm € u. Hence, (since 0 ¢ u) there is a
z € I(Y)N[O A\ A]ag. This implies there is a y such that xRy and y € [\ A]um
Since xRy and z € [(Y), we have y € Y. This means that y € Y N [A A]m
Hence, vy has the finite intersection property.

By the ultrafilter theorem there is an ultrafilter v such that v9 C v. By
construction v is a successor u (i.e., uR"“v) and by Lemma 1.5, we have for each
Y € 3, ue(M),v = 1. Hence, ¥ is satisfiable is some successor state of u. QED

Theorem 1.8 (Bisimulation Somewhere Else Theorem) For all models M
and M', we have M,w «~ M’ w' iff ue(M),uy, < ue(M’), uy, where u,, and
Uy are the principle ultrafilters containing w and w' respectively.

Proof. Suppose that ue(M), uy, <> ue(M’), uys. Let ¢ be any model formula.
We have

MwlEe iff uwe(M),uy, E¢  (Corollary 1.6)
iff ue(M'),uy = ¢ (Bisimulation implies modal equivalence)
it Miw g (Corollary 1.6)

Suppose that M, w «~ M’ w'. Then, by Corollary 1.6, we have ue(M), u,, «~
M w e~ MW" s ue(M'), uy. By Lemma 1.7, both ue(M) and ue(M’) are
modally saturated. In modally saturated models, modal equivalence implies
bisimularity. Hence, ue(M), uy <> ue(M'); . QED

2 The Standard Translation

Let M = (W,R,V) be a Kripke model. The first-order language £ is built
from a signature containing unary predicate symbols Pz corresponding to each
p € At and a binary predicate symbol Rzy. The standard translation is defined
as follows:

Definition 2.1 (Standard Translation) The standard translation are func-
tions st : L — L4 defined as follows:

stz (p) = Pz

stz(—ep) = —sta(p)
sta(pAP) = sta(p) A sta(V)
st (Ogp) = V y(Rxy — sty(e))
sty (Cp) = Jy(Rzy A sty(p))



Observation 2.2 Modal logic falls in the two-variable fragment of Ly.

Proof. By carefully reusing bound variables, once can ensure that the transla-
tion of a modal formula uses only two variable. An example suffices to show how
this works:

sty (OOp) = Jy(Ray A sty (Op)) = Jy(Rxy A (Jz(Ryz A Px)))
QED

Lemma 2.3 Let M = (W, R, V) be a Kripke model. For each w € W, M,w =
¢ iff M IF sty(o)[z/w], where I+ denotes truth of L1 in a model M (viewed as a
first-order structure).

Proof. The simple but instructive proof is left to the reader. QED
Theorem 2.4 (Van Benthem Characterization Theorem) A first-order for-

mula o(x) (in the appropriate language) is invariant for bisimulation iff it is
equivalent to the translation of a modal formula.



