Logic and Al Fall 2011

Problem Set # 2

1. In this problem we consider a possible definition of common belief, anal-
ogous to the definition of common knowledge. Suppose there are two
agents and a belief model (W, {Ry, Ro}, V') where Ry and R, are serial,
transitive and Euclidean relations. Let Rp = (R; U Ry)™, where RT is
the transitive closure of R (the smallest transitive relation containing
R). Define the common belief operator C¥ as follows:

M, w = CPyp iff for each v € W, if wRzv then M, v = ¢

(a) Provide a KD45 model M = (W, {R;, Ry}, V) and astatew € W
where M,w | B (CPp) but M,w E =CPp (i.e., a state where
agent 1 believes that p is commonly believed, but p is, in fact, not
commonly believed).

(b) Provide an example that shows that negative introspection for
common belief (=CPyp — CB-CPB¢) is not valid

2. We have argued that K;o — K, is valid on a frame (W, {R;}ica) iff
for each i, € A, R; C R;. Find a property on frames (W, {R;}ica)
that guarantees that K;p — K; Ko is valid.

3. For a Bayesian model with a common prior (W, {~;};c4, ), prove that
for each i € A, n(E | BY(E)) > p.

4. Explain why Aumann’s original agreeing to disagree theorem (Theorem
7 in the handout for lecture 8) follows from Samet’s generalized agreeing
to disagree theorem (Theorem 4 in the handout for lecture 8). Hint:
fix and event EE C W and for each agent i, let the decision function d;
be defined as follows: d;(w) = w(E | [w];) (the posterior probability of
E for agent i at state w). Prove that d satisfies the ISTP.

The homework is DUE Wednesday, October 5.
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