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1. Actions as transitions between states, or situations:

I —
Logic and Artificial Intelligence 2/23



Actions
1. Actions as transitions between states, or situations:

a

& W

I —
Logic and Artificial Intelligence 2/23



Actions
1. Actions as transitions between states, or situations:

a

& W

2. Actions restrict the set of possible future histories.
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J. van Benthem, H. van Ditmarsch, J. van Eijck and J. Jaspers. Chapter 6:
Propositional Dynamic Logic. Logic in Action Online Course Project, 2011.
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http://www.logicinaction.org/docs/ch6.pdf
http://www.logicinaction.org/docs/ch6.pdf
http://staff.science.uva.nl/~jaspars/logicinaction/
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Propositional Dynamic Logic

Language: The language of propositional dynamic logic is
generated by the following grammar:

Pl ent|[a]e
where p € At and « is generated by the following grammar:
alaUB|a;f|a*|e?

where a € Act and ¢ is a formula.
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Propositional Dynamic Logic

Language: The language of propositional dynamic logic is
generated by the following grammar:

pl—eleny|[a]e

where p € At and « is generated by the following grammar:
alaUB|aif|a*|?

where a € Act and ¢ is a formula.

Semantics: M = (W, {R, | a € P}, V) where for each a € P,
R, C W x W and V : At — (W)

[a]¢ means “after doing «, ¢ will be true”

(o) means “after doing «, ¢ may be true”
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M, w = [a]p iff for each v, if wR,v then M, v = ¢

M, w = () iff there is a v such that wR,v and M, v = ¢
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Union
Rauﬁ =R, U Rﬁ
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Sequence

Ra:p = Ra o Rg

Logic and Artificial Intelligence 8/23



Test
R = {(w,w) | M,w = ¢}
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[teration

Rox 1= Un>0 Rg
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Propositional Dynamic Logic

1. Axioms of propositional logic

2. [a](p = ¥) = ([ode = [o]¥)
3. [aUBle < [l A [Ble

4. [a; Bl < [a][Ble

5. [We < (v — o)

6. p Aa]ler]p < [a"]e

7. o Na™](e = [a]p) = [a"]e

8. Modus Ponens and Necessitation (for each program «)
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Propositional Dynamic Logic

1. Axioms of propositional logic

2.
3.

4.

[a](p = ) = ([ele — [a]¥)

[ U Bl <+ [e]e A [Ble

[a; Bl <= [a][B]e

[b7]p & (¥ — )

¢ A la]la]p < [a*]¢ (Fixed-Point Axiom)

o M a*](e — [alp) — [a*]¢ (Induction Axiom)

Modus Ponens and Necessitation (for each program «)
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Actions and Ability

An early approach to interpret PDL as logic of actions was put
forward by Krister Segerberg.

Segerberg adds an “agency” program to the PDL language /A
where A is a formula.

K. Segerberg. Bringing it about. JPL, 1989.
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Actions and Agency

The intended meaning of the program ‘§A’ is that the agent
“brings it about that A’: formally, dA is the set of all paths p such
that
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1. p is the computation according to some program «, and

2. « only terminates at states in which it is true that A

Interestingly, Segerberg also briefly considers a third condition:

3. pis optimal (in some sense: shortest, maximally efficient,
most convenient, etc.) in the set of computations satisfying
conditions (1) and (2).
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Actions and Agency

The intended meaning of the program ‘§A’ is that the agent
“brings it about that A’: formally, dA is the set of all paths p such
that

1. p is the computation according to some program «, and

2. « only terminates at states in which it is true that A

Interestingly, Segerberg also briefly considers a third condition:

3. pis optimal (in some sense: shortest, maximally efficient,
most convenient, etc.) in the set of computations satisfying
conditions (1) and (2).

The axioms:
1. [0A]A
2. [6A]B — ([6B]C — [0A]C)
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Actions and Agency in Branching Time

Alternative accounts of agency do not include explicit description
of the actions:
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STIT

» Each node represents a choice point for the agent.
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» Formulas are interpreted at history moment pairs.
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Each node represents a choice point for the agent.
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Formulas are interpreted at history moment pairs.

v

At each moment there is a choice available to the agent
(partition of the histories through that moment)
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STIT

v

Each node represents a choice point for the agent.

v

A history is a maximal branch in the above tree.

v

Formulas are interpreted at history moment pairs.

v

At each moment there is a choice available to the agent
(partition of the histories through that moment)

v

The key modality is [i stit]¢ which is intended to mean that
the agent / can “see to it that ¢ is true”.
e [/ stit]e is true at a history moment pair provided the agent

can choose a (set of) branch(es) such that every future
history-moment pair satisfies ¢
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STIT

We use the modality ‘¢’ to mean historic possibility.

Qi stit]p: “the agent has the ability to bring about ¢".
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STIT Model
A STIT models is M = (T, <, Choice, V') where
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STIT Model
A STIT models is M = (T, <, Choice, V') where
» (T,<): T aset of moments, < a tree-like ordering on T
(irreflexive, transitive, linear-past)

» Let Hist be the set of all histories, and
Hy = {h € Hist | t € h} the histories through t.
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A STIT models is M = (T, <, Choice, V') where

» (T,<): T aset of moments, < a tree-like ordering on T
(irreflexive, transitive, linear-past)

> Let Hist be the set of all histories, and
Hy = {h € Hist | t € h} the histories through t.

» Choice : A x T — p(p(H)) is a function mapping each agent
to a partition of H;
e Choice! # ()
e K # () for each K € Choice}
e For all t and mappings s; : A — p(H;) such that
s¢(i) € Choicef, we have ;. 4 s¢(i) # 0
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A STIT models is M = (T, <, Choice, V') where

» (T,<): T aset of moments, < a tree-like ordering on T
(irreflexive, transitive, linear-past)

> Let Hist be the set of all histories, and
Hy = {h € Hist | t € h} the histories through t.

» Choice : A x T — p(p(H)) is a function mapping each agent
to a partition of H;
e Choice! # ()
e K # () for each K € Choice}
e For all t and mappings s; : A — p(H;) such that
s:(i) € Choice!, we have ;. 4 s:(i) # 0

» VAt — (T x Hist) is a valuation function assigning to
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Many Agents

The previous model assumes there is one agent that “controls” the
transition system.

\ A [ |
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The previous model assumes there is one agent that “controls” the
transition system.

What if there is more than one agent?
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Many Agents

The previous model assumes there is one agent that “controls” the
transition system.

What if there is more than one agent? Independence of agents
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STIT Language

o = plp oA |istitlp|[idstit: ¢] | Op
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STIT Language

o = plp oA |istitlp|[idstit: ¢] | Op

» M,t/h=piff t/he V(p)
» M,t/h= —piff M t/h e
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STIT Language

o = pl-p|eny|listitlp|[idstit: ¢] [ Op
» M,t/h=piff t/he V(p)

» M,t/h= —piff M t/h e
» M, t/hl= @Ay iff M t/h =@ and M, t/h =Y
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STIT Language

o = plp oA |istitlp|[idstit: ¢] | Op

v

M t/h=pifft/he V(p)

M t/h = —piff M, t/h}E @

M, t/h=p Ay iff M t/hE pand M t/h=1
M, t/h = Op iff M, t/H = ¢ forall W € H,

v

v

v
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STIT Language

o = plp oA |istitlp|[idstit: ¢] | Op

v

M t/h=pifft/he V(p)

M t/h = —piff M, t/h}E @

M, t/h=p Ay iff M t/hE pand M t/h=1

M, t/h = Op iff M, t/H = ¢ forall W € H,

M, t/h = i stitlp iff M, t/H = ¢ for all i € Choicef(h)

v

v

v

v
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STIT Language

o = plp oA |istitlp|[idstit: ¢] | Op

» M,t/h=piff t/he V(p)

» M,t/h= —piff M t/h e

» M t/hl= oAy ift M, t/hl= @ and M, t/h =

» M, t/h=DOpiff M, t/h = ¢ forall B € H;

» M, t/h =i stitlp iff M, t/h = ¢ for all i € Choicef(h)

» M, t/h =i dstit]e iff M, t/h |= ¢ for all i € Choicef(h)
and there is a h”" € H; such that M, t/h = -
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STIT: Example

The following are false: A — Q[stit]A and
O[stit](AV B) — Q[stit]AV O[stit] B.

J. Horty. Agency and Deontic Logic. 2001.

I —
Logic and Artificial Intelligence 21/23



STIT: Axiomatics

» S5 for O: O(p — ) = (e — Ovy), Op — ¢, Op — OOy,
- — O-0p
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» S5 for O: O(p — ) = (e — Ovy), Op — ¢, Op — OOy,
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[i stitlp — @, [i stitlp — [i stit][i stit]p,
—[i stitlp — [i stit]-[i stit]e

» O — [i stit]e

> (Niea Ol stitlpi) = O(Ajeall stit]pi)

I —
Logic and Artificial Intelligence 22/23



STIT: Axiomatics

>

>

>

>

S5 for O: O(¢ — ) — (Op — Oy), Op — ¢, Op — O0p,
=y — O-0p

S5 for [i stit]: [i stit](¢ — ) — ([i stitle — [i stit]y),

[i stitlp — @, [i stitlp — [i stit][i stit]p,

—[i stitlp — [i stit]-[i stit]e

Op — [i stit]e

(Niea Ol stitlpi) = O(Ajeall stitlei)

Modus Ponens and Necessitation for [J

M. Xu. Axioms for deliberative STIT. Journal of Philosophical Logic, Volume
27, pp. 505 - 552, 1998.

P. Balbiani, A. Herzig and N. Troquard. Alternative axiomatics and complexity
of deliberative STIT theories. Journal of Philosophical Logic, 37:4, pp. 387 -
406, 2008.
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Recap: Logics of Action and Ability

> Fy: @ is true at some moment in the future
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v

JF: there is a history where ¢ is true some moment in the
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[0p]t): after bringing about ¢, ¥ is true
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Recap: Logics of Action and Ability

> Fy: @ is true at some moment in the future

» dFy: there is a history where ¢ is true some moment in the
future

v

[a]e: after doing action «, ¢ is true

v

[0p]t): after bringing about ¢, ¥ is true

v

[i stit]e: the agent can “see to it that” ¢ is true

v

Q[i stit]p: the agent has the ability to bring about ¢
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