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I —
“Can” is ambiguous

Different uses of “can”:

1. To describe physical, temporal or historical possibilities
“He still can meet her for dinner tonight.”
2. To describe the agents' abilities, or skills
“She can run a four minute mile.”
3. To describe compliance to some type of norm
“He can (can’t) go through a green (red) light.”
C. Cross. ‘Can’ and the Logic of Ability. Philosophical Studies, Vol. 50, pp. 53
- 64, 1986.
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Ability: Reproducibility vs. Reliability

“Abilities are inherently general; there are no genuine abilities
which are abilities to do things only on one particular occasion” (p.
135)

A. Kenny. Will, Freedom and Power. 1975.
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Ability: Reproducibility vs. Reliability

“Abilities are inherently general; there are no genuine abilities
which are abilities to do things only on one particular occasion” (p.

135)

A. Kenny. Will, Freedom and Power. 1975.

“Even if opportunity only knocks once, | may be able to act on it,
an may be culpable for doing so, or for failing to do so.” (p. 1)

M. Brown. On the Logic of Ability. Journal of Philosophical Logic, Vol. 17, pp.
1- 26, 1988.
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On the Logic of Ability

Abl; T

p — Ablip

(Ablip A Ablip) — Abli(p A1)

Abli(p V) — (Ablip V Abli))
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On the Logic of Ability

-Abl; T

OT is valid in the class of all frames, 0T is valid on the class of
serial frames

© 7+ Ablip

@ — Oy is valid in the class of reflexive frames

(Ablip A Ablip) #+ Abli(¢ A )

(Op AOY) — O(e A1) is valid in the class of all frames
Abli(p v ) /> (Ablip v Ablit))

O V1) = (Op V O1) is valid in the class of all frames
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Neighborhood Semantics

Let W be a set of possible worlds. Each X C W corresponds to
different possible actions.
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Brief digression: neighborhood models for modal logic

I —
Logic and Artificial Intelligence 6/36



Neighborhood Frames

Let W be a non-empty set of states.

Any map N : W — p(p(W)) is called a neighborhood function

Definition
A pair (W, N) is a called a neighborhood frame if W a non-empty
set and N is a neighborhood function.
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Some Terminology
Let F = (W, N) be a neighborhood frame.

> F is closed under intersections if for any collections of sets
{Xi}ier such that for each i € I, X; € N(w), then
Nici Xi € N(W).
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Some Terminology
Let F = (W, N) be a neighborhood frame.

> F is supplemented, or closed under supersets or monotonic
provided for each X C W, if X € N(w) and X C Y C W,
then Y € N(w).
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Some Terminology
Let F = (W, N) be a neighborhood frame.
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Some Terminology
Let F = (W, N) be a neighborhood frame.

» F is augmented if F contains it core and is supplemented.
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I —
From Kripke Frames to Neighborhood Frames
Let RC W x W, defineamap R : W — pW:

for each w € W, let R7(w) = {v | wRv}
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I —
From Kripke Frames to Neighborhood Frames
Let RC W x W, defineamap R : W — pW:

for each w € W, let R7(w) = {v | wRv}

Definition
Given a relation R on aset W and astatew e W. Aset X C W
is R-necessary at w if R~ (w) C X.
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I —
From Kripke Frames to Neighborhood Frames
Let RC W x W, defineamap R : W — pW:

for each w € W, let R7(w) = {v | wRv}

Let AR be the set of sets that are R-necessary at w:
Ny ={X | R™(w) € X}
Lemma

Let R be a relation on W. Then for each w € W, NE is
augmented.
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From Kripke Frames to Neighborhood Frames

Properties of R are reflected in N :

» If R is reflexive, then for each w € W, w € NN/F

» If R is transitive then for each w € W/, if X € /\/'M",?, then
{v| X e NEF} e NE.

Logic and Artificial Intelligence 9/36



From Neighborhood Frames to Kripke Frames

Theorem

» Let (W, R) be a relational frame. Then there is an equivalent
augmented neighborhood frame.

» Let (W, N) be an augmented neighborhood frame. Then
there is an equivalent relational frame.
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From Neighborhood Frames to Kripke Frames

[for all X C W, X € N(w) iff X € NF.|

Theorem \

» Let (W, R) be a relationél frame. Then there is an equivalent
augmented neighborhgod frame.

> Let (W, N) be ap/augmented neighborhood frame. Then
there is an equivalent relational frame.
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From Neighborhood Frames to Kripke Frames

Theorem

v Let (W,R) be a relational frame. Then there is an equivalent
augmented neighborhood frame.

» Let (W, N) be an augmented neighborhood frame. Then
there is an equivalent relational frame.

Proof.
For each w € W, let N(w) = N O
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From Neighborhood Frames to Kripke Frames

Theorem

» Let (W, R) be a relational frame. Then there is an equivalent
augmented neighborhood frame.

v Let (W, N) be an augmented neighborhood frame. Then
there is an equivalent relational frame.

Proof.
For each w,v € W, wRyv iff v € NN(w). O
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Neighborhood Model

Let § = (W, N) be a neighborhood frame. A neighborhood model
based on J is a tuple (W, N, V) where V : At — 2" is a valuation
function.
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Truth in a Model
» M,w = piff we V(p)
> Mow = iff Mow @

» Mw =AY iff Mw =@ and Mw =
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Truth in a Model

» M,w = piff we V(p)

v

M, w =~ iff M,w B~

v

Mw =AY iff Mw =@ and M w =0

v

M, w = Oy iff ()™ € N(w)

v

M, w = Op iff W —(¢)™ & N(w)

where ()™ = {w | M, w = ¢}
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Detailed Example

Suppose W = {w,s, v} is the set of states and define a
neighborhood model 9t = (W, N, V) as follows:

> N(w) = {{s},{v},{w, v}}
> N(s) = {{w, v} {w}, {w,s}}
> N(v) = {{s, v}, {w} 0}
Further suppose that V(p) = {w,s} and V(q) = {s, v}.

I —
Logic and Artificial Intelligence 13/36



Detailed Example

Suppose W = {w,s, v} is the set of states and define a
neighborhood model 9t = (W, N, V) as follows:

> N(w) = {{s}, {v} {w, v}}
> N(s) = {{w, v}, {w} {w,s}}
> N(v) = {{s, v}, {w}, 0}
Further suppose that V(p) = {w,s} and V(q) = {s, v}.

{s} {v} {w,v} Aw,s} {w} {s,v} 0

N/ NN

w 4

Logic and Artificial Intelligence 13/36



Detailed Example

Suppose W = {w,s, v} is the set of states and define a
neighborhood model 9t = (W, N, V) as follows:

> N(w) = {{s},{v},{w, v}}
> N(s) = {{w, v} {w}, {w,s}}
> N(v) = {{s, v}, {w} 0}
Further suppose that V(p) = {w,s} and V(q) = {s, v}.

{s} {v} {w.v} Aw;s} {w} {s,v} 0

N/ NN

w 4

Logic and Artificial Intelligence 13/36



Detailed Example
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neighborhood model 9t = (W, N, V) as follows:

> N(w) = {{s}, {v};{w, v}}
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Detailed Example
V(p) = {w,s} and V(q) = {s, v}

{st {vi {w,v} A{w,s} {w} {s,v} 0

N/ NN

w S 14
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Detailed Example
V(p) = {w,s} and V(q) = {s, v}

{st {vi {w,v} A{w;s} {w} {s,v} 0

N/ NN

w S 14

M,s = Op
(=p)™ = {v}
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Detailed Example
V(p) = {w,s} and V(q) = {s, v}

{st {vi {w,v} A{w,s} {w} {s,v} 0

N/ NN
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M, w = OOp? M, v = Odp?
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Detailed Example
V(p) = {w,s} and V(q) = {s, v}

{st {vi {w,v} A{w,s} {w} {s,v} 0

N/ NN

w S v
M, w £ O0p M, v | O0p
M, w = O0p M, v | OOp
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Detailed Example
V(p) = {w,s} and V(q) = {s, v}
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N/ NN
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Other modal operators

» M, w = () iff IX € N(w) such that Jv € X, M, v = ¢
» M,ow =[] iff VX € N(w) such that Vv € X, M, v = ¢
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Other modal operators
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Other modal operators

> M,w = (o iff IX € N(w) such that Vv € X, M, v = ¢
> Mw = [ ) iff YX € N(w) such that v e X, M, v = ¢
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Other modal operators
> M,w = (o iff IX € N(w) such that Vv € X, M, v = ¢
> Mw = [ ) iff YX € N(w) such that v e X, M, v = ¢

Lemma
Let M = (W, N, V) be a neighborhood model. The for each
weWw,

L if 9, w = Oy then M, w = (Jp
2. if M, w k= ) then M w = Op

However, the converses of the above statements are false.
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Other modal operators

> M,w = (o iff IX € N(w) such that Vv € X, M, v = ¢
> Mw = [ ) iff YX € N(w) such that v e X, M, v = ¢

Lemma
1. If o — 4 is valid in 9, then so is ( | — ( J4.
2. (e Ad) = (Cle A (1Y) is valid in 9

Investigate analogous results for the other modal operators defined
above.
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Different Semantics

A multi-relational Kripke model is a triple M = (W, R, V) where
R C p(W x W).
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Different Semantics

A multi-relational Kripke model is a triple M = (W, R, V) where
R C p(W x W).

M, w = Oy iff 3R € R such that Vv € W, if wRv then M, v = .

Are multi-relational semantics equivalent to neighborhood
semantics?
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Different Semantics

A multi-relational Kripke model is a triple M = (W, R, V) where
R C p(W x W).

M, w = Oy iff 3R € R such that Vv € W, if wRv then M, v = .

Are multi-relational semantics equivalent to neighborhood
semantics? Almost
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Different Semantics

A multi-relational Kripke model is a triple M = (W, R, V) where
R C p(W x W).
M, w = Oy iff 3R € R such that Vv € W, if wRv then M, v = .

A world is called queer if nothing is necessary and everything is
possible.
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Different Semantics

A multi-relational Kripke model is a triple M = (W, R, V) where
R C p(W x W).

M, w = Oy iff 3R € R such that Vv € W, if wRv then M, v = .

w is queer iff N(w) = ()
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Different Semantics

A multi-relational Kripke model is a triple M = (W, R, V) where
R C p(W x W).

M, w = Oy iff 3R € R such that Vv € W, if wRv then M, v = .
w is queer iff N(w) = ()

A multi-relational model with queer worlds is a quadruple
M=(W,Q,R,V).
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Different Semantics

A multi-relational Kripke model is a triple M = (W, R, V) where
R C p(W x W).

M, w = Oy iff 3R € R such that Vv € W, if wRv then M, v = .
w is queer iff N(w) = ()

A multi-relational model with queer worlds is a quadruple

M= (W, Q,R, V).

M, w = Ogp iff w € Q and IR € R such that Vv € W, if wRv
then M, v |= .
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Different Semantics

M. Fitting. Proof Methods for Modal and Intuitionistic Logics. 1983.

L. Goble. Multiplex semantics for Deontic Logic. Nordic Journal of Philosophical
Logic (2000).

G. Governatori and A. Rotolo. On the axiomatization of Elgesems logic of agency
and ability. JPL (2005).
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D. Elgesem. The modal logic of agency. Nordic Journal of Philosophical Logic
2(2), 1 - 46, 1997.

G. Governatori and A. Rotolo. On the Axiomatisation of Elgesem’s Logic of
Agency and Ability. Journal of Philosophical Logic, 34, pgs. 403 - 431 (2005).

I —
Logic and Artificial Intelligence 17/36



A Minimal Logic of Abilities

Cp means “the agent is capable of realizing "

E¢ means “the agent does bring about ¢"
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A Minimal Logic of Abilities

Cp means “the agent is capable of realizing "

E¢ means “the agent does bring about ¢"

1. All propositional tautologies

2. =CT

3. EpNEY — E(p A1)

4. Ep—

5. Ep— Cp

6. Modus Ponens plus from ¢ <> % infer Ep <> E®) and from

@ <> P infer Cp & Cy
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Neighborhood Models for Elgesem’s Logic

M = (W,N¢ NE V) where W a nonempty set of states,
NE W = p(p(W)), NE: W — p(p(W)) and V : At — (W)
with
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Neighborhood Models for Elgesem’s Logic

M = (W,N¢ NE V) where W a nonempty set of states,
NE W = p(p(W)), NE: W — p(p(W)) and V : At — (W)
with

v

W ¢ N¢(w)

If X € NE(w) and Y € NE(w) then X NY € NE(w)
If X € NE(w) then w € X

for all w, NE(w) C N€(w)

v

v

v
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Neighborhood Models for Elgesem’s Logic

M = (W,N¢ NE V) where W a nonempty set of states,
NE W = p(p(W)), NE: W — p(p(W)) and V : At — (W)
with

v

W ¢ N¢(w)

If X € NE(w) and Y € NE(w) then X NY € NE(w)
If X € NE(w) then w € X

for all w, NE(w) C N€(w)

v

v

v

M, w = Eg iff [p]m € NE(w)
M,w = Cop iff [p]m € NC(w)

v

v
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Theorem Elgesem’s axiomatization of capabilities and abilities is
sound and complete with respect to the previous class of
neighborhood models.

G. Governatori and A. Rotolo. On the Axiomatisation of Elgesem’s Logic of
Agency and Ability. Journal of Philosophical Logic, 34, pgs. 403 - 431 (2005).
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Actions

A. Mele (editor). The Philosophy of Action. Oxford Readings in Philosophy.
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Actions
A. Mele (editor). The Philosophy of Action. Oxford Readings in Philosophy.

Many subtle philosophical issues!

Action individuation; primitive actions; action descriptions;
intending to A vs. Aing intentionally; etc.

G. Wilson. Action. Stanford Encyclopedia of Philosophy.

s
21/36
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Actions

1. Actions as transitions between states, or situations:
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Actions
1. Actions as transitions between states, or situations:

a

& W
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Actions
1. Actions as transitions between states, or situations:

a

& W

2. Actions restrict the set of possible future histories.
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J. van Benthem, H. van Ditmarsch, J. van Eijck and J. Jaspers. Chapter 6:
Propositional Dynamic Logic. Logic in Action Online Course Project, 2011.
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http://www.logicinaction.org/docs/ch6.pdf
http://www.logicinaction.org/docs/ch6.pdf
http://staff.science.uva.nl/~jaspars/logicinaction/

Examples

toggle
alarm on » alarm off
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Examples
toggle
alarm on » alarm off
1 1 1
alarm on tosgle » alarm off tosgle » alarm on
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Examples

promoted

P

employed | ask for promotion

\

fired
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Examples

open window

>
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Propositional Dynamic Logic

Language: The language of propositional dynamic logic is
generated by the following grammar:

Pl ent|[a]e
where p € At and « is generated by the following grammar:
alaUB|a;f|a*|e?

where a € Act and ¢ is a formula.
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Propositional Dynamic Logic

Language: The language of propositional dynamic logic is
generated by the following grammar:

pl-eleny|[ae
where p € At and « is generated by the following grammar:
alaUB|a;f|a*|e?

where a € Act and ¢ is a formula.

Semantics: M = (W, {R, | a € P}, V) where for each a € P,
R, C W x W and V : At — (W)
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Propositional Dynamic Logic

Language: The language of propositional dynamic logic is
generated by the following grammar:

pl—eleny|[a]e

where p € At and « is generated by the following grammar:
alaUB|aif|a*|?

where a € Act and ¢ is a formula.

Semantics: M = (W, {R, | a € P}, V) where for each a € P,
R, C W x W and V : At — (W)

[a]¢ means “after doing «, ¢ will be true”

(o) means “after doing «, ¢ may be true”
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M, w = [a]p iff for each v, if wR,v then M, v = ¢

M, w = () iff there is a v such that wR,v and M, v = ¢
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Union
Rauﬁ =R, U Rﬁ
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Sequence

Ra:p = Ra o Rg
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Test
R = {(w,w) | M,w = ¢}
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[teration

Ry == Un>0 Rg

I —
Logic and Artificial Intelligence 33/36



Propositional Dynamic Logic

1. Axioms of propositional logic

2. [a](p = ¥) = ([ode = [o]¥)
3. [aUBle < [l A [Ble

4. [a; Bl < [a][Ble

5. [We < (v — o)

6. p Aa]ler]p < [a"]e

7. o Na™](e = [a]p) = [a"]e

8. Modus Ponens and Necessitation (for each program «)
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Propositional Dynamic Logic

1. Axioms of propositional logic

2.
3.

4.

[a](p = ) = ([ele — [a]¥)

[ U Bl <+ [e]e A [Ble

[a; Bl <= [a][B]e

[b7]p & (¥ — )

¢ A la]la]p < [a*]¢ (Fixed-Point Axiom)

o M a*](e — [alp) — [a*]¢ (Induction Axiom)

Modus Ponens and Necessitation (for each program «)
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Propositional Dynamic Logic
Theorem PDL is sound and weakly complete with respect to the

Segerberg Axioms.

Theorem The satisfiability problem for PDL is decidable
(EXPTIME-Complete).

D. Kozen and R. Parikh. A Completeness Proof for Propositional Dynamic Logic.
Theoretical Computer Science, 14, pp. 113-118, 1981.

D. Harel, D. Kozen and Tiuryn. Dynamic Logic. MIT Press, 2001.
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