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“Can” is ambiguous

Different uses of “can”:

1. To describe physical, temporal or historical possibilities

“He still can meet her for dinner tonight.”

2. To describe the agents’ abilities, or skills

“She can run a four minute mile.”

3. To describe compliance to some type of norm

“He can (can’t) go through a green (red) light.”

C. Cross. ‘Can’ and the Logic of Ability. Philosophical Studies, Vol. 50, pp. 53
- 64, 1986.
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Ability: Reproducibility vs. Reliability

“Abilities are inherently general; there are no genuine abilities
which are abilities to do things only on one particular occasion” (p.
135)

A. Kenny. Will, Freedom and Power. 1975.

“Even if opportunity only knocks once, I may be able to act on it,
an may be culpable for doing so, or for failing to do so.” (p. 1)

M. Brown. On the Logic of Ability. Journal of Philosophical Logic, Vol. 17, pp.
1 - 26, 1988.
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On the Logic of Ability

¬Abli>

�> is valid in the class of all frames, ♦> is valid on the class of
serial frames

ϕ→ Abliϕ

ϕ→ ♦ϕ is valid in the class of reflexive frames

(Abliϕ ∧ Abliψ)→ Abli (ϕ ∧ ψ)

(�ϕ ∧�ψ)→ �(ϕ ∧ ψ) is valid in the class of all frames

Abli (ϕ ∨ ψ)→ (Abliϕ ∨ Abliψ)

♦(ϕ ∨ ψ)→ (♦ϕ ∨ ♦ψ) is valid in the class of all frames
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Neighborhood Semantics

Let W be a set of possible worlds. Each X ⊆W corresponds to
different possible actions.

A relation R ⊆W × ℘(W ) defines for each w , the set of actions
which the agent is capable of performing.

wRX means that the agent is capable of doing an action that
“corresponds” to the set X .

M = 〈W ,R,V 〉 is a neighborhood model.

M,w |= 〈[ ]〉ϕ iff there is a X ⊆W such that for all v ∈ X ,
M, v |= ϕ
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Brief digression: neighborhood models for modal logic
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Neighborhood Frames

Let W be a non-empty set of states.

Any map N : W → ℘(℘(W )) is called a neighborhood function

Definition
A pair 〈W ,N〉 is a called a neighborhood frame if W a non-empty
set and N is a neighborhood function.
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Some Terminology

Let F = 〈W ,N〉 be a neighborhood frame.

I F is closed under intersections if for any collections of sets
{Xi}i∈I such that for each i ∈ I , Xi ∈ N(w), then
∩i∈IXi ∈ N(w).

I F is supplemented, or closed under supersets or monotonic
provided for each X ⊆W , if X ∈ N(w) and X ⊆ Y ⊆W ,
then Y ∈ N(w).

I F contains the unit provided W ∈ N(w)

I the set ∩X∈FX the core of F . F contains its core provided
∩X∈FX ∈ F .

I F is augmented if F contains it core and is supplemented.
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From Kripke Frames to Neighborhood Frames

Let R ⊆W ×W , define a map R→ : W → ℘W :

for each w ∈W , let R→(w) = {v | wRv}
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Definition
Given a relation R on a set W and a state w ∈W . A set X ⊆W
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Lemma
Let R be a relation on W . Then for each w ∈W , NR

w is
augmented.
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From Kripke Frames to Neighborhood Frames

Properties of R are reflected in NR
w :

I If R is reflexive, then for each w ∈W , w ∈ ∩NR
w

I If R is transitive then for each w ∈W , if X ∈ NR
w , then

{v | X ∈ NR
v } ∈ NR

w .
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From Neighborhood Frames to Kripke Frames

Theorem

I Let 〈W ,R〉 be a relational frame. Then there is an equivalent
augmented neighborhood frame.

I Let 〈W ,N〉 be an augmented neighborhood frame. Then
there is an equivalent relational frame.

Theorem

I Let 〈W ,R〉 be a relational frame. Then there is an equivalent
augmented neighborhood frame.

I Let 〈W ,N〉 be an augmented neighborhood frame. Then
there is an equivalent relational frame.

for all X ⊆W , X ∈ N(w) iff X ∈ NR
w .

Theorem

X Let 〈W ,R〉 be a relational frame. Then there is an equivalent
augmented neighborhood frame.

I Let 〈W ,N〉 be an augmented neighborhood frame. Then
there is an equivalent relational frame.

Proof.
For each w ∈W , let N(w) = NR

w .

Theorem

I Let 〈W ,R〉 be a relational frame. Then there is an equivalent
augmented neighborhood frame.

X Let 〈W ,N〉 be an augmented neighborhood frame. Then
there is an equivalent relational frame.

Proof.
For each w , v ∈W , wRNv iff v ∈ ∩N(w).
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Neighborhood Model

Let F = 〈W ,N〉 be a neighborhood frame. A neighborhood model
based on F is a tuple 〈W ,N,V 〉 where V : At→ 2W is a valuation
function.
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Truth in a Model

I M,w |= p iff w ∈ V (p)

I M,w |= ¬ϕ iff M,w 6|= ϕ

I M,w |= ϕ ∧ ψ iff M,w |= ϕ and M,w |= ψ

I M,w |= �ϕ iff (ϕ)M ∈ N(w)

I M,w |= ♦ϕ iff W − (ϕ)M 6∈ N(w)

where (ϕ)M = {w | M,w |= ϕ}.
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Detailed Example

Suppose W = {w , s, v} is the set of states and define a
neighborhood model M = 〈W ,N,V 〉 as follows:

I N(w) = {{s}, {v}, {w , v}}
I N(s) = {{w , v}, {w}, {w , s}}
I N(v) = {{s, v}, {w}, ∅}

Further suppose that V (p) = {w , s} and V (q) = {s, v}.

w s v

{s} {v} {w , v} {w , s} {w} {s, v} ∅
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Detailed Example

V (p) = {w , s} and V (q) = {s, v}

w s v

{s} {v} {w , v} {w , s} {w} {s, v} ∅

M, s |= �p

Logic and Artificial Intelligence 13/36



Detailed Example

V (p) = {w , s} and V (q) = {s, v}

w s v

{s} {v} {w , v} {w , s} {w} {s, v} ∅

M, s |= �p

Logic and Artificial Intelligence 13/36



Detailed Example
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Detailed Example

V (p) = {w , s} and V (q) = {s, v}

w s v

{s} {v} {w , v} {w , s} {w} {s, v} ∅

M, s |= ♦p

(¬p)M = {v}
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Detailed Example

V (p) = {w , s} and V (q) = {s, v}

w s v
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Other modal operators

I M,w |= 〈 〉ϕ iff ∃X ∈ N(w) such that ∃v ∈ X , M, v |= ϕ

I M,w |= [ ]ϕ iff ∀X ∈ N(w) such that ∀v ∈ X , M, v |= ϕ

I M,w |= 〈 ]ϕ iff ∃X ∈ N(w) such that ∀v ∈ X , M, v |= ϕ

I M,w |= [ 〉ϕ iff ∀X ∈ N(w) such that ∃v ∈ X , M, v |= ϕ
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I M,w |= [ 〉ϕ iff ∀X ∈ N(w) such that ∃v ∈ X , M, v |= ϕ

Lemma
Let M = 〈W ,N,V 〉 be a neighborhood model. The for each
w ∈W ,

1. if M,w |= �ϕ then M,w |= 〈 ]ϕ

2. if M,w |= [ 〉ϕ then M,w |= ♦ϕ
However, the converses of the above statements are false.
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I M,w |= 〈 ]ϕ iff ∃X ∈ N(w) such that ∀v ∈ X , M, v |= ϕ

I M,w |= [ 〉ϕ iff ∀X ∈ N(w) such that ∃v ∈ X , M, v |= ϕ

Lemma

1. If ϕ→ ψ is valid in M, then so is 〈 ]ϕ→ 〈 ]ψ.

2. 〈 ](ϕ ∧ ψ)→ (〈 ]ϕ ∧ 〈 ]ψ) is valid in M

Investigate analogous results for the other modal operators defined
above.
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Different Semantics

A multi-relational Kripke model is a triple M = 〈W ,R,V 〉 where
R ⊆ ℘(W ×W ).
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Different Semantics

A multi-relational Kripke model is a triple M = 〈W ,R,V 〉 where
R ⊆ ℘(W ×W ).

M,w |= �ϕ iff ∃R ∈ R such that ∀v ∈W , if wRv then M, v |= ϕ.

A world is called queer if nothing is necessary and everything is
possible.
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Different Semantics

M. Fitting. Proof Methods for Modal and Intuitionistic Logics. 1983.

L. Goble. Multiplex semantics for Deontic Logic. Nordic Journal of Philosophical
Logic (2000).

G. Governatori and A. Rotolo. On the axiomatization of Elgesems logic of agency
and ability. JPL (2005).
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D. Elgesem. The modal logic of agency. Nordic Journal of Philosophical Logic
2(2), 1 - 46, 1997.

G. Governatori and A. Rotolo. On the Axiomatisation of Elgesem’s Logic of
Agency and Ability. Journal of Philosophical Logic, 34, pgs. 403 - 431 (2005).
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A Minimal Logic of Abilities

Cϕ means “the agent is capable of realizing ϕ”

Eϕ means “the agent does bring about ϕ”

1. All propositional tautologies

2. ¬C>
3. Eϕ ∧ Eψ → E (ϕ ∧ ψ)

4. Eϕ→ ϕ

5. Eϕ→ Cϕ

6. Modus Ponens plus from ϕ↔ ψ infer Eϕ↔ Eψ and from
ϕ↔ ψ infer Cϕ↔ Cψ
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Neighborhood Models for Elgesem’s Logic

M = 〈W ,NC ,NE ,V 〉 where W a nonempty set of states,
NC : W → ℘(℘(W )), NE : W → ℘(℘(W )) and V : At→ ℘(W )
with

I W 6∈ NC (w)

I If X ∈ NE (w) and Y ∈ NE (w) then X ∩ Y ∈ NE (w)

I If X ∈ NE (w) then w ∈ X

I for all w , NE (w) ⊆ NC (w)

I M,w |= Eϕ iff [[ϕ]]M ∈ NE (w)

I M,w |= Cϕ iff [[ϕ]]M ∈ NC (w)

Logic and Artificial Intelligence 19/36



Neighborhood Models for Elgesem’s Logic

M = 〈W ,NC ,NE ,V 〉 where W a nonempty set of states,
NC : W → ℘(℘(W )), NE : W → ℘(℘(W )) and V : At→ ℘(W )
with

I W 6∈ NC (w)

I If X ∈ NE (w) and Y ∈ NE (w) then X ∩ Y ∈ NE (w)

I If X ∈ NE (w) then w ∈ X

I for all w , NE (w) ⊆ NC (w)

I M,w |= Eϕ iff [[ϕ]]M ∈ NE (w)

I M,w |= Cϕ iff [[ϕ]]M ∈ NC (w)

Logic and Artificial Intelligence 19/36



Neighborhood Models for Elgesem’s Logic

M = 〈W ,NC ,NE ,V 〉 where W a nonempty set of states,
NC : W → ℘(℘(W )), NE : W → ℘(℘(W )) and V : At→ ℘(W )
with

I W 6∈ NC (w)

I If X ∈ NE (w) and Y ∈ NE (w) then X ∩ Y ∈ NE (w)

I If X ∈ NE (w) then w ∈ X

I for all w , NE (w) ⊆ NC (w)

I M,w |= Eϕ iff [[ϕ]]M ∈ NE (w)

I M,w |= Cϕ iff [[ϕ]]M ∈ NC (w)

Logic and Artificial Intelligence 19/36



Theorem Elgesem’s axiomatization of capabilities and abilities is
sound and complete with respect to the previous class of
neighborhood models.

G. Governatori and A. Rotolo. On the Axiomatisation of Elgesem’s Logic of
Agency and Ability. Journal of Philosophical Logic, 34, pgs. 403 - 431 (2005).
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Actions

A. Mele (editor). The Philosophy of Action. Oxford Readings in Philosophy.

Many subtle philosophical issues!

Action individuation; primitive actions; action descriptions;
intending to A vs. Aing intentionally; etc.

G. Wilson. Action. Stanford Encyclopedia of Philosophy.
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Actions

1. Actions as transitions between states, or situations:

s t

a

2. Actions restrict the set of possible future histories.
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J. van Benthem, H. van Ditmarsch, J. van Eijck and J. Jaspers. Chapter 6:
Propositional Dynamic Logic. Logic in Action Online Course Project, 2011.
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Examples

6-2 CHAPTER 6. LOGIC AND ACTION

analyzing the interplay of action and static descriptions of the world before and after the
action.

It turns out that structured actions can be viewed as compositions of basic actions, with
only a few basic composition recipes: conditional execution, choice, sequence, and repe-
tition. In some cases it is also possible to undo or reverse an action. This gives a further
recipe: if you are editing a file, you can undo the last ‘delete word’ action, but you cannot
undo the printing of your file.

Conditional or guarded execution (“remove from fire when cheese starts to melt”), se-
quence (“pour eggs in and swirl; cook for about three minutes; gently slide out of the
pan”), and repetition (“keep stirring until soft”) are ways in which a cook combines his
basic actions in preparing a meal. But these are also the strategies for a lawyer when plan-
ning her defence (“only discuss the character of the defendant if the prosecution forces
us”, “first convince the jury of the soundness of the alibi, next cast doubt on the reliability
of the witness for the prosecution”), or the basic layout strategies for a programmer in
designing his code. In this chapter we will look at the logic of these ways of combining
actions.

Action structure does not depend on the nature of the basic actions: it applies to actions
in the world, such as preparing breakfast, cleaning dishes, or spilling coffee over your
trousers. It also applies to communicative actions, such as reading an English sentence
and updating one’s state of knowledge accordingly, engaging in a conversation, sending an
email with cc’s, telling your partner a secret. These actions typically change the cognitive
states of the agents involved. Finally, it applies to computations, i.e., actions performed
by computers. Examples are computing the factorial function, computing square roots,
etc. Such actions typically involve changing the memory state of a machine. Of course
there are connections between these categories. A communicative action will usually
involve some computation involving memory, and the utterance of an imperative (‘Shut
the door!’) is a communicative action that is directed towards action in the world.

There is a very general way to model action and change, a way that we have in fact seen
already. The key is to view a changing world as a set of situations linked by labeled arcs.
In the context of epistemic logic we have looked at a special case of this, the case where
the arcs are epistemic accessibility relations: agent relations that are reflexive, symmetric,
and transitive. Here we drop this restriction.

Consider an action that can be performed in only one possible way. Toggling a switch for
switching off your alarm clock is an example. This can be pictured as a transition from
an initial situation to a new situation:

alarm on alarm off
toggle

Toggling the switch once more will put the alarm back on:

6.1. ACTIONS IN GENERAL 6-3

alarm on alarm off alarm on
toggle toggle

Some actions do not have determinate effects. Asking your boss for a promotion may get
you promoted, but it may also get you fired, so this action can be pictured like this:

employed

promoted

fired

ask for promotion

Another example: opening a window. This brings about a change in the world, as follows.

 

 

 

 
 

open window

The action of window-opening changes a state in which the window is closed into one in
which it is open. This is more subtle than toggling an alarm clock, for once the window is
open a different action is needed to close it again. Also, the action of opening a window
can only be applied to closed windows, not to open ones. We say: performing the action
has a precondition or presupposition.

In fact, the public announcements from the previous chapter can also be viewed as (com-
municative) actions covered by our general framework. A public announcement is an
action that effects a change in an information model.

0 : p 1 : pbc
abc abc

)!p ) 0 : p

abc
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6-10 CHAPTER 6. LOGIC AND ACTION

Converse Some actions can be undone by reversing them: the reverse of opening a
window is closing it. Other actions are much harder to undo: if you smash a piece of
china then it is sometimes hard to mend it again. So here we have a choice: do we assume
that basic actions can be undone? If we do, we need an operation for this, for taking the
converse of an action. If, in some context, we assume that undoing an action is generally
impossible we should omit the converse operation in that context.

Exercise 6.1 Suppose ˇ is used for reversing basic actions. So ǎ is the converse of action a, and
b̌ is the converse of action b. Let a; b be the sequential composition of a and b, i.e., the action that
consists of first doing a and then doing b. What is the converse of a; b?

6.3 Viewing Actions as Relations

As an exercise in abstraction, we will now view actions as binary relations on a set S of
states. The intuition behind this is as follows. Suppose we are in some state s in S. Then
performing some action a will result in a new state that is a member of some set of new
states {s1, . . . , sn}.

If this set is empty, this means that the action a has aborted in state s. If the set has a
single element s0, this means that the action a is deterministic on state s, and if the set
has two or more elements, this means that action a is non-deterministic on state s. The
general picture is:

s

s1

s2

s3

sn

Clearly, when we extend this picture to the whole set S, what emerges is a binary relation
on S, with an arrow from s to s0 (or equivalently, a pair (s, s0) in the relation) just in case
performing action a in state s may have s0 as result. Thus, we can view binary relations
on S as the interpretations of basic action symbols a.

The set of all pairs taken from S is called S ⇥ S, or S2. A binary relation on S is simply
a set of pairs taken from S, i.e., a subset of S2.

Given this abstract interpretation of basic relations, it makes sense to ask what corresponds
to the operations on actions that we encountered in Section 6.2. Let’s consider them in
turn.
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Propositional Dynamic Logic

Language: The language of propositional dynamic logic is
generated by the following grammar:

p | ¬ϕ | ϕ ∧ ψ | [α]ϕ

where p ∈ At and α is generated by the following grammar:

a | α ∪ β | α;β | α∗ | ϕ?

where a ∈ Act and ϕ is a formula.

Semantics: M = 〈W , {Ra | a ∈ P},V 〉 where for each a ∈ P,
Ra ⊆W ×W and V : At→ ℘(W )

[α]ϕ means “after doing α, ϕ will be true”

〈α〉ϕ means “after doing α, ϕ may be true”
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M,w |= [α]ϕ iff for each v , if wRαv then M, v |= ϕ

M,w |= 〈α〉ϕ iff there is a v such that wRαv and M, v |= ϕ
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Union
Rα∪β := Rα ∪ Rβ6-12 CHAPTER 6. LOGIC AND ACTION

s

s1

s2

s3

sn

s01
s02
s03

s0m

Then performing action a [ b (the choice between a and b) in s will get you in one of the
states in {. . . , sn} [ {s01, . . . , s

0
m}. More generally, if action symbol a is interpreted as

the relation Ra, and action symbol b is interpreted as the relation Rb, then a [ b will be
interpreted as the relation Ra [ Rb (the union of the two relations).

Test A notation that is often used for the equality relation (or: identity relation is I . The
binary relation I on S is by definition the set of pairs given by:

I = {(s, s) | s 2 S}.

A test ?' is interpreted as a subset of the identity relation, namely as the following set of
pairs:

R?' = {(s, s) | s 2 S, s |= '}

From this we can see that a test does not change the state, but checks whether the state
satisfies a condition.

To see the result of combining a test with another action:
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Sequence

Rα;β := Rα ◦ Rβ

6.3. VIEWING ACTIONS AS RELATIONS 6-11

Sequence Given that action symbol a is interpreted as binary relation Ra on S, and that
action symbol b is interpreted as binary relation Rb on S, what should be the interpretation
of the action sequence a; b? Intuitively, one can move from state s to state s0 just in case
there is some intermediate state s0 with the property that a gets you from s to s0 and b gets
you from s0 to s0. This is a well-known operation on binary relations, called relational
composition. If Ra and Rb are binary relations on the same set S, then Ra � Rb is the
binary relation on S given by:

Ra � Rb = {(s, s0) | there is some s0 2 S : (s, s0) 2 Raand (s0, s
0) 2 Rb}.

If basic action symbol a is interpreted as relation Ra, and basic action symbol b is inter-
preted as relation Rb, then the sequence action a; b is interpreted as Ra � Rb. Here is a
picture:

s

s1

s2

s3

sn

s11

s12

s13

s1m

If the solid arrows interpret action symbol a and the dashed arrows interpret action sym-
bol b, then the arrows consisting of a solid part followed by a dashed part interpret the
sequence a; b.

Choice Now suppose again that we are in state s, and that performing action a will get
us in one of the states in {s1, . . . , sn}. And supposse that in that same state s, performing
action b will get us in one of the states in {s01, . . . , s

0
m}.
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Test
Rϕ? = {(w ,w) | M,w |= ϕ}

6.4. OPERATIONS ON RELATIONS 6-13

s

s1

s2

s3

sn

t

t1

t2

t3

tm

The solid arrow interprets a test ?' that succeeds in state s but fails in state t. If the
dashed arrows interpret a basic action symbol a, then, for instance, (s, s1) will be in the
interpretation of ?'; a, but (t, t1) will not.

Since > is true in any situation, we have that ?> will get interpreted as I (the identity
relation on S). Therefore, ?>; a will always receive the same interpretation as a.

Since ? is false in any situation, we have that ?? will get interpreted as ; (the empty
relation on S). Therefore, ??; a will always receive the same interpretation as ??.

Before we handle repetition, it is useful to switch to a more gereral perspective.

6.4 Operations on Relations

Relations were introduced in Chapter 4 on predicate logic. In this chapter we view actions
as binary relations on a set S of situations. Such a binary relation is a subset of S ⇥ S,
the set of all pairs (s, t) with s and t taken from S. It makes sense to develop the general
topic of operations on binary relations. Which operations suggest themselves, and what
are the corresponding operations on actions?

In the first place, there are the usual set-theoretic operations. Binary relations are sets of
pairs, so taking unions, intersections and complements makes sense (also see Appendix
A). We have already seen that taking unions corresponds to choice between actions.

Example 6.2 The union of the relations ‘mother’ and ‘father’ is the relation ‘parent’.

Example 6.3 The intersection of the relations ✓ and ◆ is the equality relation =.
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Iteration

Rα∗ := ∪n≥0Rn
α
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Propositional Dynamic Logic

1. Axioms of propositional logic

2. [α](ϕ→ ψ)→ ([α]ϕ→ [α]ψ)

3. [α ∪ β]ϕ↔ [α]ϕ ∧ [β]ϕ

4. [α;β]ϕ↔ [α][β]ϕ

5. [ψ?]ϕ↔ (ψ → ϕ)

6. ϕ ∧ [α][α∗]ϕ↔ [α∗]ϕ

7. ϕ ∧ [α∗](ϕ→ [α]ϕ)→ [α∗]ϕ

8. Modus Ponens and Necessitation (for each program α)
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Propositional Dynamic Logic

1. Axioms of propositional logic

2. [α](ϕ→ ψ)→ ([α]ϕ→ [α]ψ)

3. [α ∪ β]ϕ↔ [α]ϕ ∧ [β]ϕ

4. [α;β]ϕ↔ [α][β]ϕ

5. [ψ?]ϕ↔ (ψ → ϕ)

6. ϕ ∧ [α][α∗]ϕ↔ [α∗]ϕ (Fixed-Point Axiom)

7. ϕ ∧ [α∗](ϕ→ [α]ϕ)→ [α∗]ϕ (Induction Axiom)

8. Modus Ponens and Necessitation (for each program α)
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Propositional Dynamic Logic

Theorem PDL is sound and weakly complete with respect to the
Segerberg Axioms.

Theorem The satisfiability problem for PDL is decidable
(EXPTIME-Complete).

D. Kozen and R. Parikh. A Completeness Proof for Propositional Dynamic Logic.
Theoretical Computer Science, 14, pp. 113-118, 1981.

D. Harel, D. Kozen and Tiuryn. Dynamic Logic. MIT Press, 2001.
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