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Ingredients of a Logical Analysis of Rational Agency

= informational attitudes (eg., knowledge, belief, certainty)

= time, actions and ability

= motivational attitudes (eg., preferences)

= group notions (eg., common knowledge and coalitional ability)

= normative attitudes (eg., obligations)
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Time

One of the most “successful” applications of modal logic is in the
“logic of time".
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Time
One of the most “successful” applications of modal logic is in the
“logic of time".

Many variations

» discrete or continuous
» branching or linear

» point based or interval based

See, for example,

Antony Galton. Temporal Logic. Stanford Encyclopedia of Philosophy: http:
//plato.stanford.edu/entries/logic-temporal/.

I. Hodkinson and M. Reynolds. Temporal Logic. Handbook of Modal Logic,
2008.
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Models of Time

T =(T,<,V) where

» T is a set of time points (or moments),

» < C T x T is the precedence relation: s < t means “time
point s precedes time point t (or s occurs earlier than t)" and

» V : At — p(T) is a valuation function (describing when the
atomic propositions are true).
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» < C T x T is the precedence relation: s < t means “time
point s precedes time point t (or s occurs earlier than t)" and

» V : At — p(T) is a valuation function (describing when the
atomic propositions are true).

< is typically assumed to be irreflexive and transitive (a strict
partial order).
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Models of Time

T =(T,<,V) where

» T is a set of time points (or moments),

» < C T x T is the precedence relation: s < t means “time
point s precedes time point t (or s occurs earlier than t)" and

» V : At — p(T) is a valuation function (describing when the
atomic propositions are true).

< is typically assumed to be irreflexive and transitive (a strict
partial order).

Examples: (N, <), (Z, <), (Q, <), (R, <)
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Other properties of <

> Linearity: foralls,t€ T,s<tors=toft<s

» Past-linear: for all s,x,y € T, if x <s and y < s, then
either x <yorx=yory<x

» Denseness for all s,t € T, if s < t then thereisaze T
such that s< zand z < t

» Discreteness: for all s,t € T, if s < t then there is a z such
that (s < z and there is no u such that s < v and v < z)
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Priorean Temporal Logic
L be defined by the following grammar

pl-e| oAy | Gy | Hp

where p € At.
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Priorean Temporal Logic

L be defined by the following grammar

pl-e| oAy | Gy | Hp

where p € At.

Gy: "p is going to become true”

Hy: “p has been true”

Fp :=—=G—p: “pis true in the future”

Py := -H=p: “p was true some time in the past”
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M=(T,<,V)

» M tE=pifft e V(p)
Mt —piff Mt~
MtEeAYIff Mt = pand Mt =
Mt Gyiffforallse T,if t <sthen M,s | ¢
M, t = Hyiff forall s e T, if s < t thenM,s |= ¢

v

v

v

v

v

M.t = Fyiff there is s € T such that t <sand M,s = ¢
M, t |= Py iff there is s € T such that s < t and M,s = ¢

v
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Frame Correspondence

» HL1V PHL is valid
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v

PT is valid iff there is no starting point

v

GL V FGL is valid iff there is an end point

v

FT is valid iff there is no endpoint

v

PFp — (Po V ¢V Fyp) is valid
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Frame Correspondence

» H1 Vv PHL is valid iff there is a starting point

» PT is valid iff there is no starting point

» GLV FGL is valid iff there is an end point

» FT is valid iff there is no endpoint

» PFo — (Pp V ¢V Fy) is valid iff the future is not branching
» FPp — (Fp V p V Py) is valid iff the past is non-branching

» Fyo — FFyp is valid iff the flow of time is dense
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Frame Correspondence

>

>

>

H1 Vv PH is valid iff there is a starting point

PT is valid iff there is no starting point

GL V FGL is valid iff there is an end point

FT is valid iff there is no endpoint

PFp — (Pp V ¢V Fy) is valid iff the future is not branching
FPy — (Fo V ¢ V Py) is valid iff the past is non-branching
Fo — FFp is valid iff the flow of time is dense

(FTAeAHp)— FHy is valid

I —
Logic and Artificial Intelligence 8/30



Frame Correspondence

>

>

>

H1 Vv PH is valid iff there is a starting point

PT is valid iff there is no starting point

GL V FGL is valid iff there is an end point

FT is valid iff there is no endpoint

PFp — (Pp V ¢V Fy) is valid iff the future is not branching
FPy — (Fo V ¢ V Py) is valid iff the past is non-branching
Fo — FFp is valid iff the flow of time is dense

(FT AN A Hp) — FHyp is valid iff the flow of time is discrete
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Basic Temporal Logic
All classical propositional tautologies

Distribution
G(p = ) = (Gp — GY)
Gl =) = (Gp = GY)

Converse
p — GPy
p — HFp
Transitivity: Gp — GGy

Modus Ponens: from ¢ and ¢ — v infer ¥
Temporal Generalization: from ¢ infer Fy; from ¢ infer Gy
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Basic Temporal Logic
All classical propositional tautologies

Distribution

G(p =) = (Gp — GY)
G(p = ¢) = (Gp — GY)
Converse

p — GPy
p — HFp

Transitivity: Gp — GGy
Modus Ponens: from ¢ and ¢ — v infer ¥
Temporal Generalization: from ¢ infer Fy; from ¢ infer Gy

Theorem. The above logic is sound and complete with respect to
the class of all flows of time
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Logic of Linear Time

Theorem. The above logic with the linearity axioms is sound and
complete with respect to the class of all linear flows of time

» PFp — (Pe VoV Fop)
» FPp — (Fp VoV Pyp)
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Other Languages: Since and Until

M, t = Uy iff M, s =1 for some s such that t < s and
M,ulEgpforalluwitht<u<s

M, t = oSy iff M, s =1 for some s such that s < t and
M, u = forall uwiths <u<t
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Other Languages: Since and Until

M, t = Uy iff M, s =1 for some s such that t < s and
M,ulEgpforalluwitht<u<s

M, t = oSy iff M, s =1 for some s such that s < t and

M, u = forall uwiths <u<t

Theorem (Kamp). Over the class of linear, continuous orderings,
every temporal operator can be defined using the above modalities
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Branching Time

Each moment t € T can be decided into the
Past(t) = {s € T | s < t} and the Future(t)={se T | t <s}
(“A-series")

Typically, it is assumed that the past is linear, but the future may
be branching.
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Branching Time

Each moment t € T can be decided into the
Past(t) = {s € T | s < t} and the Future(t) ={s e T | t <s}
(“A-series”)

Typically, it is assumed that the past is linear, but the future may
be branching.

Fe: “it will be the case that ¢"

@ will be the case “in the case in the actual course of events” or
“no matter what course of events”
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Branching Time Logics
A branch b in (T, <) is a maximal linearly ordered subset of T

s€ T ison a branch b of T provided s € b (we also say “bis a
branch going through t").
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Branching Time Logics

A branch b in (T, <) is a maximal linearly ordered subset of T

s € T ison a branch b of T provided s € b (we also say “b is a
branch going through t").

>

>

>

M t, b= piff t € V(p)

M t, b= —piff M t, b=
Mt,bE @AY iff M t, b= and M, t =

M, t, b= Gy iffforallse T, if sison band t < s then
M,s,bE

M, t, b= Hyiff forall s € T, if sison b and s < t then
M,s, b=y

M, t, b=V iff M,s, c = ¢ for all branches ¢ through t
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Computational vs. Behavioral Structures

[

qo qo0
doqo qoq1
qi dododo doqoqi qoqiqo qoqiqi
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Temporal Logics
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Temporal Logics

> Linear Time Temporal Logic: Reasoning about computation
paths:
Fp: @ is true some time in the future.

A. Pnuelli. A Temporal Logic of Programs. in Proc. 18th IEEE Symposium on
Foundations of Computer Science (1977).
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Temporal Logics

» Linear Time Temporal Logic: Reasoning about computation
paths:

Fo: ¢ is true some time in the future.

A. Pnuelli. A Temporal Logic of Programs. in Proc. 18th IEEE Symposium on
Foundations of Computer Science (1977).

» Branching Time Temporal Logic: Allows quantification over
paths:

dFp: there is a path in which ¢ is eventually true.

E. M. Clarke and E. A. Emerson. Design and Synthesis of Synchronization
Skeletons using Branching-time Temproal-logic Specifications. In Proceedings
Workshop on Logic of Programs, LNCS (1981).
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Temporal Logics

()

9 Pas
/ /\

Q@

dodoqo do9oqi qoqiqo Qqodiqi
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Temporal Logics

[

do qo HFpX 2
doqo dodi
a1 dodgoqo dododi dodqidqo QGodiqi

|
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Temporal Logics

[

do ﬁVFpX =2
qodo doq1
qi dododo doqoqir qodiqo qoqiqi

/
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Interval Values

J. Allen and G. Ferguson. Actions and Events in Interval Temporal Logics.
Journal of Logic and Computation, 1994.

J. Halpern and Y. Shoham. A Propositional Modal Logic of Time Intervals.
Journal of the ACM, 38:4, pp. 935 - 962, 1991.

J. van Benthem. Logics of Time. Kluwer, 1991.
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Interval Temporal Logics

Let 7 =(T,<) be a frame and I(T) = {[a,b] | a,b € T and
a < b} be the set of intervals over T

Models are M = (I(T),{Rx}, V) where Rx C I(T) x I(T) and
VAt — o(I(T)).
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Interval Temporal Logics

Let 7 =(T,<) be a frame and I(T) = {[a,b] | a,b € T and
a < b} be the set of intervals over T

Models are M = (I(T),{Rx}, V) where Rx C I(T) x I(T) and
VAt — o(I(T)).

» M, |a, b] = p iff [a, b] € V(p)
» M,[a,b] =ptiffa=0b

» M, |a, b] = (X)g iff there is an interval [c, d] such that
[a, b]Rx[c, d] and M, [c,d] E ¢
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(4)
(L)
(B)
(E)
(D)
(0)

[a,b]RAlc,d] & b=c
[a,b]RL[c,d] & b< ¢
[a,b]RBlc,d| < a=c,d<b
[a,b|RE[c,d] & b=d,a<c
[a,b]Rple,d] < a<ec,d<Db
[a,b]Roc,d] ©a<c<b<d

Logic and Artificial Intelligence
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High Undecidability!

D. Bersolin et al.. The dark side of interval temporal logic: sharpening the
undecidability border. 2011.
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Actions and Abilities: Pre-theoretic Intuitions

What does it mean for an agent to be able to do some action a or
bring about some state of affairs ¢?
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bring about some state of affairs ¢?

1. Control: The action a should be in the control of agent i or
the truth of ¢ should be under i’'s control.
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a or repeatedly bring about formula .
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What does it mean for an agent to be able to do some action a or
bring about some state of affairs ©?

1. Control: The action a should be in the control of agent i or
the truth of ¢ should be under i’'s control.

2. Repeatability: Agent i should be able to repeatedly do action
a or repeatedly bring about formula .

3. Avoidability: Agent / should be able to avoid doing action a.
4. Free-will: Agent i should be free to decide whether or not to
do action a. That is, the agent should have a choice as to

whether or not to do action a or bring about formula ¢.
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Actions and Abilities: Pre-theoretic Intuitions
What does it mean for an agent to be able to do some action a or
bring about some state of affairs ©?

1.

Control: The action a should be in the control of agent i or
the truth of ¢ should be under i’'s control.

Repeatability: Agent i should be able to repeatedly do action
a or repeatedly bring about formula .

Avoidability: Agent / should be able to avoid doing action a.
Free-will: Agent j should be free to decide whether or not to
do action a. That is, the agent should have a choice as to
whether or not to do action a or bring about formula ¢.
Causality: Agent i should cause action a to take place or the
formula ¢ to become true.

I —
Logic and Artificial Intelligence 21/30



Actions and Abilities: Pre-theoretic Intuitions

What does it mean for an agent to be able to do some action a or
bring about some state of affairs ©?

1.

Control: The action a should be in the control of agent i or
the truth of ¢ should be under i’'s control.

Repeatability: Agent i should be able to repeatedly do action
a or repeatedly bring about formula .

Avoidability: Agent / should be able to avoid doing action a.
Free-will: Agent j should be free to decide whether or not to
do action a. That is, the agent should have a choice as to
whether or not to do action a or bring about formula ¢.
Causality: Agent i should cause action a to take place or the
formula ¢ to become true.

. Intentionality: Agent i should intentionally do action a or

bring about .
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Abilities
Ablip: agent i has the ability to bring about (see to it that) ¢ is

true

What are core logical principles?
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What are core logical principles?

1. Ablip — ¢ (or p — Ablip)
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Abilities
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What are core logical principles?
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Abilities
Ablip: agent i has the ability to bring about (see to it that) ¢ is
true

What are core logical principles?
1. Ablip — ¢ (or p — Ablip)
2. =AblT

3. (Ablip A Ablib) = Abli(p A1)
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Abilities
Ablip: agent i has the ability to bring about (see to it that) ¢ is
true

What are core logical principles?
1. Ablip — ¢ (or p — Ablip)
2. =AblT

3. (Ablip A Ablib) = Abli(p A1)

o

. Abli(p V) = (Ablip vV Abli))

(€]

- Abli(¢ A1) — (Ablip A Abliap)
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Abilities
Ablip: agent i has the ability to bring about (see to it that) ¢ is
true

What are core logical principles?
1. Ablip — ¢ (or p — Ablip)
2. 2AbLT
3. (Ablip A Ablip) — Abli(p A1)
4. Abli(p V) — (Ablip vV Abl))
5. Abli(p A1) — (Ablip N\ Ablit)
6. Abl;Abl;p — Ablip, Abl;Ablip — Ablip
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Games: (Ablp A Ablab) 4 Abli(o A )

I EEEE—
Logic and Artificial Intelligence 23/30



Games: (Ablp A Ablab) 4 Abli(o A )

s1 A

SQB/ \Bsz
A bo o
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Games: (Ablp A Ablab) 4 Abli(o A )

s1 A
2 B B S3
E/ \E
51 ):Ab/Ap
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Games: (Ablp A Ablab) 4 Abli(o A )

s1 A

o Da-
ARSI

S1 ): Ablap A Ablaq
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Games: (Ablp A Ablab) 4 Abli(o A )

51A

E/\. .{\g

s1 = Ablap N\ Ablag A —Abla(p N q)
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Games: (Ablip A Ablap) 4 Abli(o A1)
R. Parikh. The Logic of Games and its Applications. Annals of Discrete Mathe-
matics (1985).
M. Pauly and R. Parikh. Game Logic — An Overview. Studia Logica (2003).

J. van Benthem. Logic and Games. Course notes (2007).
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@ /> Ablip

Suppose an agent (call her Ann) is throwing a dart and she is not
a very good dart player, but she just happens to throw a bull's eye.
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@ /> Ablip

Suppose an agent (call her Ann) is throwing a dart and she is not
a very good dart player, but she just happens to throw a bull's eye.

Intuitively, we do not want to say that Ann has the ability to throw
a bull's eye even though it happens to be true.
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Abl:( \V ¥) 4 Ablip \/ Abli

Continuing with this example, suppose that Ann has the ability to
hit the dart board, but has no other control over the placement of
the dart.
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Abl:( \V ¥) 4 Ablip \/ Abli

Continuing with this example, suppose that Ann has the ability to
hit the dart board, but has no other control over the placement of
the dart.

Now, when she throws the dart, as a matter of fact, it will either
hit the top half of the board or the bottom half of the board.
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Abl:( \V ¥) 4 Ablip \/ Abli

Continuing with this example, suppose that Ann has the ability to
hit the dart board, but has no other control over the placement of
the dart.

Now, when she throws the dart, as a matter of fact, it will either
hit the top half of the board or the bottom half of the board.

Since, Ann has the ability to hit the dart board, she has the ability
to either hit the top half of the board or the bottom half of the
board.
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Abl:( \V ¥) 4 Ablip \/ Abli

Continuing with this example, suppose that Ann has the ability to
hit the dart board, but has no other control over the placement of
the dart.

Now, when she throws the dart, as a matter of fact, it will either
hit the top half of the board or the bottom half of the board.

Since, Ann has the ability to hit the dart board, she has the ability
to either hit the top half of the board or the bottom half of the
board.

However, intuitively, it seems true that Ann does not have the
ability to hit the top half of the dart board, and also she does not
have the ability to hit the bottom half of the dart board.
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Abilities
Ablip: agent i has the ability to bring about (see to it that) ¢ is
true

What are core logical principles? Depends very much on the
intended “application” and how actions are represented...

[y

. Ablip — ¢ (or ¢ — Ablip)

—Abl; T

(Ablip A Ablih) — Abli(¢ A1)

Abli(¢ V 1) — (Ablip \/ Ablit))

Abli(p A1p) — (Ablip A Ablia))

Abl; Ablip — Ablip, Abl;Ablip — Ablip

o o ~ w N
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D. Elgesem. The modal logic of agency. Nordic Journal of Philosophical Logic
2(2), 1 - 46, 1997.

G. Governatori and A. Rotolo. On the Axiomatisation of Elgesem’s Logic of
Agency and Ability. Journal of Philosophical Logic, 34, pgs. 403 - 431 (2005).
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A Minimal Logic of Abilities

Cp means “the agent is capable of realizing "

E¢ means “the agent does bring about ¢"

I —
Logic and Artificial Intelligence 28/30



A Minimal Logic of Abilities

Cp means “the agent is capable of realizing "

E¢ means “the agent does bring about ¢"

1. All propositional tautologies

2. =CT

3. EpNEY — E(p A1)

4. Ep—

5. Ep— Cp

6. Modus Ponens plus from ¢ <> % infer Ep <> E®) and from

@ <> P infer Cp & Cy
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Brief digression: weak systems of modal logic
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PC Propositional Calculus
E Op < —|<>—\<p
M O(e Av) = (Op A DY)
C (BpADy) = O(eAy)
N OT
K O(p = ¢) = (B — 0y)
Y
Oy < Oy
¥
D

vp » =P
(0

Nec
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A modal logic L is classical if it

contains all instances of E and is
E Up & ~0-¢ closed under RE.

PC Propositional Calculus

ooy
Oy < Oy

vp » =P
(0
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A modal logic L is classical if it

PC Propositional Calculus ) . .
P contains all instances of E and is

E Op < =0~ closed under RE.
E is the smallest classical modal
logic.
oY
Oy < Oy

vp » =P
(0
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PC Propositional Calculus E is the smallest classical modal

logic.
E Dgo < —|<>—\<p
M O(e Ap) = (Op ADY) In E, M is equivalent to
=Y
(Mon) =0 =155
Y
Oy < Oy

vp » =P
(0
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.. E is the smallest classical modal
PC Propositional Calculus 's the smalles !

logic.
E D(p — —\Q—\tp
oY EM is the logic E + Mon
Mon 5. =5
Y
RE O < Oy

vp » =P
(0
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PC 6. Propositional Calculus E is the smallest classical modal

logic.
E Op « —\Q—\tp
EM is the logic E + Mon
C (Op AOyY) — O(e A1) EC is the logic E + C
Y
RE Oy < Uy

o oy
I\/IP—w
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. i lassical |
PC Propositional Calculus E is the smallest classical moda

logic.
E Op « —\Q—\tp
= EM is the logic E + Mon
Mon 5. =5
C (Op AOyY) — O(e A1) EC is the logic E + C
EMC is the smallest regular
modal logic
RE 20U )
Oy < Uy

o oy
I\/IP—w
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. i ical |
PC Propositional Calculus E is the smallest classical moda

logic.
E D(,D < ﬁoﬁtp
=Y EM is the logic E + Mon
Mon 5. =5
C (OpAOy) — O(e A) EC is the logic E+ C
EMC is the smallest regular
modal logic
Y &
RE Oy < Oy
v A logic is normal if it contains all
Nec —F instances of E, C and is closed
Uy under Mon and Nec
o=
MP
(0
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. i lassical |
PC Propositional Calculus E is the smallest classical moda

logic.
E Op « —\Q—\tp
= EM is the logic E + Mon
Mon 5. =5
C (Op AOyY) — O(e A1) EC is the logic E + C
EMC is the smallest regular
modal logic
Y &
RE O < Oy
v K is the smallest normal modal
¥ logic
Nec ar
o=
MP
(0
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. i lassical |
PC Propositional Calculus E is the smallest classical moda

logic.
E Op « —\Q—\tp
= EM is the logic E + Mon
Mon 5. =5
C (Op AOyY) — O(e A1) EC is the logic E + C
N OT
EMC is the smallest regular
modal logic
Y &
RE O < Oy
4 K = EMCN

o oy
I\/IP—w
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E is the smallest classical modal

PC Propositional Calculus )
logic.

E Op « —\Q—\tp
EM is the logic E + Mon

EC is the logic E+ C

K O(p — 1) — (Op — ) EMC is the smallest regular
modal logic

K= PC(+E)+ K + Nec + MP

'
Nec ar
vp » =P

(G
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