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Basic probability
logic

Probability language

Let ® be a set of proposition letters.
Propositional Formulas:

Fu=Tlpl-eloAg

Terms:
tui=aP(F)|[t+t
where a € Q and F is a propositional formula.
Formulas:
pu=tzr|-pleiyp
where r € Q and t is a term.
This language is from:
e R. Fagin, J. Halpern, N. Megiddo (1990) Reasoning

about Probabilities. Information and Computation 87:1,
pp. 76-128.
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Basic probability
logic

Probability models and semantics

Let ® be a set of proposition letters.
M= (X, A, u| 1), where

e (X, A, ) is a probability space

o | ]:%—PX)
The semantics of propositional formulas is defined by a
function [-] from propositional formulas to subsets of X.

[T = X

[rl = |lpll
[-¢] = X—-1[¥]
[e Ayl = [el N [¥]

The semantics of probability formulas are defined by

FaiP(e1) + -+ anP(pn) > riff
arp(fead) + -+ - + anp(fipnl) = r.
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Basic probability
logic

@ Probability spaces may be finite or infinite.

@ Possible probability distributions may include the
uniform probability distribution over an interval, in
which case A cannot be P(X) (Recall Vitali sets).
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Basic probability
logic

Abbreviations

Let

> akP(ek) = a1P(o1) + -~ + anP(en)

k=1

Then if t = > 1 akP(pk), let bt = >, _; baxP(¢k)

t
t
t
t

(51
t
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to
to

—t>—r
(t<r)A(t>r)
(t<r)
t1—tb >0

t1 —t <0
t1—tb=0
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Basic probability
logic

All propositional tautologies

P(p) =0

P(T)=1

Plp Ap) + P(e A=) = P(p)

P(p) = P(1)) whenever ¢ < 9 is a propositional
tautology

o IfFyand ¢ — 9, then - 1.

In addition there are inequality axioms.
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@ (permutation)
Baéic probability a]_P((P]_) +eee anP(('lOn) Z r—
osic aj, P(op) + -+ aj,P(gj,) = r
(adding coefficients)
(Xk=1 akP(er) = r) A (k1 biP (i) = 5) —
(Xk=1(ak + b)P(pi) = (r +5))
(adding and deleting 0 terms)
(t>r) = (t+0P(p)>r)
e (multiplying by non-zero coefficient)
t > r <> at > ar whenever a > 0.
e (dichotomy)
t>rvt<r
e (monotonicity)
t>r — t>s, whenever r > s.
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Basic probability
logic

Lemma for Completeness

@ ® ={p1,...,pn} is set of proposition letters,
o At(®) ={A_1 i | qi € {pi,—pi}} is set of atoms.

Let t > r be a probability formula, and ® a set of
proposition letters containing all letters occurring in t. Let
At(®) = {a1,...,aan}. Then there are rationals ay, . .., axn
such that t > r is equivalent to

a1 P(ag) + -+ axnP(agn) > r.

Let At(®,p) = {a € At(®) | F a — ¢}. Then

P(p) = Z PlpAa)= Z P(a).

a€AL(d,p) a€AL(D,p)

The first equivalence comes from multiple applications of
additivity proposition letter by proposition letter.
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Let ¢ be a formula. It is a Boolean combination of
probability terms.

Basic probability . .. . .. .
logic @ Transform ¢ into disjunctive normal form: a disjunction

of conjunctions of probability formulas.

@ Consider a disjunct

Y=(t1 >n)N N(te > rg)
A (kg1 = k1) Ao A=(tm > rm)-

o Let ® = {p1,...,pn} be the set of proposition letters
occurring in ¥

o Let At = {01,...,020} be the set of all atoms:
conjunctions of n literals from ®

@ Each conjunct t; > r; of ¢ is equivalent to
3;71P(51) + -4+ a,-72nP(52n) > ri
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The disjunct v is equivalent to the following system of

inequalities:
Basic probability
logic
) aP(o1)+ - +a120P(020) > n
a1 P(51) 4+ +ak, 2n P((SQn) > rg
ak+11P(01)+ -+ Fakg120P(020) < g
am,1 P(51) 4+ e +am,on P((;gn) < Im
P(61)+ --- +P(d2n) > 1
_P(5)— - —P(6y) > -1
P(61) > 0
P(6) > 0
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Completeness follows from the fact that the logic can follow
the along with the steps of a mathematical algorithm that
checks whether a solution to the system of inequalities exists.
If there were no solution, then the logic would prove false.
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Let ® be a set of proposition letters and Agt a set of agents.
Formulas:

Probabilistic Fo=T|pl-wleAe]|lie]ti>r

Epistemic Logic

where p € &, r € Q, and t; is a term for agent i
Terms for i € Agt:

ti = aP,-(F) | ti + t;

where a € Q and F is a propositional formula.
This language is from This example is from
e R. Fagin & J. Halpern (1994) Reasoning about
Knowledge and Probability. Journal of the ACM 41:2,
pp. 340-367.
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Let ® be a set of proposition letters and Agt a set of agents.
M= (X,R,]| -|,P), where

o (X,R,|l-]) is an epistemic model
Probabilistic
Epistemic Logic e P is a collection of probability spaces (S; «, Aj x; fti x)

for each i € Agt and x € X, such that §5; , C X.

The semantics of formulas is defined by a function [[-] from
formulas to subsets of X.

[T] — X

[rl = |lpll
[-¢] = X —[¢]
[ A v = [l N [¥]
[[i1¢] = Ii([»D)

D> k=1 aiPiler) = r] = {x | 27y akpin(lex] 0 Six) = r}
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Probabilistic
Epistemic Logic

Intuition about semantics

When X is finite and all A, = P(X), then depict a
probability function as a directed graph labelled with
probabilities:

For example, we represent the uncertainty of an agent about
the result of flipping a weighted coin:

4

~ ™
6 C H T
\_/

.6

Notice that the sum of the numbers on arrows leaving a
state is 1.
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Suppose there are two agents / and k.

@ kK is first given a bit 0 or 1. k learns he has this bit, i is
brobabilistic aware that k received a bit, but i/ does not know what
Epistemic Logic bit k received.

@ K flips a fair coin and looks at the result. i sees k look
at the result, but does not what the result is.

© k performs action s if the coin agrees with the bit
(given that heads agrees with 1 and tails agrees with 0),
and performs action d otherwise.

This example is from

e R. Fagin & J. Halpern (1994) Reasoning about
Knowledge and Probability. Journal of the ACM 41:2,
pp. 340-367.
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Probabilistic
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Discussion

There are four possible sequences of events:
(1,H),(1,T),(0,H),(0, T) (note that the action s or d is
determined from the first two steps). Until k performs the

action s or d, agent i considers any of these four states
possible.

CC(OH) ~—(0.T) D

We indicate i's uncertainty between two states using a
bidirectional arrow between the two states. In particular, an
arrow from state x to state y indicates that / considers y
possible if x is the actual state. (Before the bit is given, k's
epistemic relation will be the same).
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Here is a possibility for i's probability spaces. The sample
space enclosed in a box, and the o-algebra equivalence

classes are enclosed in the dotted ovals.

1
\
\

The sample space is the same as the set of states i considers
possible. Individual states cannot be measurable (otherwise

0 or 1 must be assigned a probability).
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Probabilistic
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Another possibility has a sample space containing only the
states with the correct bit (but recall that i considers all
states possible and both sample spaces possible).

e N\
//”“\ ///“‘\\\
/ \
CH) L
N N ,
~o_ - ~o___ .~
. J
e N\
LT T T~ ST T T~
. - N
L (0,H) 11 (0,T)
\\ ’ N //
~o_ - ~_____.-
. J

M,

Without assigning probability to the bit, i can now assign a
probability to the actions s and d.
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Here i is uncertain among 4 probability spaces.

e N R\
ST T T~ ST T T~
// N // N
Probabilistic \ \
1 1
Epistemic Logic \ (17 H) ) \ (1, T) )
/ /
AN ’ AN ’
~ - . -
. J J
e N R\
/’ \\ /’ \\
’ \ / \
1 1
¢ (0,H) || (0, T)
\ / \ /
N 7 N e
~ - \\»47//
. J J
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Probabilistic

Epistemic Logic When mixing probability and epistemics, each represents
beliefs about different aspects of a situation. In the previous
example, there may be

@ quantitative (probability) beliefs about the coin toss

@ qualitative beliefs about the bit or about the
probabilities themselves
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@ unmeasurable sets:

e advantage of allowing us to clearly represent an agent's
orobabiitic complete uncertainty about the probability of an
Epistemic Logic situation.

e disadvantage of excluding potentially reasonable sets
from having a probability (such as the probability of
{(H,1),(T,0)}, that is agent k doing action s).

@ uncertainty about probabilities

e advantage of allowing us to divide an unmeasurable set
into subsets each in different probability spaces.

e advantage of allowing us to reflect uncertainty
between /among specific probability spaces.

e disadvantage of requiring all probability measures
considered possible be explicit; complete uncertainty
requires all infinitely many possible probability measures.
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All propositional tautologies
[11(e = ) = ([ile — [1]¥)

[l — ¢

[le — [l

—[ile — [i]=lie

Pi(¢) = 0

Pi(T)=1

Pi(e Ap) A Pi(p A=) = Pi(p)
Inequality axioms

If = and F ¢ — 9, then - 1.
If = ¢, then F [i]e.

If Ep <, then = Pi(p) = Pi(v).

Probabilistic
Epistemic Logic
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@ (permutation)
a1Pi(p1) + -+ anPi(pn) 2 r —
2 Pilpi) + -+ a,Pi(wj,) > r

Probabilistic

Epistemic Logic e (adding coefficients)

(
(k=1 akPiler) = r) A (Xk=y biPilk) = s) —
(Xk=1(ak + bi)Pi(i) = (r + 5))
(adding and deleting 0 terms)

(t>r) = (t+0Pi(p) >r)
e (multiplying by non-zero coefficient)

t > r < at > ar whenever a > 0.
e (dichotomy)

t>rvt<r
e (monotonicity)
t>r — t>s, whenever r > s.
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Probabilistic
Epistemic Logic

Completeness

e Fix a consistent formula 6
@ Let A be the set of subformulas and negations of
subformulas of 6. (A is finite.)
M= (X,R,|-|I,P), where
@ X is the set of maximally consistent subsets of A
o xRy iff for all [i]p € A, [i]p € x iff [i]p € y.
o lIpl = {xe X | pex}

o P= {(5i7xy-’4i,x:,ui,x)}
° Si,x =X
o Aix=P(X)
o [« is any function satisfying conditions of next slides.
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Lemma for Completeness

e ¥ ={01,...,0n} be the set of subsets of 0,
o At(X) = {AiL10i | 6i € {oi,~oi}t}

Let t > r be a probability formula. Let

At(X) = {a1,...,aan}. Then there are rationals ay, . .., azn
such that t > r is equivalent to

alP,-(ozl) S OO = agnP,'(Ozzn) >r.

Let At(X,p) = {a € At(X) | Fa — ¢}. Then

P(p) = Z Pl Na) = Z P(a).

a€AL(Z,p) a€At(X,p)

The first equivalence comes from multiple applications of
additivity for each subformula o;.
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Probabilistic
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For each x € X, let X = Ag5¢,9 6.
Note: {Xx | x € X} C At(X), and

{X|Ypex}t=AtX,¢) ={acAt(X) | Fa — ¢}.

o Fix / and x.

o Let {t; > r,...,tx > rx} be the i inequality formulas
in x.

o Let {tx+1 > rks1,.-.,tm > rm} be the i inequality
formulas in A — x.

@ Each formula t; > r; is equivalent to
aj1Pi(a1) +--- + ajnPi(aan) > 1

@ Each formula tj > r; is equivalent to
> yex aixPi(y) = 1
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Let X = {y1,...,y¢}. Let ujx be defined on X as a solution
to:

Zyexal,y,ui,x()/) > n

Probabilistic
Epistemic Logic :
Zyex ak,yﬂi,x()’) > Ik
ZyEX a1y tix(y) < e
ZyeX am,yﬂi,x(y) < Im
Zygx ,U/i,x(y) 2 1
—dyexbix(y) > -1
pix(yi) > 0

Mi,X(yé) > 0
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Completeness follows from a truth lemma:

el For every formula ¢ € A and state x € X,

Epistemic Logic

v € x iff (M, x) € [¢]

@ This is proved by induction on the structure of the
formula, and is similar to the proof of the truth lemma
for basic epistemic logic.

@ Note that the case for probability formulas t > r does
not make use of the induction hypothesis, but follows
directly from the choice of the probability measure.
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