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ABSTRACT

the likelihood that posted information requests will garner
the necessary attention from qualified question answerers.
In such scenarios, it is necessary to consider constraints in
a more comprehensive manner than in the simplest case
of product recommendation, where it is only necessary
to consider the desires of the consumer. In the case of
social recommendation where people are being matched,
the match must be desirable on both sides.
In the
case of information seeking, the additional constraints of
asymmetric expertise and limitations on the number of
requests a single participant can be expected to address must
also be considered [10]. A similar issue comes up in the
context of peer review. In this context, each reviewer may
be assigned a personalized budget specifying the maximum
number of papers to review. At the same time, regardless
of popularity in the bidding process, each paper should not
be reviewed by too many people [9].
Max cost flow based techniques have been applied in order
to achieve optimal satisfaction in this load balanced constrained question recommendation problem [10]. However,
they are too computationally expensive to generalize and
scale to massive datasets. Therefore, in this paper, we
propose a constrained question recommendation problem
built on earlier formulation and introduce a submodularity
method to reduce the computational complexity and speed
up the optimization. The contributions of this paper are
highlighted as below.

A recent area in which recommender systems have shown
their value is in online discussion forums and questionanswer sites. Earlier work in this space has focused on
the problem of matching participants to opportunities but
has not adequately addressed the problem that in these
social contexts, multiple dimensions of constraints must
be satisfied, including limitations on capacity and minimal
requirements for expertise. In this work, we propose such
a constrained question recommendation problem with load
balance constraints in discussion forums and use flow based
model to generate the optimal solution. In particular,
to address the introduced computation complexity, we
investigate the concept of submodularity of the objective
function and propose a specific submodular method to
give an approximated solution. We present experiments
conducted on two Massive Open Online Course (MOOC)
discussion forum datasets, and demonstrate the effectiveness
and efficiency of our submodular method in solving
constrained question recommendation tasks.

Categories and Subject Descriptors
H.3.3 [Information Systems]: Information Search and
Retrieval—Information Filtering
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1.

• We build on the max cost flow approach to globally
optimizing a multi-dimensional set of constraints on
question recommendation.

INTRODUCTION

The past decade has witnessed an explosive growth of
accessible information. Recommender systems provide one
means for assisting users to find items and opportunities
that are of interest, or to get other information needs
met.
In this paper, we focus specifically on a form
of social recommendation where we direct participate in
discussion forums to interesting discussions while increasing

• We investigate the submodularity of this problem,
prove its submodularity, and propose a submodular
method to provide acceptable recommendations efficiently (with orders of magnitude improvement in
efficiency).
• We present experiments conducted on two discussion
forum datasets to demonstrate the effectiveness and
efficiency of this submodular method.
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This paper is organized as follows. Section 2 introduces
related work. The constrained question recommendation
problem is formulated in Section 3 while solving methods
are presented in Section 4. Section 5 shows the experimental
results, and conclusion is presented in Section 6.
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Notation
U, I
u, i
E
ru,i ∈ [0, 1]

2.

Table 1: Notation
Meaning
User/question set
User/question
Candidate user-question pairs
Given relevance score between u and i

For user
constraints

S

[0,
Rn

RELATED WORK

Traditional recommender systems mainly focus on approximating the extent to which a recommended item will
be desirable to users. Collaborative filtering (CF) has been
demonstrated to be an effective technique for accomplishing
this goal. Neighborhood based models [8] and latent factor
models [6] are two classical approaches of CF. For example,
Koren et al. [5] designed a framework to combine latent
modeling and neighborhood modeling between users and
movies in order to provide better movie recommendation
performance. When it comes to question recommendation,
i.e. recommending questions to potential answerers, most
work also focuses on predicting the affinity between users
and question content. For instance, Kabutoya et al. [4]
generates a suitable user set to answer a given question based
on question and user histories using CF techniques.
However, such question recommender systems have not
addressed the possible constraints associated with users and
questions. Especially in the Massive Open Online Courses
(MOOCs), recommending questions to students should be
based on not only the affinity of students for the topic of
the questions, but also under the constraints of student time
budget and ability to answer the question. For instance,
Yang et al. [10] propose a constrained question recommendation problem with load balance and expertise matching
constraints and develop a max cost flow model to optimally
generate recommendations. Similar recommendation tasks
with constraints also include recommending reviewers for
papers. Tang et al. [9] propose a minimum cost flow based
model to meet kinds of constraints associated with reviewers
and papers. However, the disadvantage of such flow models
is the expensive computational complexity. Therefore, we
propose to further develop this approach by investigating
the submodularity of the objective function [7].

3.
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Figure 1: The Max-cost Flow Network Model
Here, λ(≥ 0) is a non-negative coefficient for the load
penalty and fu,i is a binary indicator of whether question
i will be recommended to user u. Instead of working on
approximating the preference scores ru,i of user u on item
i, in this work, we assume ru,i is given, i.e. generated by
some state-of-the-art algorithms as in our earlier work, and
focus on solving the constrained question recommendation
problem efficiently.

4.

OPTIMIZATION METHODS

In this section, we present three methods to maximize the
objective function in Equation 1, which we experimentally
compare in our evaluation. The first top-K technique will be
the baseline for our experimental comparisons. It is a greedy
method that efficiently provides possible solutions. The two
experimental approaches are the max-cost flow model, which
is theoretically optimal, but suffers from high computational
complexity; and the submodularity approach, which can
approximate the optimal solution well with less expensive
computation compared to the max-cost flow model.

4.1

CONSTRAINED RECOMMENDATION
FORMULATION

We begin our discussion by listing some basic notations
in Table 1 that we will use later. The constrained question
recommendation (CQR) task is to recommend a set of
questions to users under the simultaneous constraints of
users and questions. These balancing constraints can be
phrased in this way: each question i is associated with a
question capacity Mi , meaning we should not guide more
than Mi users to a question since it might be easy and does
not require too many people to provide help; for each user
u, we associate a user capacity Ru , representing the idea
that the number of questions that are comfortable for u to
work on should not be larger than Ru . We formulate this
constrained question recommendation problem as follows,
and maximize this objective function, with the extent to
minimize the load given to each user:
P
P
P
OB = −λ u∈U ( i∈I fu,i )2 + u,i∈E fu,i ru,i
P
subject to
∀u ∈ U, i∈I fu,i ≤ Ru
(1)
P
∀i ∈ I, u∈U fu,i ≤ Mi
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Traditional Top-K Recommendation

The traditional top-K method recommends questions to
users by selecting the top-K ranked items for each user
individually and ignores the capacity constraints. To fit our
setting, we develop a post-processing model that prunes the
extraneous users with low relevance scores. That is, we first
run the traditional top-K item selection to recommend Ru
items to each user. Then, for each item, if the number of
recommended users exceeds its limit, we prune the users in
the increasing order of their relevance scores (beginning with
the least relevant).

4.2

Max-cost Flow Model

To maximize the objective function in Equation 1, we
construct a concave cost network as summarized in Figure 1.
Then we conduct a max-cost flow optimization over this
network to get an optimal solution under the constraints.
We prove that conducting max-cost flow on this network
can give an optimal solution to the problem defined in
Equation 1.
Theorem 1. The cost network constructed in Figure 1 is
equivalent to the problem defined in Equation 1 and provides
an optimal solution.
Proof. First, the maximum concave cost flow (MCCF)
problem can be formulated as the following optimization

Algorithm 1 Submodular Method for CQR
1: A ← ∅, B ← E.
2: for user item pair < u, i >∈ E do
3:
v+ ← max(OBext (A∪ < u, i >) − OBext (A), 0)
4:
v− ← max(OBext (B\ < u, i >) − OBext (B), 0)
5:
x ∼ Uniform[0, 1]
6:
if x ≤ v+ /(v+ + v− ) then
7:
A ← A∪ < u, i >
8:
else
9:
B ← B\ < u, i >
10: return A(= B)

violated. It is clear that the optimal solution of OBext is
equal to the OB’s optimal solution, because violating the
constraints leads to an exponential extra penalty. In what
follows, we show the submodulatity exhibited by OBext .
Theorem 2. OBext is a submodular function.
The
submodular property is is defined as follows: ∀A ⊆ B, <
u, i >∈
/ B, s.t. OBext (A∪ < u, i >) − OBext (A) ≥
OBext (B∪ < u, i >) − OBext (B).
Proof. Recall that f (a + ∆) − f (a) ≥ f (b + ∆) − f (b)
holds for any concave function f (x) when a ≤ b and ∆ ≥
0. It is worth noting that concavity is a special case of
submodularity. Adding a user-item pair < u, i > is equal to
setting fu,i to 1 from 0. Consider the following three cases:
Case 1, A and
B both violate the constraints. In this
P P
case, since −C u i fu,i dominates OBext which is concave,
OBext is submodular.
Case 2, A satisfies the constraints but B violates the
constraints. Here are two subcases: (1) A∪ < u, i > satisfies
the constraints. In this subcase, the value of OBext (B∪ <
u, i >) − OBext (B) is sufficiently large so that the inequality
holds. (2) A∪ < u, i > violates
P Pthe constraints. In this
subcase, because the term
u
i fu,i is the index of C
and |A| ≤ |B|, the inequality still holds. Thus OBext is
submodular.
Case 3, A and B both satisfy the constraints. In this
case, the relevant part (ru,i ) of the OBext difference (either
OBext (A∪ < u, i >) − OBext (A) or OBext (B∪ < u, i >
) − OBext (B)) is the same and the penalty part (−λx2 ) is
concave, thus OBext is submodular.

problem:
X

max

Costa→b (F lowa→b )

(a→b)∈E(G)

subject to
∀a(6= S, T ) ∈ V (G),

X
b

F lowa→b =

X

F lowb→a

b

0 ≤ F lowa→b ≤ Ra→b
(2)
where, S is the source node and T is the sink; F lowa→b is the
flow from node a to b; Costa→b is the concave cost function
on the edge. In our network, there are only (negative) square
functions, linear functions, and constant functions. If we set
fu,i as the corresponding flow in the network f lowu→i , the
objective in MCCF is equal to Equation 1. After that, we
consider the remaining constraints one by one.
• The user constraint is bounded by the capacity [0, Ru ]
from the source S to the user nodes u.

Based on Theorem 2, the extended objective function
OBext is a submodular function. Thus, we can utilize the
RandomizedUSM [2] algorithm as shown in Algorithm 1,
which guarantees a 12 approximation for maximizing
nonnegative submodular functions. This algorithm has a
time complexity O(|E|).

• The question constraint is limited by the flow range
[0, Mi ] from question nodes i to the sink T .
In summary, all constraints in CQR problem are satisfied
in the max-cost flow model, and these constraints are the
only limitations in the network. Thus, the MCCF problem
defined here is equivalent to the CQR problem. Then we
can formally build the network, solve the MCCF problem as
shown in Figure 1, and get the final recommendation plan
by examining flows between u and the corresponding i.

5.

EXPERIMENTS

In this section, we firstly present our datasets and
experimental setup. Then we investigate whether the
submodular method achieves the desired reduction in time
complexity with minimal sacrifice of performance.

Based on the Theorem 1, we can transform the integer
programming problem in Equation 1 to a max-cost flow
model with O(|U | + |I|) nodes and O(|E| + |U | + |I|)
edges. Using the basic max-cost flow algorithm implemented
using the Bellman-ford algorithm [1], we can compute the
optimal solution in O((|U | + |I|)2 |E|) (the scale of flows is in
O(|U |+|I|) if we assume the Ru and Mi are both constants).

5.1

Dataset and Settings

Even though the constructed max cost flow model above
can achieve an optimal solution, it suffers from the high
computational complexity which prevents it from scaling to
massive datasets. To overcome this issue, we introduce a
submodular method to maximize Equation 1 here. First,
we extend the objective function as described below,

OB
satisfied
P P
OBext =
(3)
OB − C u i fu,i violated

Our experiments are conducted on two discussion forums
of courses from Coursera1 , (1) ‘Accountable Talk: Conversation that works’, shortened to ‘A’, is a teacher professional
development course with 1,148 users, 511 questions, and
582,945 edges ; (2) ‘Fantasy and Science Fiction: the human
mind, our modern world’, shortened to ‘F’, is a course about
literature appreciation, which has 770 users, 603 questions
and 460,448 edges. In our datasets, most posts (around
82%) are about proposing and resolving problems.
Here, we assume that students have a certain time
budget and cannot be directed to too many questions,
thus Ru is defined as how many questions this student
has participated so far in the forum; for questions, we
empirically set Mi to 10. It is worth mentioning that one
can simulate the use of different values of Ru and Mi based

where C is a sufficiently large constant that it helps the
negative term dominate the value of OBext when it is

1
Permission to conduct research on Coursera datasets was
provided by Coursera.

4.3

Submodular Method

1989

Table 2: Objective
Method
Top-K Method
Max-cost Flow
Submodular

Function
OB-A
1342.70
2898.17
2546.45

6.

Comparison
OB-F
1120.43
2652.99
2238.58

CONCLUSION

In this work, we formulate a constrained question
recommendation problem with load balancing constraints in
online discussion forums. To address the high computational
complexity introduced by the optimal flow model, we
investigate the submodularity of the objective function and
propose a submodular method to speed up the optimization,
with little sacrifice in quality. In future work, we propose to
investigate submodularity further and derive a theoretical
approximation bound.

Table 3: Time Complexity Comparison
Method
Theoretical
Time-A Time-F
Top-K Method
O(|E|log|E|)
0.14s
0.17s
Max-cost Flow O((|U | + |I|)2 |E|) 341.42s 269.90s
Submodular
O(|E|)
0.045s
0.048s
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on specific problem needs. To get the relevance score ru,i
of students’ affinity over questions, we adopted the featurebased matrix factorization technique [3], which is a state-ofthe-art method. Similarly, one can adopt other strategies to
generate the relevance scores. In this work, we assume the
relevance scores are all given and focus merely on the fast
optimization of the constrained recommendation problem.
The optimization performance is evaluated by the objective
value (OB) of Equation 1. For comparison, we use the TopK Method and Max-cost Flow as baselines; the λ is set as
0.001. The machine we used is equipped with Intel Xeon(R)
CPU E5-2680 @2.70GHz and 128GB memory.

5.2

7.
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Performance Comparsion

We present the results of Top-K Method, Max-cost Flow
and Submodular Method in Table 2. As we can see, Maxcost Flow performs the best on both datasets in terms of
the objective function, because it gives the optimal solution;
the runner-up is the Submodular Method, and there are
no substantial difference between the OB values of the two
models. The Submodular Method achieves 87.9% of the
optimal solution on the Accountable Course and 84.4% of
the optimal solution on the Fantasy Course. Top-K Method
gives the lowest OB, because it does not take into account
the possible constraints in its first step and many pairs are
pruned to satisfy the load balance constraints in the second
step. Furthermore, the Submodular method is even more
efficient than the baseline Top-K approach.
Taking both the time complexity comparison presented in
Table 3 and the objective function optimization comparison
into account, we can have a better understanding of the
advantage of the Submodular Method. For Table 3, O(|E|)
is the number of candidate user-question pairs and also
the number of edges in the built max-cost flow network.
O(|U | + |I|) is the node number. Since Ru and Mi can be
treated as constants, the flow is in O(|U | + |I|). Therefore,
the theoretical time complexity of Max-cost Flow is O((|U |+
|I|)2 |E|), about O((|U | + |I|)4 ). However, the theoretical
complexity of Submodular Method is only O(|E|), about
O((|U | + |I|)2 ). The running times on the two datasets
also validate the theoretical results. Based on the running
time on the Accountable Course, Submodular Method costs
0.01% of the running time of the Max-cost Flow method; this
is consistent on the Fantasy Course. Taking into account
the objective function optimization and time complexity
comparison results, we can conclude that, the Submodular
Method can give an 80% approximation of the optimal
solution with very large reduction of the time complexity.
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