Derivation for Input of Factor Graph Representation

1 Sum-Product Primal

Based on the original LP formulation

max Z bo(a)ba(xs) + Z bi(x:)0(x;)

st.  Vi,b; € A )
Va,b, € A (1)
Vi, 2, a0 € N(1) Zb (o) = bi(x;)
To\T;

we define V¥ as the node set allocated to the kth core. ok € {anNV* | Va}\{{i} | i=1,2,3...,n}
is defined as the index of a free variable set on the k-th core. Note the set of a’]“_- does not include
single variable. Factors can share the same free variable set on the k-th core, by requiring the
factors with the same free variable set to have same marginal distribution on their common free
variable set, we can compress these factors and dramatically reduce dual variables to increase
efficiency. In other words, we replace the original local marginal polytope with a hierarchical
consistency polytope, where marginal consistency is jointly replaced by factor to free variable set
and free variable set to node consistency.
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More formally, hierarchical consistency polytope is the feasible set of the above LP with entropy
barrier functions. of if the index of free variable sets on the k-th core. a € N&(ak) means «
if and only if aNV* = ak. i € N¥(ak) if and only if i is a neighbor of o’ on the k-th
core. And a € N}“_—(z) if and only if o N V* = i. The new formulation is a approximation to
the LP relaxation of the original MAP problem. Note we distinguish factors intersecting the free



variables with single variable and those with multi-variate set, so that we can have a clearer factor
graph message passing representation after compressing factors.

As Zwa\wl ba(.’Ba) = Zwa\xi bl{i(ma) = Z Z bi(.’l)a) = Z bl;kf(ma’}) = bl(xl)a every

@1 \&i Toak o \Ti
configuration of b, b; in the hierarchical consistency polytope is in the local marginal polytope.For
arbitrary valid distribution denoted by b, setting b* (x4 ) = b(x4), b;(z;) = b(z;) and b’;rk (Ton ) =
b(:ca:% ), we can see the valid distribution corresponds to a point in the hierarchical consistency
polytope.In other word, it is guaranteed that the hierarchical consistency polytope (the
new feasible set) is a subset of the local marginal polytope. On the other hand, every
valid probability distribution in the marginal polytope is guaranteed to be in the
hierarchical consistency polytope. And we have a smaller searching space than local marginal
polytope but all valid distribution in marginal polytope will be included in the new searching space.

2 Sum-Product Dual

k
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By associating dual variables 5§(mafk), §E (), A (7;) and v (x,) to the three type of

constraints in Equ. 10, we have the following claim.

Claim 1. Let a € N}?—(o/}_—) if and only if a N VF = o/}_—. The dual of the program in FEqu. 10 is
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When consistency variables v are fixed, the sub-program for the k-th core and the corresponding
A, § update rule are shown in Claim 2




Claim 2. When v is fixing, the block coordinate descent can be achieve by solving the program
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3 Sum-Product Update Rule

From the program in Equ 18 and 20, the update rule is summarized in Claim 8.1.3. Note that
we use \ to represent \* in the following for simplicity.

Claim 3. The message passing rule for X is exactly the same as convex BP rule:
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where |Np(a)| is the number of sub-program in which « is involved. For arbitrary configuration
of A\, variables § can be decoded as
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which is identical to

by substituting .

4 Max-Product Primal

The LP primal formulation, which corresponds to Max-Product message passing, is
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5 Max-Product Dual

By associating the constraints with 5§(ma§:), 5k (y), Af_} K (z), vE(z0), mi, Mok nk and 7,
the dual problem is shown in the following Claim.

Claim 4. The dual of the Maz-Product problem is
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Claim 5. When v is fizing, the objective function of Equ 42 is lower bounded by
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6 Max-Product Update Rule

The Max-Product Update Rule is summarized in the following. Note that we use A\ to
represent \* in the following for simplicity.

Claim 6. The message passing rule for \ is exactly the same as convex BP rule:
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where |Np(a)| is the number of sub-program in which « is involved. For arbitrary configuration
of A\, variables § can be decoded as
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which is identical to
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7 Algorithm

7.1 Sum-Product

The inference algorithm can be expressed in the following sum-product fashion.

Algorithm 1 Inference

1: Input: ¢;(z;) = exp(0;(;)), tha(®a) = exp(%)
2: while Until convergency do
3: for all k do

€Cq
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8: end for

9: for all k do

10: n* = Sub-Inference(t;, Aa;}, ak)
11:  end for

12: for all k do
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13: ng—)a(ma) = ( H ”i—m(wamw‘ )) /”]sc—m(wamvk)

JranVi)
14: end for
15: end while




Algorithm 2 Sub-Inference

1: IHPUt: O—(];(wa’jf)v Jéi(xi)7 Z/;a’;_.(moz’;_.)a 77212(‘%1)3

iy (1) = DA (2))s Mgt i(20) = expptgsi()
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12: end if
13: end for
14: end for

15: Return n*

7.2 Max-Product

The inference algorithm can be expressed in the following max-product fashion.

Algorithm 3 Inference

1: Tnput: 0;(2:), (o) = (02

2: while Until convergency do
3:  for all k do

4: Vak o e NEk(ak), Ty, vi(wa;}) = max (éa(wa) + Vfé(aza))
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8: end for

9: for all k do o

10: 5k = Sub-Inference(6;, N o)
11: end for

12: for all k do

13: vi(®a) = \Npl(a)| > O (@anvs) = 5 (Tanyr)

14: end for
15: end while




Algorithm 4 Sub-Inference
5 ), Oi(x)

L Input: 75 (@ax ), 74(2i), ok (Ton
2: for all ¢t < max num of inner iter do

3. for all i € V¥ do
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6: end for
7. forall a:anV* #( do
8: if o N V¥ is a single node then
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10: else
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12: end if
13:  end for
14: end for

15: Return 6%

8 Appendix

8.1 Proof of the Claims
8.1.1 Proof of Claim 1

Claim. Let a € N%(a%) if and only if a N V*

= a’j{-. The dual of the program in Equ. 10 is
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Proof. The lagrangian dual of the primal problem is
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We maximize L over b analytically with the fact that log-sum-exp function is the conjugate function

of entropy under the simplex constraints. In addition, to prevent sup bo(xa) Y. vF(za)
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from going to negative infinity, the last term in the lagrangian dual gives additional constraints of
> vF(z,) = 0, which results in the dual program in Claim 1 O
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8.1.2 Proof of Claim 2

Claim. When v is fixing, the block coordinate descent can be achieve by solving the program
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Proof. Derivation for free var set terms:

By extracting all the terms involving T ok from Equ 18, we have
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Summing over a € N%(ak), it gives
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Derivation for node terms
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The derivation goes similarly to the above process for terms which are compressed into node
We also put it here for clearer future reference
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Substituting it back to Equ 29, we have

Os(xs) — > E(@)— X A () (92'(%)4- Z(O)Vﬁ(mi)) - VAI-" r (T3)

vE () + 6F (x4) B aENK (i) akenk(i) imar B aeNk ak eNFk(4) TeF
Ca B ci - &
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i — €C; In ex =
= P €C;
Combining Equ 26 and Equ 32 will give us the expression in Equ 20. O
8.1.3 Proof of Claim 3
Claim. The message passing rule for X\ is exactly the same as convex BP rule:
Cot | 4
Vol i€ N¥ak),zi Aiyan (2:) = éif Oi(x)+ Y passi(@) | = ok (@)
BReENF (i)
O (o) + >0 Nan())
. JENFE(ak)\i
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x| \Ti F
F
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The block coordinates rule for variables v is
1 .
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where |Np(a)| is the number of sub-program in which « is involved. For arbitrary configuration
of A\, variables § can be decoded as

C ~
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and
Cq N
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Co | 2
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Proof. For \ variables, the rule is exactly the same as convex BP.
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In terms of v, from the program in Claim 1, we take the lagrangian dual of the objective
function

Ly = Z ecalnzexp< )+ Ve (a;,:)Jr(; Tt ) +Z77“ Ta) Z Vlfi(mo‘)

k:anVk£) Tao k:anVE£()
(38)

setting the derivative with respect to v*(x,) as zero, which gives the following equation

€Cq

Z exp ( o (@) +VE (o) 408 (mwk))

€Cq

exp (éa (ma)+”§ (ma)""ég (mam\;k ) )
= 1a(Ta) (39)

As any set of v*(x,,) satisfying the above equation is guaranteed to be optimal and every optimal

is guaranteed to satisfy Y. v¥(x,) = 0, we can add arbitrary additional constant to v (z,)
k:anVkEZ£)

as long as Equ 39 is satisfied. The effect of additional constant is accumulated to 0 over k . Thus

the resulting optimal value for L, is unchanged. i.e. we can simply take

éa(wa) + Vg(wa) + 5§(maﬂv’€) = Ba(Ta) (40)

summing over k : « N V¥ # (), v*(x,) are eliminated which gives

Oa(Ta) + Z 52(33040%) = [Np(a)|Ba(za) (41)

k:anVk£)

We can substituting it back to Equ 40 and get the rule in Claim 8.1.3. Note the explicit expression
of § in Equ 35 and Equ 36 can be directly derived from Equ 25 and 31. O

8.1.4 Proof of Claim 4

Claim. The dual of the Max-Product problem is

Z HEX Z Av—m i) — Z 52(37 )

i€Vk a}_eN’*( i) €Nk (4)

+ Z Z max ( (o) + VE (xy) + OF (xl)>

1€EVF ae Nk (i)

min E

k
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ok a€ENE(ak) iENF(ak)
+ Z > max (fa(@a) + vh(@a) + 5 (@ay)
aENE(ak)
s.t. Z Vﬁ(wa):O Vo, x4
k:anVE£(Q

Proof. With standard LP primal-dual tranformation

max clz = min bly
st. Ax=b st. Aly>e¢ (43)
x>0
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we have the following dual formulation

SN PR WP ML WSS v D

= ieVk 1€EVF aeNE (i) ak aeNk(ak)
s.t. n; + Z (5§(ml) + Z /\z—>a ( i) > él(.’lﬁl) Vi, x;
aENK(i) ak eNF (i)
772?__ + Z 5(12(13&1;__) - Z )\Zﬁ)a >0 Vk’a?—'a wa’]‘"_. (44)
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nk — 6% (25) — V¥ (20) > Oa(x0) Vk,i € V¥ o € NE(i), =
g — 0 () — V() > () vk, k0 € NE(ah),z
Z Vfé(xoz) >0 Va,

k:anVk£)

Note we reverse the sign of §, A and v. By substituting n back into the dual objective
function, we have the expression in Equ 42. Note that when > v¥(x,) > 0, we can always

k:anVkE£()
construct v/ satisfying Y. v/, *(x,) = 0 with which the objective value is not increased. Thus
k:anVk£)
we can replace the last inequality with equality. O

8.1.5 Proof of Claim 5

Claim. When v is fizing, the objective function of Equ 42 is lower bounded by

m}%n%: Z max 0;(x;) — Z )\Z_m x;) +qu?ix 0, s (Tor) + Z )\f_m,;(xl)

ieVk akeNF (i) ak iEN*(ak)
where 9 (@ay) = max (falwa) +vi(za)) ) = max (fu(wa) + vh(wa))
T k T Zq
a\u}_ e i
Oop(@ar) = > Ah(@ar) Oi(x:) = 0:(z:) + Y E(x)
a€ENE(ak) aENE(i)

(45)

Proof. Derivation for node terms

L; = max 0;(z;) — Z )\Z_m Z 6 () | + Z max <max (éa(wa) +V§($a)> —|—5§(xl)>

ak ENF(i) Q€N () Q€N () e \ri

=max | 0i(z;) — Y Ay ( Z i) |+ > n;é}x('yi(cci)—kdg(a:i))

s
akeNk(i) a€NE(i aENL (i)

>max | 0;(x;) — Z )\Zﬁa Z Vo(T:)

s
akeNk (i) aeNL(i)

= max 0;(x;) — Z )\lﬁa (z4)
' ak eNF (i)
(46)
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Derivation for free var set terms

Loy =max | — Z 5§($a§)+ Z )\Zﬁa + Z mag(

T Kk
oF a€ENE(ak) iENF (k) a€ENkE(ak) °F

max (éa(sca) n yg(ma)) n 5(’;(%;))

T k
a\a]__

—max (= 3 h@a) D AL @) |+ Y max (vh@ay) +0k(wa)

z 1
iEN*(ak) aeNE(ak) “F

k
> max Y Ah@a)+ Y A (

k
oF aeNk(ak) iENF(ak)

= max O (Tor )+ > Ao (@)
iENFk(ak

ak 5
(47)
O
8.1.6 Proof of Claim 6
Claim. The message passing rule for \ is exactly the same as convex BP rule:
. 1 A
Vak i e NF(ah), x; Aissat (%) = TH VRG] 0;(z;) + Z | fp i (@) | = Ban (@)
BELENE (1)
where :uoc_’;_.—m(xl) = mnia\);l éa’} (ma’}) + - Z A]—)a (I])
JENF(ak)\i
(48)
The block coordinates rule for variables v is
1 ,
k k
o) = 0 (unyi) — 9, 4
Va(ﬂ} ) |N7)(CK)| Z oz(a: ﬁVJ) a(waﬂvk) ( 9)

jranVi£)

where |Np(a)| is the number of sub-program in which « is involved. For arbitrary configuration
of A\, variables § can be decoded as

1 ~
k o z : . Ak
504(:130/;.) - 1 4 ‘N}C_-(OL_’;_—” 00/;_. (ma’]‘;) + 4 Aj—)a’} (ZE]) ’Ya(ma_’fp) (50)
JENF(ak)
and
1 ~

k() = —— [ Gi(@) = D Aar(@) | —vh) (51)

1+ |N5x(i)] et

ok eNF (i)

Proof. From Equ 45, the sum of terms involving node i is

max { 6i(x) — Y AL (@) |+ D max | Gy (war) + A ()
) al Nk (i) ok eNF(i) OF iENk(ak)

o

=max | fi(e) = D Moap(w) |+ D, max| max {bos(@ar)t > Nap(m) | N ()
) ak Nk (i) akeNk(@) ok VN JENF (k)i

> max Oi(x)+ D pgri(w)
' BLeNk (i)
(52)
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It is a lower bound achievable with Equ 48, which gives the block coordinate descent rule over
A

From Equ 42, the sum of terms involving v*(x,) is

3 nalvix(éa(wa)—kui(wa)+5§(ma§r)>Zmax Oolza) + > Oh(za) (53)

T

k:anVE£D k:anVE£(
The lower bound can be achived by setting
0o () + VE () + 0F (20 ) = m <0a(ma) + > 5§(ma;})>, which is equivalent to the

7 k:anVEZ(Q
rule in Equ 49.

By evaluate & with Equ 50 and 51, the lower bound in Equ 45 can be achived, which gives the
coordinate ascent rule for § O

8.2 Another Expression of Sum-Product

The algorithm can be identically expressed as the following. In the implementation, we use the
computation procedure shown in this expression.

Algorithm 5 Inference

1: Input: 0;(z;), Oa(xa) = ﬁ\”,‘;“(c;))‘

2: while Until convergency do
3:  for all k do

5 k
4: Vak a e NE(ah),z o, YE(xoe)=ecaln > exp (W)
F F Z o o
n k
5: VieVk ae N}“_-(i),xi, Vi (i) = ecaln Y. exp (W)
wu\a:i
6: Vol Oor (Tar) = 3 a(war)
A aENE(ak)
T: Vie VP, Oi(xi) = Os(xs) + X va(x)
aEN;(i)

8: end for

9: for all k do o

10: 5k = Sub-Inference(6;, O o)
11: end for

12: for all k do

13: ve(xa) = \Npl(a)| _ > O (@anvs) = 5 (Tanyr)

14:  end for
15: end while
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Algorithm 6 Sub-Inference
5 ), Oi(x)

L Input: 75 (@ax ), 74(2i), ok (Ton
2: for all ¢t < max num of inner iter do

Hﬁ’;—n‘(%‘)) - :u’a";“__ai(xi)

+ X

Aok (z5)
jenF@bne 1T OF

k
F

3. for all i € V¥ do
4: VO&I;_- S Nk(i), X, )\,L-_>ak (Il) = LZ,’% (éz(fﬂl) + Z
” ' Bl eN®(i)

éQ‘;;_ (:l!a

5: Vak e Nk(i), 2, Mok i(Ti) = €Cor In 37 exp
z x \T;
L
6: end for
7. foralla:anV* #( do
8: if o N V¥ is a single node then
9: Shw) =2 (6i(@)+ X pari(@) | =2k @)
) akeNF (i)
10: else
11: 5§(m(y§r) = @:Z (éai’f(ma’}) + ' Z /\j—>o<k (xj)> _’Ya(
7 JENF(ak)

12: end if
13:  end for
14: end for

15: Return 6%

6001}
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