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Gaussian split Ewald: A fast Ewald mesh method for molecular simulation
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Gaussian split EwaldGSE) is a versatile Ewald mesh method that is fast and accurate when used
with both real-space an#-space Poisson solvers. While real-space methods are known to be
asymptotically superior t&-space methods in terms of both computational cost and parallelization
efficiency, k-space methods such as smooth particle-mesh E{@&®IE have thus far remained
dominant because they have been more efficient than existing real-space methods for simulations of
typical systems in the size range of current practical interest. Real-space GSE, however, is
approximately a factor of 2 faster than previously described real-space Ewald methods for the level
of force accuracy typically required in biomolecular simulations, and is competitive with leading
k-space methods even for systems of moderate size. Alternatively, GSE may be combined with a
k-space Poisson solver, providing a conveniently tunkddpace method that performs comparably

to SPME. The GSE method follows naturally from a uniform framework that we introduce to
concisely describe the differences between existing Ewald mesh method200® American
Institute of Physics.[DOI: 10.1063/1.1839571

I. INTRODUCTION native methods for long-range electrostatics that promise to
_ ) _ further reduce computational cost or to allow more effective
The bottleneck in classical molecular dynami®8D)  parajlelization on large computer clustéts!® Among the

simulations is well known to be the evaluation of the non-mgst promising of these are Ewald mesh methods that avoid
bonded interactions, of which the slowly decaying electro-ge of the Fourier domain by solving the Poisson equation in

static interactions between partial atomic char@e®l iong | oq space using a multigrid approaéiwhile the FFT re-
comprise a substantial pdrin the case of explicit solvent quires O(NInN) computation, multigrid requiresO(N)
with periodic boundary conditions, which we consider here,compytation. More importantly, interprocessor communica-
a natural choice is the Ewald methddThe Ewald method ion costs for parallelized multigrid scale asymptotically as
divides contributions to force and energy into two main 5(N23) while the communication costs of a parallelized
terms. The first, known as the direct summation, may befnultidimensional FFT scale a8(N). When running on a

evaluated safely as a pairwise sum in real space with a digqster, these differences in communication requirements can
tance cut off. The second can be evaluated by solving thSrove decisive for performance

Poisson equation for a smoothed charge distribution that is Despite their superior asymptotic performance, existing

continuous, unlike the original point charge distribution. Thismultigrid methods have proven slower than FFT-based meth-
term is traditionally evaluated in reciprocdfourien space s for the moderately sized systems most often studied by
and is therefore generally known as the reciprocal suUmmagyjicit-atom MD simulation (16- 1% atoms). Perhaps sur-
tion. We will instead refer to it as the smooth summation, yisingly, this difference is mostly not a result of inefficien-

because some of the methods we will discuss solve it in reglies iy solving the Poisson equation in real space. Indeed, it

space rather than reciprocal space. is the superior parallelizability of the calculations to solve
The introduction of Ewald mesh methods by Hockneye pgisson equation in a multigrid algorithm that ultimately

and Eastwodtiand their further developmefprincipally by |eads to the attractiveness of real-space methods. However,

Darden and co-worketé) enabled the power of the fast fou- 4 eyira cost derives from what might seem to be trivial

rier transform(FFT) algorithm to be applied to the smooth j,iernolation-type operations: spreading charge to the mesh
sum, leading to a®(N InN) method, wherdl is the number  hetqre solving the Poisson equation and using the electro-

of particles in the system. This development, together Witfsiatic potential on the mesh to calculate the forces on the
ever-mouplténg evidence of the inadequacies of simple cutoffomg after solving the Poisson equation. In current real-
methods " led to a shift in methodology such that FFT- ghace  approaches, such as lattice Gaussian multigrid
based(k-space Ewald techniques are now the most widely (| g1 13 these operations require each grid point to interact
used methods for computing the electrostatic interactions ity 4 large number of surrounding mesh points, conse-
those biomolecular simulations in which the solvent is ex'quently requiring a large number of computations p'er atom.
plicitly modeled. _ _ _ Investigators have used a diffusion method in the second
Because of the desire to reach longer time scales in M54 of a two-stage charge spreading scheme to reduce the
applications, researchers have continued to investigate altefy; of charge spreading for real-space methods, but this
speed comes at the cost of reduced accuracy. For the accu-
dElectronic mail: yibing.shan@deshaw.com racy required in a typical biomolecular simulation, these ap-
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proaches have been found to be less efficient than !&N. 1I. METHODS

In contrast, leading FFT-based methods, such as SPME, . . . .
are able to us&-space(Fourier domain correction terms to We consider a cubic ;ystem of side Iengmpntammg
achieve the required level of accuracy while performing the'\I point chargegq;} at positionsiri}. The system is assumed

. ) . neutral, i.e.2N.,q,=0. Periodi ndary condition
mesh interpolation operations at a significantly lower cost.t0 be neutral, i..2;- ;= 0. Periodic boundary conditions

o . . . [ in the st h that copies of the origi-
Existing FFT-based Ewald methodsncluding particle- are imposed in the standard way such that copies of the origi

i i 4 i - hal system(which we term boxes, the original being the
partch% particle-meskP3M), partlcle1r7ne§h EwaldPME),”  «himary box”) tile space in a cubic lattice so that particle
SPME; and fast fourier P0|sso€FFF_>)_ ]dlﬁgr primarily in and its images lie at;+nlL, wheren=(n,,n,,n,), with
how they move between the quantities defined at atom POSh,=0,+1,+2,..+8 (a=x, y, or 2. The assumption of
tions (charge and forgeand those defined on the mesh cypic hoxes is merely made to simplify the exposition; what
(charge and electrostatic potentiaind in how these opera- follows may be straightforwardly extended to other box ge-
tions affect the Fourier-domain solution of the Poisson equapmetries. The total electrostatic energy per box in units
tion. A detailed numerical analysis of several Ewald meshwhere 4re =1 is
methods is availabl&!° \

This paper presents a simple framework in which the _ 1 Zr Qiq; 1)
connections between the various real space as well as FFT- 2i7=1 [ri—r;—nL[’

based Ewald mesh methods are especially clear. This intu- . . L . .
o . . The prime in the summation indicates that terms which si-
itively leads to a versatile Ewald mesh method that effi- . S .

multaneously satisfyn=0 and i=] are omitted from the

ciently adjusts the computational burden among the step um. The most straightforward method of evaluating @,

involved in rl:alr?.ulatln% ednerg|es .and f?rces of the s;nootf‘bnd the corresponding forces is a straight cutoff method, i.e.,
sum. We call this method Gaussian split Ew&BISE). The to simply ignore terms in the sum witln; —r;—nL| greater

charge spreading and force computation steps of GSE M3}an some cutoff distance. Unfortunately, because of the
be combined with either k-space(FFT-basetlor real-space  gjow decay of the Coulomb potential, this has been shown to
(€.g., multigrid solution of the Poisson equation; we refer to jeaq to artifacts in dynamical simulations, at least for cutoff
the resulting methods asGSE andr-GSE, respectively. adii small enough to allow rapid computation of the sum.
k-GSE is conceptually simple and more easily tunable tharrhe best known alternative method for evaluating &9.is

existing FFT-based methods. More importanthGGSE re-  the Ewald method, which we now briefly outline.
duces the computational burden of the charge spreading and

force calculation steps for a real-space approach by half” Ewald sum

when compared to the best existing real-space methods, We give a brief sketch of the Ewald method. As is well

while maintaining equivalent levels of accuracy. This makesknown, the summation of Eq1) is only conditionally con-

the computational burden of the charge spreading and forcéergent. So, strictly speaking, we should start by defining

calculation steps in the GSE approach approximately equivegXactly what we mean by it—for example, by including a

lent to that of the most efficient FFT-based approaches. ~ convergence factor. However, since the rigorous derivation is
To compare the performance BGSE and leading FFT- availaple elsewhefeand is not centrgl to this paper, we givg

based methods, it is thus necessary to estimate the efficien%/m,”c_'Se and transparent description while bearing in mind

of both real-space multigrid aridspace Poisson solvers. On that it is not fully rigorous. , ,

a typical computational cluster of 64 processors, estimates The summation of Eq1) may be equivalently written as

given in Appendix A suggest thatGSE with a multigrid 1 N

solver outperforms the most efficient FFT-based methods for E= 52‘ ¢i(ri)a;, 2

systems larger than 30 000 atoms, a common system size for =t

present-day biomolecular simulations. The analysis alsavhere ¢;(r;) is the electrostatic potential a due to all

shows thatr-GSE performance scales more effectively ascharges except the chargeratitself. This electrostatic po-

system size grows. For a 100 000-atom systema compu- tential may be written as

tational cluster of 64 processors-GSE is approximately B

four times more efficient than FFT-based methods. A recent ¢, (r,)= f Md3r, 3

study of parallelized solvers for the Poisson equation pro- [r=ril

vides actual performance measurements for a mU“igri@vherep(r)=2{\‘:12nqi5(r—ri—nL) represents the charge
solver and an FFT-based approach; the results closely matélistribution andp;(r)=q; 8(r —r;) is introduced to avoid in-
our estimates of processor utilization efficiency for acluding self-interactions.
100 000-atom systeR. The Ewald decomposition may be considered to arise
In the following section we describe both the original from adding and subtracting a screening charge distribution
Ewald method and existing Ewald mesh methods. We theto the numerator of Eq(3). Specifically, we define the
describe our approach, the GSE method, which follows natuscreening charge distribution to bep“(r), where
rally from this general framework. The subsequent section N
compares the performance of real-space and FFT-based GSE, .\ _
P P P 25(r) 121 ; q,(

3/2
1
_ _ ——| exp—|r—r;—nL|%25%). (4)
with alternative real-space and FFT-based Ewald methods. 2

O_2
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We refer top“(r) as the “smooth charge distribution” since with k=|k| andr=|r|, we note that thé&-space representa-

it is simply the original charge distribution with the point tions of the Green function/(r)=1/ and the normalized
charges smoothed into Gaussian charge distributions of staGaussianG?(r) = (2wo?) ~*?exp(-r?20?) are y=4m/k?

dard deviations. Shapes other than Gaussians have beegng Go=exp(-0?k%/2), respectively. These functions are
investigated for the screening charge distribufibffbut we | jsed frequently below.

stick with the Gaussian form. S To denote Fourier coefficients of periodic quantities.,
In the Ewald decomposition, the total energy is split intoguantities that are identical in every box such as the charge
three terms, density we will use a subscript wave vector rather than an
1 N , qiq erfo(|r,—r,—nL|/\20) argument, e.g.A.=1N[ A(r)e Td%, where [,d®r de-

E= E-Z 2 Pr— notes an integral over the primary box of volurie=L3.
b=t rl The structure factofthe Fourier representation of the origi-
N SN lq_z nal point charge densitys a characteristic example of such
1= I

+ % d7(r)o— 5 (5) a quantity:
i=1

270

N
where the first term is the direct summation, which arises 7)k=£2 gje k. (7)
from adding the screening charge distribution to the original vViZa
charge distribution. Since erfg( decays rapidly withx, It is also convenient to define the operatiometween
terms with|r;—r;—nL| larger than some cutoff valugo be 0 periodic quantities to be
determined byo and the accuracy requiremgninay be
safely omitted from the sum. The second term is the smooth
summation, with its potential,
(r
wrir= [ 0 g, ©

ri—r

A-B=f A()B(r)d=V> AB_,, (8)
\% k

wherek=2mn/L and the second equality is simply Parse-
val's theorem. From these definitions,Bfis an even func-

arising from the smooth charge distribution. Finally, the las tion (like y or G7) andA andC are periodid(like p or p),

term (self energy termis needed to cancel self-interactions it can be easily shown that
present in the second term. A-(B®C)=(A®B)-C. 9)
We have chosen to denote the long-range potential

4°(r) to emphasize its connection to the smooth charge dis- V& can now write the smooth summation using the no-
tribution p(r) through the Poisson equatioV2¢” tation defined above. First, it is clear that the smooth charge

= —41p°, the formal solution of which is simply Ed6). distribution is simply the original point charge distribution
Sincep”(r,) is smoothly varying for allr, it can be accu- convolved with a normalized Gaussian of standard deviation

rately represented with a finite number of wave-number”
terms ink space, or on a grid in real space. The actual value p’=p®GC.

of the grid spacindor number ofk-space termswill depend

on both the overall accuracy required and the value.dfor The long-range contribution to the electrostatic potential
fixed accuracy requirements, larger valuesaequire larger 1S [from Eq. (6)] the charge densityp” convolved with the
cutoffs in the direct sum, but allow’(r) to be represented Green functiony=1/r,

on a coarser gric(or. with fewer If-space terms Tuniqg o $7=p"® y=peG’® Y, (10)
therefore allows weight to be shifted between the direct and

smooth summations, andg is norma”y chosen to minimize Which is simply the formal solution to the Poisson equation
the cost of the total computation. How the long-range confor the smooth charge distribution.

tribution to the potential and the corresponding contributions ~ The smooth summation contribution to the energy is
to the energy and forces may be calculated is the subject @fiven by

subsequent sections.

E7=3p-¢"=2p (p2G'®Y). 1y
B. Reformulation of smooth summation It is useful to note that if we choose two quantitieg
with convolutions and og such thato+ o3=0? (and thusG’A G"e=G"),

. . . then from Eq.(9) we may equivalently rewrite the energy as
In this section, we explicitly formulate the smooth sum- a(9) yed y 9y

mation in terms of convolutions. While this is mathemati- E°=3(pRG) - (pGERv)

cally very straightforward, it allows us to establish some re- 1 os ¢ o 1 on a0

lations (and a notationthat will prove useful in subsequent =2p"h (p7E®Y)=2p"h P7E. (12
sections where mesh operations are also considered. We de- As written in Eq.(11), the smooth sum energy is usually
note a convolution by the symbal. If A B=C, whereA,  thought of as the energy of the point charges interacting with
B, andC are all real-space functions, then by the convolutionthe potential field attributable tdminug the screening
theoremAB=C, where we use the tilde to dendtespace charge distribution. Equatiofi2) shows that this is equiva-
functions(note that in order to simplify notation we do not lent to the interaction of Gaussian distributed charges with
explicitly give arguments for these function&or example, the electrostatic potential due to a screening charge distribu-
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tion built from more narrowly distributed charges. While the h between each point and its nearest neighbors. The tabel

constrainto+ o3= o> means that botlr, and oz cannot  runs over all boxes andi" is the vector from mesh poimn

be chosen independently, clearly the energy is independeftr,, in the primary box to the nearest image of partidle

of the ratioo /o which may be chosen freely. As described The final equality(approximatg of Eq. (14) follows because

later, the choicer,/og=1 is the basis of the FFP method. the charge spreading function is chosen to falloff rapidly to

Note that the smooth summation contribution to the force orzero with distance, so each mesh point only receives a con-

particlei may also be written in terms @$’8 as tribution from, at most, one image of any particular particle
7= —V, E7= —V, p%A. ¢, (13) [strictly speaking, this will be. an approximation_ in cases

i i where S(r) merely decays rapidly and does not identically
where again we have used H§). vanish beyond some distajc&he set of mesh points at

The convenience of the compact notation will becomewhich S(r) is nonzero(and cannot reasonably be approxi-
apparent when we additionally consider mesh operations ifated by zerpis called the support d§(r). The number of
the following section, since these additional operatiirss, =~ Mesh points in this set is denoted bls. The size of the
charge spreading to mesh and potential interpolation frongupport partially determines the computational expense of
mesh may also be written as convolutions. The ability to the charge spreading step: for each char@ri") must be
rewrite the energy in different forms, in a similar way to evaluated atNg mesh points. Since charge spreadiftg-
those described above, will then allow computational weighgether with the analogous force calculation described below
to be shifted between different convolutions and give a tunturns out to comprise a majority of the computation, it would
able parametefsimilar to o5/0g) which may be varied to be desirable foiS(r) to have small support. Unfortunately,
minimize the total computational burden. using very small supports leads to inaccuracies due to the

effects of mesh discretization, so an appropriate balance
must be found. Note that the object of charge spreading is
C. Ewald mesh methods not to try and reproduce something as close to the original

Ewald mesh methods attempt to reduce the computaQOim charge distribution as possible, nor even to try and
tional cost of the Ewald methofwhich is otherwise an reproducep”. The object of charge spreading is merely to
O(N®?) method® by employing relatively fast grid-based t_ransfer the charges to a WeII_-behaved on_-mesh representa-
operations to given an overaD(N) or O(N InN) method. ton, SO thgt further manipulations can rapidly Ier_:ld to accu-
There are two classes of mesh-based Ewald methods. Re&fit€ energies and forces for the smooth summation.
space mesh methods take advantage of fast finite-difference The force computation step is almost identical to charge
Poisson solvers to solve the Poisson equation in real spacgPreading, though perhaps less intuitively obvious. The force
The other class, FFT-based methods, solves the Poisséh@ result of a convolution of an on-mesh potengdll” and
equation ink-space(like the classical Ewald methpcout & Second(vector-valuedl function V;T, where the scalar
uses FFTs to transform a charge densityk4space and in- functionT is even and is often chosen to pe.the same as the
verse FFTs to transform the electrostatic potential back tgharge spreading functio® To see why this is so, we note
real space. Both approaches are explained in more detail bi1at the potentiakp™ is not typically a mesh-based repre-
low, but first we briefly describe two operations common toSentation of¢?. Instead, it is arrangeths explained below
both: going from an off-mesh to on-mesh charge distributiorfhat ™ is the potential for which some prechosen interpo-
(charge spreadingand conversely going from a potential [ation functionT satisfies”=Te »™. This is quite analo-
defined on-mesh to the forces on the off-mesh particles. Eac#ous to the observation that the on-mesh charge distribution
of these operations, which are sometimes called the discretirising from the charge spreading step does not have to be a
zation and interpolation steps, may also be written as a corfnesh-based approximation of eithef or p as long as the
volution. Optimal choices of the convolution kernels are cru-final forces and energies are correctly calculated. From Egs.
cial for the efficiency and accuracy of an Ewald mesh(10) and(12) we find
method. o_ 1 ( p(m) _1 M1 T, 4 (m)

For charge spreading, an on-mesh charge distribytion E7=2p (970D =2(peT) ¢ ¢ (19
is created by convolving the point charge distribution with awherep’=p®T. If the energy is calculated in real spaees

charge spreading functio® is necessarily the case for real-space methti=n Eq.(15)
can be interpreted as either using the convolution Vitio
pS(r)=S®p= f S(rm—r)p(r)d3r take the off-mesh charges to the on-mesh clectrostatic poten-
tial or, equivalently, using the convolution to take the on-

N mesh potential to the off-mesh charges. Differentiating Eq.

= 2 2 qiS(rm,—r—nL) (15) with respect to position of particliegives the following
i=1"n expression for forcd=—V, E7=—V, p"- ¢{™. Straight-

forward manipulation shows that the force at particle

N
=2 S W mr)=qFm), a6

Here (and below we usem as an index for mesh points that where we have defineB”=(V,T)® ¢(™. In practice, and
lie within the primary box. There ar®,=(L/h)® mesh analogously to Eq(14), the force will be evaluated as a
points per box in a simple cubic array with a grid spacing ofmesh convolution
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5 i into the equation for the electrostatic potential at the particle
F7(ri)~dgih (En ™ (rm) VT, (17 positions, we find

m I'i,
P7=pBSO Ymog® T, (18

where m(r; , T) represents the set of support points forand sincdfrom Eq.(10)]] ¢”=p®G® vy, we see thas, T,

T(rim)- and should ideally satisfy the following relationship:
We now outline the general procedure for real-space Ymod y b g P
methods: S Ymod®@ T=G® . (19
S(I) Generate a mesh-based charge density usihgp One possibility, which corresponds to the original FFP
®S.

method, is to haves=T=G""? with yn=7y. However,
selectingymoq= ¥ demands tha8® T=G". Thus, the vari-
nces ofS and T must sum tos?, just as in the real-space
method. Instead, it is more efficient to perform an additional
A ) < convolution ink space to reduce the amount of spreading in
here. This yields the on-mesh potentﬁl’“ =y9p”. real space. As noted above, the additiokapace convolu-
(iii) Calculate the forces according to E@.7). If the  tjon may be absorbed into a modified Green functigg,
electrostatic potential at the particle positions is required, it:U®7_ U varies in different mesh methods. The obvious
may be calculalted fro”=¢™®T, and the energy fol- i clination is to minimize the support as much as possible by
lows from E”=3p- ¢°. , _ _ using low-orderB-spline functions. However, higher-order
Substituting the expression for™ into the equation for g gpjines are smoother functions and lead to smaller errors,
the electrostatic potentialat the particle positionsgives  gye 1g the discrete operations. Because of these competing
¢7=p2S®y®T. From Eq.(10) we also know thatp”  efects, the optimunB-spline function typically extends over
=p®G7®y, which implies thatSand T should be chosen e than the nearest mesh points, but its support is much

_ ; Qe T— o2 i ‘ . .
so thatS® T=G". A natural choice '?_‘T_G( 5 Which jasg than that o572, Note that the ability to modify the
has the advantagé the case where? is not requiredithat  reen function is an important advantage kepace ap-
it removes the need to perform a convolution for the energy,

. . ; o1 5. A(m) ; proaches.
since it can also be obtained frol”=3p™ ¢™. This Equation(19) provides a simple but important criterion

choice corresponds to the EFP mgthod, originally an .FF.'L;)y which choices 05, T, and ;g can be evaluated. One
Ewald method but later combined with a real-space multigrid;ayeqt s that this equation is not strictly satisfied for any

Poisson solver in the lattice Gaussian multigii€GM) ap-  gyyaid mesh method. There are at least two sources of error
proach of Sagui and Darden. Currently, LGM appears to bg, consider: First, even in the continuous limit, in which grid

the most rigorous and accurate real-space Ewald method. gpacing approaches zero, the functions could be chosen such
The typical procedure of FFT Ewald mesh methods is agn 4t gq.(19) is not satisfied. Second, a more subtle effect is

follows: _ attributable to the high frequendyspace cutoff intrinsically

(i) Generate a mesh-based charge density usitgp  |inked to the finite mesh size. In other words, unlike the
®S. . s ~s functionsS T, G“, andy in Eq. (19), which are introduced

(i) Perform the FFTp™— p". , _in their continuous forms, the accuracy @f,qis limited by

(i) Solve the modified Poisson equation. The modificasq k-space representation on the mesh. Equati®) is im-
tions to the Poisson equation, which we describe below, arEortant because it tells us that the first source of error can be
reprggented as a cha_nge to the Green function. We glenotet fiminated by appropriately choosing the functions S0,
modified Green function agnog. The on-mesh potential can 5,4, in the continuous limit. The second source of error

. _ S - . .
then be described ab™ = yno® p°, which is equivalent to  ay 'be diminished by choosir§and T with smaller high-

(i) lteratively solve the Poisson equatiof?¢(™
= —4pS on the real-space mesh using a discrete represe
tation of the Laplacian operatdt?. Algorithms such as mul-
tigrid or SOR (successive over-relaxatipn are applicable

(b(km)_:’:}"mod(k)’ﬁf in k space. frequency components, i.e., smooth and wide functions that
(iv) Calculate the energy generally require larger supports. Consideration of @§)
_ naturally leads us to suggest a different splitting, which ap-
” V., Tk ~52 pears particularly promising for real-space calculations. This
E7=3p-(T® ™M)= EZ =7 Ymod K) [Pl is Gaussian split Ewald, which we now describe.

(As is common practice, we omit the=0 term as indicated - Gaussian split Ewald method
by the prime on the sum. A more rigorous anal§sihows The Gaussian split EwaldGSE method is a Ewald
how thek=0 term depends on the boundary conditions atmesh method that can be used both with a real-space and
infinity, with its omission corresponding to “tin-foil bound- k-space solver of the Poisson equation. Our main motivation
ary conditions.’) B in developing GSE was to devise a method of charge spread-
(v) Perform the inverse FF®(™ — ¢(M. ing and force calculation that would be fast and accurate, as
(vi) Calculate the forces according to E@.7). If the  well as compatible with a real-space solver. GSE involves
electrostatic potential at the particle positions is required itwo stages of charge spreading. First, charges are spread to
may be calculated fronp”= M T. the mesh by convolving with a function with small support.
Writing out all the contributions to the electrostatic po- The small support ensures that the operation is rapid. Then, a
tential explicitly (i.e., substituting the expression g™ second convolution is performed to further spread the
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charges. In real-space GSEGSBE), this is a mesh operation
with minimal computational burden. lk-space GSE(k-
GSB), the second convolution is conveniently done kin
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diffusion method used previouskgee Appendix B for de-
tails). We show this approach to be more accurate below.
(3) Solution of Poisson equation on mesh(™=pS

space. The final interpolation step to calculate the forces i® y. In r-GSE, using the charge densjty obtained in step
also performed rapidly by convolving with a function with (2), the Poisson equation is directly solved in real spacg.,
small support. This general idea of two-stage charge spreadising either SOR or multigrid algorithi® We follow

ing has been used before in diffusion-based methods such &agui and Darden in the choice of a Hermitian discrete rep-
lattice diffusion multigrid (LDM), but it was found to be resentation on the finest grid to achieve higher accutacy.
significantly less accurate than the relatively slow one-stagélote that the mesh-based potential could equivalently be
charge spreading of the FFP type. The key difference in GSEitten ¢<m>5¢\/g§+g§_

is that Eq.(19) is strictly satisfied by our choice & T, and (4) Interpolation ¢”=G"1® ¢™ [and FS=q;(V,G"1)

Ymod IN their continuous form, in contrast to thed hoc ® #(M]. With the on-mesh potentiab™ computed, the po-

choices of '—1[3)'\/' and earlier two-stage charge spreadingentia| at each particle positiorr;j may be obtained by in-
approache$?™® A secondary but significant difference is in terpolation, usings”! as the interpolation kernel,

the method used to perform the second real-space charge

spreading step, discussed below.
From Eq.(19) we know that with the choice of a stan-
dard Green functiofti.e., ymog= ), S andT should satisfy

3
$7(r)= > exp(— |

2 2
Zmo?) 2% 1207) ™ (r ).

S®T=G’. A two-stage charge spreading method sp8ts (23
into two parts, so by definitiors=S,®S,, and Eq.(19)  The force on particle is
implies $;® S, T=G“. We chooseS;=T=G’ and S, .
=G72, with the Gaussian variances satisfyin - gih i i
e ¢ g R s 3 T e 12e) 8™ )
207t o5=0". (20 1 (24

Substituting the GSE choice & T, and y,,oq into Eq. (18),

we find Remember thati’m” is the vector from mesh poim (atr,, in

the primary box to the nearest image of partidle
The energy can be calculated during the interpolation

(21)

. . . . step or, alternatively, directly on the me@before the inter-

which effectively defines the GSE method. Note that in the ; :
X : olation step, provided that the values @t (on the mes

particular caser,=0 we recover the FFP choice &=T b B P of" ( 4

/ . ) . _from step(1) are stored in memory,
=G/, In this sense, GSE may be viewed as a generaliza- P(D) Y

tion of the FFP method. The key advantage of this generali- 1 h3
zation is that by tuning the ratio of,/o,, GSE allows Egzipol'fﬁ(m):?% PTLI ) ™ (T ).
computational load to be shifted away from the bottleneck of
the charge spreading and interpolation steps to a secont¥e note that it is also possible to use Ef9) to derive an
charge spreading step. This second charge spreading step Gturate real-space method which uBesplines for the ini-
be made highly efficient by taking advantage of the fact thatial charge spreading and the force calculation steps, with a
an on-mesh convolution with a Gaussian is nearly trivialfast second charge spreading stage similar to that used in
computationally but still satisfies E¢L9). r-GSE (see Appendix € Our numerical experiments show
r-GSE may be broken down into the following four that this method is comparable teGSE in terms of perfor-
steps: mance, so we do not discuss it further here. Nevertheless,
(1) First charge spreadingp’1=p® G1. Each particle this illustrates the flexibility afforded by the convolution
charge is spread on the grid by convolving wi{1. From  framework in formulating efficient and accurate Ewald mesh
Eq. (14), the computation to be performed is methods.
N The same principles of splitting may also be used in an

’=p® G190 G"2® Yy G,

(29

1 A : :
o _ _ —|pmin2/o 2y 29 FFT approach. Itk-GSE the second charge spreading step is
P m) (2wg§)3/2izl Qi exp(— |ri[*/207) 22 done as a multiplication irk-space(which we write as a
modification of the Green function i.e., ¢"=p®G“1
(2) Second charge spreading pS=pV71T2=p%1  ®(G"2® y)®G1=pR G L® Yy, Gt Steps(1) and (4)

®G72. A second(and more efficienton-mesh convolution of k-GSE are algorithmically identical toGSE, while steps
with G?2 is performed to complete the charge spreading. Td2) and(3) are replaced by FFT-based techniques to solve the
carry out this convolution, one takes advantage of the sepd&oisson equation ik-space. To be consistent with previous
rability property of Gaussians, which allows the three-notation, the charge density produced after $igpvould be
dimensional Gaussian convolution to be replaced by threeeferred to asp® in k-GSE [as opposed ta-GSE, which
trivial one-dimensional convolution®ne along each dimen- denotes the final on-mesh charge density after s&ms
sion). In other words, one convolves each row with a Gaussp®]. With this in mind, we refer readers back to ste(is,

ian (i.e., along thex axis), then convolves each column of the (iii), and (v) of the general description of the FFT Ewald
result with a Gaussiaffi.e., along they axisg), and finally = mesh method, which would be substituted in place of steps
convolves with a Gaussian along theaxis. This replaces the (2) and(3).
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TABLE |. Comparison of operations used in various Ewald mesh methods.

Initial charge spreading Second on- mesh
(Sor S;)®and force charge Green’s functionmodified®
Method interpolation(T)® kernels spreading §,)? expressed ifk-space How Poisson equation is solved
PME Lagrange None K) =47/ K> Multiplication with y in k- space
interpolatior
SPME B-spline None - Gk 3(k) Multiplication with Y,,oq in k-space
ymo 82( k)
P3Mme B-spline None . = —i D(k)-ké”(k)?(k) Multiplication with y,,oq in k-space
[ D00 (K)
FFP G2 None HK) = 4r/k2 Multiplication with % in k- space
LGM G2 None k) =47/K> SOR or multigrid in real space
(real-
space
FFP!
LDM! B-spline Diffusion WK) =4/ k> SOR or multigrid in real space
equation
k-GSE G”; (0'12< 0/2\/5 and None ;moJk)=é”2(k)3(k) Multiplication with y,.q in k-space
201t 05=0")
r-GSE G“1 (01<0/+2 and Efficient on-mesh WK) =4/ k> SOR or multigrid in real space
205+ g5=0?) convolution with
G2

(separable in
each dimension

&S refers to all convolutions needed to give the final on-mesh charge depsity to solving the Poisson equatjorin the r-GSE and LDM methods
convolutions withS; andS, combine to giveS

The charge spreading and force interpolation kernels are chosen to be identie@SE and LDM, this refers to the initial charge spreading kernel only.
‘Modified Green functions appear only kaspace methods.

dReference 5.

fIn PME, forces are calculated by first employing th&)(difference operator itk-space and then individually converting force components to real space.
Therefore, thredinstead of onginverse FFTs are required in this approach.

'Reference 6.

9Reference 4.

"D(k) is the Fourier transform of the employed finite differentiation operator in PRbfs. 18, 19

'Reference 17.

JReference 13.

E. Summary of Ewald mesh methods quantity controlling the tradeoff between the speed and the
accuracy of GSE is the ratio of the widths of the Gaussian
used in the initial charge spreadirignd force calculation

'and the Gaussian used in the second charge spreading step
(o1/05). In this section, rather than directly using the ratio
oqlo,, the related parameteris used to quantify the bal-

nce between the different Gaussiakss defined by

We close this section with a simple summary of Ewald
mesh methods. Equatidid9) provides a convenient frame-
work to compare Ewald mesh methods, since they diffe
principally only in their choices 0§, T, and y,,oq and in the
way the Poisson equation is solvéd real space ok space.

In Table I, these differences are summarized for a number &t

commonly known Ewald mesh methods, as wellraSSE 0120\/;, O<k<L1. (26)
andk-GSE.
We note that onlyr-GSE and LDM make use of the For a given value ofo, the value ofk also sets the

second on-mesh charge spreading. In these two cases, Wwndard deviation of the second Gaussian, according to
need bothS; and S, to describe the two charge spreading N -
operations, which combine to give the final on-mesh charge T2=0oN1=2x. @7
density pS. In all other cases, only one charge spreading In contrast to the discrete nature of the parameter space
kemel S is needed. We also note that tli@itial) charge for the SPME and P3M interpolation schemesg., in the
spreading kernel is equivalent to the force interpolation kerSPME approach, th&-spline interpolation scheme is typi-
nel in all methods. Finally, since real-space methods solveally limited to even-integer orderghe continuous nature of
the Poisson equation in real space using the standard Greete «-parameter space can be easily exploited to fine tune the
function, modified Green functions only appearkfspace amount of computation needed for desired accuracy.
methods. To analyze both real-space akdpace implementations

of the GSE approach, comparisons were made to results ob-
Ill. RESULTS AND DISCUSSION tained using existing mesh-based Ewald methods. Specifi-

In this section, the performance of GSE is examined andaally, the LGM, a method developed by Sagui and Darden

compared to existing methods. As described above, a cruciand based on FFP, was directly comparedr48SE. The
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LGM performs Gaussian spreading according to standarc o001
FFP(i.e., k=1/2, so thato;=o/\2 ando,=0), while the
solution of Poisson’s equation is achieved by solving the

difference equation in real spadeGSE was compared to I'A
both FFP and the widely used SPME method. 0.001

e error

Tests were performed for a cubic system of side length g +:g§3:=§g

64 A containing a small protein solvated with SPC water. g -4 r-GSE),, =36

The protein corresponds to the 20-residue designed proteil® , tgﬂ;;zg‘;

known as Betanov&. The system was neutralized through £ 4001 [ 4 A LGMAqi=36
[}

the addition of three chloride counter ions and subsequently

equilibrated using the minimization and molecular dynamics ¢ 4
routines of GROMACS>2°

To test the performance of the GSE approaches, inpu — L
parameters were first established. It is typical to first specify 50 150 250 350 450 550 650 750
a value for the cutoff used in the direct summation, which Support

can be related to the standard deviation of the screening

Gaussian charge distribution via the following relationship: FIG- 1. Relative rms force error vs suppofi{). In all cases\,=3.
Results are shown farGSE using three different values fm,l (3.0, 3.3,

r =X\ \/E(r. and 3.6, which correspond to data marked by squares, circles, and triangles,
7 7 respectively. As the parameter values increase, the cutoffs used in charge

For most calculations, a direct summation cutoff Iqu spreadlng and force calculation also increase. The corresponding LGM re-
sults, which represent the upper bound on support and the lower bound on

=9 A was usedas this is also an appropriate value for trun- rejative rms force error, are included as isolated data péittsconnecting
cation of van der Waals forcgsalong with a value of\ lines). We note that as-GSE approaches the LGM limit in terms N, , the

=3. The specification ok , essentially sets the value of the second charge spreading may become prohibitively smral0). Relative
shortange potenl at the cutfe. fo the above value 7 ous S e ieess Soul bt s s ol
[erfe\,))/r,=erfc(3)/9=2.5x 10 6)' such that contributions minimci]zed b};/ agplying a precomputatifespace correction, although this is
beyond the cutoff can be estimated and truncation errors iBrictly not necessary, since the effect is not important in the regime over
the direct summation can be controlled. Roy=3, errors  whichr-GSE is most advantageous.

attributable to the direct summation are sufficiently small so

as to be appropriate for molecular dynamicsx(l0™* to

1x 10 ® relative rms force errofd). By setting the value for s S [F, ,—F* ]2
this parameter, the standard deviation of the Gaussian-spread AF = \/ Casxy s e e
charge distribution is set to=3/2 A, a value held constant 31 ey dFfal?

for all subsequent calculations. In an analogous manner, gith F* denoting the exact force arising from Coulombic
cutoff is specified for the charge spreading and force calcUpteractions. A larger value for,,, leads to smaller errors in

lations charge conservation by effectively extending the cutoff dis-
o=\, \/501:)\0 @U’ tance used in charge spreading and force calculations. Rela-
1 1 1 tive rms force error is not reduced in going from 3.3 to 3.6,
where Eq.(26) has been used. Both dimensionless paramimplying thgt the overa_lll accuracy i_s essentially limited by
etersk and\,. are varied in the following analysis to opti- the truncation of the direct summation. Note that the LGM
! results, whose support values give an upper bound, are
r%wwn for reference and provide a lower bound on the rela-
§|ve rms force error for the corresponding GSE results. A

: (29

mize performance.
As these methods are all mesh based, the calculatio

also require the specification of grid spacing. In the analysis "~ . oo
presented below, this value is always held constanh at main advantage of the-GSE approach is that significantly

—4A, a setting that aims to balance errors arising from thesmaller support values are needed to meet specific force ac-

direct and long-range potentials. With grid spacing held concuracy criteria. For example, for a typical value of relative

stant, one can determine the numbb,rl of mesh-based grid rms force accuracy used during molecular dynamics simula-

int ded in ch di gt lculé tions (e.g., relative rms force accuracy less than 10~ %),
pomﬂs nee (?, In charge spreacing and force caicu dtien the minimum support is 147 points farGSE with A,
the “support”) through the relationship 1

=3.0. In contrast, the LGM methodor X, =3.0) requires
3 three times the support. Because the force error plateaus as
support increases;:GSE can match the accuracy of LGM
(28) using significantly smaller support. Far, =3.3, LGM re-
quires 606 points, while-GSE achieves its minimum force
The first two figures illustrate the performanceréGSE as  error with 292 points for essentially the same force
x, and hence the number of support points is varied. Figure iccuracy—a more than twofold decrease in the number of
depicts relative rms force error as a function of support forthe support points.
three values Of\a.l, where relative rms force error is defined Different methods can be emp|oyed for Spreading Charge
as within the context of ther-GSE approach. In Fig. 2, the

47

3_471'
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3
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h
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054101-9 Gaussian split Ewald
0.01 0.01
s H g
5 0001 E  o0.001
g 8 —&—1-GSE,,=3.3
e : S - LGMAq1=3.3
g -o- C?nvt?luuon «» —#— k-GSE)q1 =3.3
H -&- Diffusion = = FFPy, =33
2 g SPME
= 00001 = 00001
o ) [4
[ ]
| |
0.00001 ; ; ; ; ; ; ; 0.00001 : : . : : :
5 150 250 350 450 550 650 750 S0 1% 2% 3:" el
Uppo!
Support PP

FIG. 4. Relative rms force error vs suppoNJl). In all cases}\,,l:3.3 and

and diffusion are indicated by circles and squares, respectively-6&E, Mo 3: Circles indicate-GSE results, while squares indica&SE results.
\,=3 and\,. =3.3, with the second convolution performed on-mesh. Re_TrlgngIes !ndlcate SPME results f8spline orders of 4, 6, and 8, in order
sults using the diffusion method for the second convolution are based on th?ef increasing support.

approach first proposed by Beckessal. (Ref. 12 and later adopted by
Sagui and DardefRef. 13.

FIG. 2. Relative rms force error vs suppoMo(l). Data points for-GSE

tive rms force errors. The-GSE approach is more accurate,
since it does not suffer from the limitations of locally repre-
results ofr-GSE are compared to those obtained when a&enting the difference equation on the real-space rhesh,
diffusion scheme is substituted for the separable, onethough the difference is not dramatic. Also shown in this plot
dimensional on-mesh convolutions. In the diffusion schemeare the results fok-GSE using a larger value fox,. By
charge is spread on-mesh through numerical integration dfcreasing the value of this parameter from 3 to 4.5, the
the diffusion equatiof®*3 Although the diffusion scheme direct summation cutoff is extended from 9 to 13.5 A,
provides a steady decrease in relative rms force error as sughereby virtually eliminating errors arising from truncation of
port increases, the results are substantially less accuratgye short-range potential. When,=4.5, the value of the
These inaccuracies arise from the low-order discrete represhort-range potential at the cutoff is erfc(4.5)/13.5.5
sentation of the diffusion equatidn. X 10~ 1. Although the computational burden associated with

Figure 3 illustrates relative rms force error versus supthe direct summation grows, all other parameters remain un-
port for bothr-GSE andk-GSE implementations. Compari- changed, including the ratio af, to h. The reduction in

. 1

son of ther-GSE andk-GSE resultsfor the same set of input  re|ative rms force error implies that the overall error was
parametersclearly indicates that-GSE achieves lower rela- previously limited by direct summation results, so further
improvements in the accuracy of long-range calculation are
not necessaryfor the original combination of direct summa-
tion cutoff and standard deviation of the Gaussian-spread
charge distribution The small magnitude of the improve-

0.01

Relative RMS force error

0.001

0.0001

-8-r-GSE,Ao=3
- LGM,As=3
-8 k-GSEM; =3
® FFPA,=3
k-GSEA;=4.5
FFP.A.=4.5

" ment, less than an order of magnitude, also attests to a rea-

sonable balance between these two sources of error.

As shown in Fig. 4, both th&GSE andr-GSE results
exhibit smooth variation of relative rms force accuracy as a
function of support. To emphasize this advantage of the GSE
approach, Fig. 4 contrasts these results with those obtained
using the widely adopted SPME method. At low accuracies,
SPME outperforms the GSE approach. However, due to the

0.00001
discrete nature of th8-spline order parameter, the relative

rms force error does not vary continuougllze data are con-
nected as a steplike function to help visualize this behavior
Although it may be possible to reduce the size of the discrete
“steps” by tuning other parameters, such as grid spacing and
the standard deviation of the Gaussian-spread charge distri-
bution, optimizing over this parameter space to achieve spe-
cific force accuracy with the minimum amount of computa-
tion is not a trivial task. As an illustrative example of the
benefits of easily tunable support, Fig. 4 shows that to
achieve force accuracies below 3.60 °, a support of 512

0.000001

350 450 550 650 750

Support

50 150 250

FIG. 3. Relative rms force error vs supponul). In all casesk,,1=3.3.
The r-GSE results are show(data marked by circlgsfor A ,=3, while
k-GSE results are shown for both,=3 and \,=4.5 (data marked by
squares and triangles, respectiyelJhe LGM and FFP resultsshown as
isolated data poinis which correspond tor1=a/\/§, serve as an upper
bound on the support and lower bound on relative rms force error.
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25 IV. CONCLUSIONS

? The ability to effectively use real-space Ewald methods

35 to calculate long-range electrostatic interactions would have

-4 significant consequences for biomolecular simulation. As-

T 45 —— k-GSEA,=3.3 ymptotically, real-space methods outperform the widely used
=1 - “f§§§“f§§ FFT-based methods both in terms of computation and com-
3 STt ' , SPME’,%;de}s munication. However, these benefits have not yet been fully
554 realized due to the greater computational burden associated
with the charge spreading and force calculations in real-

® space methods. TheGSE approach represents a significant
65 advance for real-space methods by reducing the computa-

- ' ’ ' . tional burden by a factor of 2 or more when compared to

0 200 400 600 800 1000 earlier real-space methods. This is practically important,

Time (ps) since our estimates suggest that GSE should outperform

i . FFT-based methods for systems larger thaB30 000 atoms
FIG. 5. Energy conservation during the course of 1 ns constant energ
simulations. Energy conservation is measured by the logarithm of the total n a 64-node ?IUSterj . .
energy fluctuations, with values less thar2.5 indicating acceptable nu- r-GSE achieves its performance gains in several ways.
e o St s, ey o omtoon ot oo I Ihe S ofthe Suppor redured o
SPME (dotted ling are also - eluded. P Y- P : ?,.rharge spr_e_adlng and force calgulatlons by using a gomputa-
tionally efficient central convolution step. Although this idea
is integral to many FFT-based approaches, which perform
this second convolution ik-space, it has not been efficiently
used in the context of earlier real-space methods. Existing
points is required using SPME, while férGSE a support methods have either avoided the central convolution entirely
with 50% fewer points suffices. This effect is more pro- (LGM) or have used heuristic diffusion-based schemes to
nounced over regions in which the force errors plateau.  complete the charge spreading. The former scheme is com-
The preceeding analyses evaluate the performance @utationally expensive, while the latter leads to unacceptable
GSE in a static sense—that is, by using snapshots taken froforce accuracies. The GSE method converts the central con-
a molecular dynamics simulation. To address the issue ofolution to a convolution by an on-mesh Gaussian, which
how GSE performs in a dynamic sense, one needs to analyzan be implemented efficiently and accurately by taking ad-
the stability of the molecular dynamics trajectory. These revantage of the separability properties of the Gaussian. This
sults are showr(for a cubic system of side length 24 A approach follows naturally from a general framework that
containing only SPC water molecu)ds Fig. 5, which pre-  describes Ewald mesh methods as a series of convolutions.
sents a measure of energy conservation during the course of In addition to its computational efficiency and tunability,
a 1 ns constant energy simulation. The measure chosen ife GSE method produces stable dynamics. Computational
based on the total energy fluctuation results clearly show that high-quality energy conservation is
maintained. One caveat with regard to real-space Ewald
methods in general is that efficient methods for calculating
: (30 the virial must still be developed if more than the scalar
isotropic value is required. For FFT approaches, this compu-
tation is trivial.
We note that it is straightforward to extend the GSE
methodology to the treatment of multipolar interactions. This

able numerical accuracy <is acgiﬁ"ed Wh&/E<0.003,  seems particularly promising because in the currently avail-
which corresponds to IAE)<—2.5"" As evidenced by Fig. able algorithm?® a rather large support is necessary for the

5, both GSE methods achieve high quality energy conservg;igner_orders splines needed when high-order multipoles

tion, and the results improve slightly as the value\gf is 416 1o pe represented, while the properties of Gaussian func-
increasedk-GSE results are shown far, equal to 3.3 and tjons should provide greater flexibility in spreading multi-
3.6). An increase in the value of,, effectively leads to an poles. In addition, GSE should more naturally find applica-
increase in the cutoff distance used in charge spreading arihns in electrostatic calculations involving widely used
force calculation, so a slight improvement is not unexpectedGaussian basis sets.

These results are compared to SPME, for which charge is Finally, we mention one additional benefit of GSE that
both rigorously conserved during spreading and a continuoustems from the simplicity of the convolution kernels for
function of atom position due to the properties of thecharge spreading and force interpolation. Since these kernels
B-spline interpolation functions. The results for GSE arehave a simple Gaussian form, the GSE method lends itself to
comparable to those achieved by SPME, an indication thahe development of specialized hardware. This direction
charge conservation is sufficiently maintained and does ndtolds much promise for extending the applicability of mo-
affect the level of energy conservation. lecular dynamics simulation.

1 M

TNE

Eo—FE

AE E,

whereE, is the initial energyN; is the total number of time
steps in timeg, andE; is the total energy at stefp). Accept-
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APPENDIX A: PERFORMANCE ESTIMATE OF
MULTIGRID POISSON SOLVERS

-

Poisson equation (s)
=)

00 10000 100Woooooo 100000000
In this appendix we estimate the system size at which a

multigrid Poisson solver should outperfornk&pace solver, ’
and therefore give real-space Ewald mesh methods an advarg
tage. On a 64-node cluster, this is found to be about 30 00(E 0.01

atoms. Since the computational burden of charge spreadin /

and force calculation is roughly the same#GSE and in the

best FFT-based approaches30000 atoms is also the sys- 0001

tem size where we anticipate thedGSE should begin to Number of atoms

outperform the FFT-based approaches. —4—FFT-based Poisson solver -8— Multigrid-based Poisson solver
First, we present the asymptotic scaling properties of _ _ o

both multigrid and FET-based algorithms. The multigrid al- FIG. 6. Numerical e?umate of performance ofamultl_grld Poisson §olver as

compared to an FFT-based solver. The plot sh@wslog-log axesthe time

gorithm corresponds to the standard iterative V-cyal®op-  to solve the Poisson equation vs number of atoms on a 64-node cluster.

posed to full multigrid.?®3° In terms of computational cost, Atom density is taken as 0.1 atom$/A

while the FFT scales a®(N In N), multigrid scales only as

O(N).2%30 For parallelized versions of these algorithms, if

we increase system size while keeping the number of proceshe switch is not limiting. Finally, we assume that each com-

sors fixed, the scaling for interprocessor communicatiorpute node achieves 1 GFLOP/s processing power.

ve
o
o

0 sol

costs(in terms of the total amount of data to be communi-  With these assumptions it is straightforward to determine
cated is as follows: the perprocessor computation and interprocessor communi-
. cation costs for parallelized FFT. Estimates are based on uni-
FFT: N)+ , X : o Sor
PeerON)+ yeer form 1 A grid spacing and are simplified by considering only
Multigrid:  apygO(INN)+ BucO(Nd) + yyg - power-of-two length FFTs. The three-dimensional FFT is

d- Processed as a series of three one-dimensional FFTs, with
gach processor handling a distinct set of FFTs during each
und. The analysis for multigrid is complicated by the fact
at it is an iterative method. Our implementation closely

The prefactorsy and B reflect the actual latency and ban
width costs, respectively, associated with each method, whil
the y are constants that do not depend on the number o,[t;’
atoms. TheO(N) scaling of FFT results from the need to . . -

(N) ng u follows that of Sagui and Dardén,in that Hermitian and

transpose the data in order to process the three-dimensiondt . L ;
FFT. In the case of multigrid, th@(In N) term relates to the seven-point central finite-difference representations of the

. 2 .
depth of the V-cycle, while th©(N2?) term corresponds to Laplacian operatoW < are chosen for the finest and coarsest

the dependency of the amount of data to be communicate.girids’. respectively. Thg appropriate numpers for tota} V-cycle
on the surface area of the domain space. Multigrid thereforéter"’ltlons and_ rellaxatlons Y\flere dgtermmed experimentally
also outperforms FFT in terms of the overall asymptotic scal-(based on satisfying aX110™" relative rms force accuracy

ing of communication cos{tO(N%) versusO(N)], and such cn:erltog), with the maximum number of levels in the V-cycle
differences can prove decisive for performance when run>€t & °- . . _
Figure 6 compares the estimated time required to solve

ning on a cluster. . . . - .
To quantify the actual crossover point between the tWothe Poisson equation using a multigrid solver to the time

methods, one needs to estimate valuesdqs, andy. This is required using &-space solve(FFT). The figure indicates
' ’ tgat the asymptotic advantage of the multigrid solver should

not a trivial task as these values depend on many variableb fical ; ¢ | than 30 000 at
including details of both software and hardware. In particu- ecome a practical one for systems farger than atoms.

lar, we note that effortge.g., PMEMB®3 to improve par- The figure also shows that perform_ance of multigrid solvers
allelization of FFT-based Ewald mesh methods are continug'Cales more favorably as system size grows.
ing. Our approach here is approximate, but based on
reasonable e_st|mates for key hardwar_e parameter_s. APPENDIX B: GAUSSIAN CHARGE SPREADING ON

We consider a 64—n9de.commodlty clustgr with a staloea | _SPACE MESH
topology for the communication network, a typical Beowulf-
style (PC clustey configuration. The network is assumed to This appendix shows how the second charge spreading
have 100 Mbit/s bandwidtinode-to-switch, 20 us latency can be made very efficient by taking advantage of the sepa-
(node-to-nodg and a total latency for one node that is cu- rability properties of Gaussians. Consider the second charge
mulative and depends on the total number of messages sespireading convolution, which takes the initial on-mesh
to other (distinc) nodes. We assume that we are sendingcharge density?t and convolves it with the on-mesh Gauss-
single precision values and that the aggregate bandwidth ¢&n G2,
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1 Ni _ APPENDIX C: B-SPLINE BASED REAL-SPACE
pS(r) = — > poi(r)exp—|rmn2202). EWALD MESH METHOD
(2m05)”“n=1
In this appendix we use the criterion EG9) to derive a
real-space counterpart of the SPME method, wiispline
o ) o functions are used for the charge spreading and force calcu-
Both m andn are indices for mesh points that lie within the |4;ion steps. Numerical testsiot presentedshow that this

primary box, which contains a total &, mesh points. real-space method is roughly equivalent48SE in terms of
The following pseudocode outlines how to rapidly efficiency and accuracy.

evaluate this three-dimensional convolution by three one-  The method may be broken down into four steps:
dimensional convolutiongone along each dimensipnwe (1) First charge spreading p®=p®B. Each particle
denote the number of grid points in each dimensioNas  charge is spread to the grid by convolving with a BBpline
Ny, andN,, with N,,=N,NyN,. A uniform grid spacing in  B(r),

all dimensionsh, is assumed, and the number of grid points N

to which the Gaussians spread in each dimension is given by PB(rm)IE qiB(rmm).
2n+1, Wheren=ceil(r(,2/h). pl‘ﬁ is the three-dimensional =1

array that stores the initial charge density on the mpﬁp, We note that the first charge spreading and force calculation
and p{j}, are temporary arrays initialized to zero apg} is  steps in this method are exactly the same as the equivalent
the zero-initialized array that will hold the final result, step in SPME.

Loop k from 0 to N—1

Loop jfrom Oto N—1

LoopifromOto N—1

Loop ii from —n-+i to n+i
G=exp(— |h(i—ii)|%203)
I =mod(i,N,)
Fﬁkzpﬁ{+GPﬁ

End loop

End loop

End loop

End loop

Loop k from 0 to N—1

LoopifromOto N—1

Loop jfrom Oto N—1

Loop jj from —n+j to n+j
G=exp(-|h(j—jj)[/203)
J=mod(jj,Ny)
Pi3k= Pkt Gpijk

End loop

End loop

End loop

End loop

LoopifromOto N—1

Loop jfrom Oto N—1

Loop k from O to N—1

Loop kk from—n+k to n+k
G=exp(—|h(k—kK)[>/203)
K=mod(kk,N,)
piSjK:piSjK_}'Gpixj)l/(

End loop

End loop

End loop

End loop

(2) Second charge spreading®=p°®S,. A second on-
mesh convolution witls,= G ®B'® B! is performed, where
B' is an “inverse” B-spline function that satisfieb2 B® B!
=f, wheref is an arbitrary function. We note th& may be
easily precalculated as the inverse Fourier transform of
G,/B2. SinceS, (like Gaussian omB-spline function} is
separable, the second charge spreading can be performed us-
ing cheap one-dimensional convolutions.

(3) Solution of Poisson equation on meshp(™=pS
.

(4) Interpolation ¢’=B®¢™ [and F=q;(V,B)
® ¢™M]. With the on-mesh potentiab™ computed, the po-
tential at each particle position;j may be obtained by in-
terpolation, usind3 as the interpolation kernel,

$7(r) =2 B(ri) ™ (1),
The force on particlé is

Fr=—a2 (VB¢ ™(rm),

Wherer{m” is the vector from mesh poinn (at r, in the

primary box to the nearest image of particle

It is easy to show that thiB-spline based method satis-
fies Eq.(19), our proposed criterion for accurate Ewald mesh
methods.
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