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Abstract
Spam in the form of link spam and click spam has
become a major obstacle in the effective functioning of
ranking and reputation systems. Even in the absence of
spam, difficulty in eliciting feedback and self-reinforcing
nature of ranking systems are known problems. In this
paper, we make a case for sharing with users the revenue
generated by such systems as incentive to provide useful
feedback and present an incentive based ranking scheme
in a realistic model of user behavior which addresses the
above problems. We give an explicit ranking algorithm
based on user feedback. Our incentive structure and
ranking algorithm ensure that there is a profitable
arbitrage opportunity for the users of the system in
correcting the inaccuracies of the ranking. The system
is oblivious to the source of inaccuracies (benign or
malicious), thus making it robust to spam as well as the
problems of eliciting feedback and self-reinforcement.
1 Introduction.
Before the advent of the Internet, content generation
was channeled through a limited number of publishers,
such as book publishers, movie production companies,
music companies, newspapers, and magazines. In order
to regulate and also advertise the quality of content, a
system of content evaluation had evolved. Evaluation in
traditional publishing is done primarily by professional
reviewers and editors who are paid for their opinions.
In contrast to self-publishing, the editors decide which
content gets published in accordance with the quality of
the content.
Content generation is no longer channeled through
a limited number of publishers. Individuals self-publish
their views, or articles, or creative pieces using websites,
blogs, photograph hosting services, podcasts, etc. The
scale and decentralization of the content in the Internet
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makes the old centralized mode of content evaluation
impractical. At the same time this decentralization and
the corresponding lack of editorial control at the source
makes content evaluation all the more important. This
need has played a strong role in the success of search
engines [19, 20], which not only search but also rank
content, thus playing the role of reviewers. Similarly,
recommendation systems, which use similarities in the
feedback profiles of users and entities, have been designed and deployed [1].
PageRank [29] uses the link structure of the Internet
to rank web pages. The philosophy of this approach
is that the quality of a web page is indicated by the
quality of the web pages pointing to it. However,
interested parties have used it to promote the ranking
of their own web pages, for example, by creating
complex link structures pointing to a chosen web page.
As heuristics have been proposed and implemented to
detect these malicious web pages, the techniques used by
the search engine optimizers have also gotten better [14]
[15]. Detecting these PageRank amplifying structures
is equivalent to the sparsest cut problem [32], which is
NP-hard [22].
An alternative to link-based methods such as
PageRank [29] and Hits [21] is to use the feedback from
users (e.g. clicks). This approach is already used in
recommendation systems [1]. The difficulty of using
feedback/clicks stems from detecting whether the feedback/clicks are coming from genuine users who found
the web page useful or are being fraudulenty generated
by a single source, a phenomenon known as click spam.
Various solutions have been proposed for this problem.
However, these in turn have resulted in smarter techniques being used by spammers [2][24][31].
In this paper, we make a case for sharing with users
the revenue generated by ranking and recommendation
systems as incentive to provide useful feedback. The
main contribution of this paper is an incentive based
ranking scheme in a realistic model of user behavior.
We give an explicit ranking algorithm based on user
feedback. The incentive structure ensures that there is a
profitable arbitrage opportunity for the users of the system in correcting the inaccuracies of the ranking. The

system is oblivious to the source of inaccuracies (benign or malicious), thus making it robust to spam. The
mechanisms are designed to provide a higher incentive
for discovering high quality entities rather than for providing more positive feedback for already established
entities.

We first presented the idea of using incentives to create arbitrage opportunities in a position paper[4]. The
work didn’t assume any control over the ranking algorithm, instead the argument for robustness depended
on certain assumptions about the relation between the
feedback scores and the utility generated by entities. In
this paper, we design a complete system including an
1.1 Related work. The task of ranking a set of explicit ranking algorithm and an incentive structure.
entities can be viewed as an information aggregation
problem. Information markets have been successfully 1.2 The I-U model. We assume an idealized user
used for information aggregation in various settings. An behavior that we call the Inspect-Utilize (or I-U) model.
information market approach can be implemented by The I-U model is inspired by Null [28]. Here we give
floating shares of an entity and allowing users to trade a broad overview of the model (formal details are in
them (this would require a separate system for trading, section 2). We say that the user u has inspected an
like market scoring rules [16] and explicit participation entity e when u views e as presented by the ranking
of the users).
system. For example, reading the snippet appended to
The two main features that distinguish the ranking a search result is an act of inspection. We say a user u
problem from other information aggregation problems utilizes an entity when u performs a task like reading,
are:
registering or downloading the entity. We assume that
the probability of utilization of an entity e, conditioned
• The lack of a clear objective outcome. In the
on e being inspected, is only dependent on the inherent
ranking problem, the market doesn’t merely play
quality of e. We refer to this event as a utility generation
the role of predicting an event but actually affects
event. We view each utility generation event as having a
the event. For example, a higher ranked web-page
revenue equivalent. For example, in the case of ranking
is likely to get more clicks, all else being equal.
systems like Google[19] and Yahoo[20], the revenue u
• Moreover, the ranking algorithm, which is part of generates for the system from the ads on the right hand
the ranking scheme (thus can be controlled by the side can be seen as being the aggregate result of the
designer), has an influence on the outcome. The various web pages utilized by u on the left hand side.
users provide the ratings but the ranking algorithm Thus the revenue equivalent of a utility generation event
determines how these ratings are used to compute is the ratio of the estimated rate of revenue generated
by u and the estimated rate of web page utilizations. In
rankings.
case of online retailers like Amazon.com [18], inspection
While the first difference complicates the problem, the
is the viewing of a book recommended by the system
second one provides additional flexibility for solving the
and utilization is the purchase of the book. The revenue
problem.
equivalent of the event is the profit made by the system
Miller et al. [25] give a framework (similar to inforfrom the purchase of the book. Other interpretations of
mation markets) to incentivize honest feedback. They
the revenue equivalent are also possible.
counter the lack of objective outcomes by comparing a
We believe that although majority of the users
user’s reviews to that of its peers. However, their apfollow the rankings/recommendations in the inspection
proach doesn’t address malicious users who don’t care
of entities, some users do inspect entities independent
about their profits/losses from the information market,
of the rankings. We refer to the users in the first
or the discovery of good entities which haven’t yet atgroup as sheep and those in the latter as connoisseurs.
tracted much feedback. Also, their mechanism preIn the context of web search, a connoisseur would
cludes taking advantage of the extra control that a rankbe a user who wouldn’t merely depend upon search
ing algorithm has in translating ratings into rankings.
engine ranking but would use more specific keywords
Another important aspect of our approach which
or otherwise targeted searches to find the best source of
distinguishes it from prior work is the idea of using the
the information she is seeking. In the context of a news
utility generated by a particular entity as an indicator of
article recommendation system, a connoisseur would be
its quality (more details are in section 2). This in itself
a user who is interested and informed in a particular
doesn’t counter the lack of objective outcome, as the
topic, and actively seeks out interesting news articles
utility generated is still tied to the machinations of the
on this topic from diverse sources. Note that the same
market. But it allows us to design an explicit ranking
user can be a connoisseur for a certain topic and a sheep
algorithm which complements the incentive structure
for another.
and results in a robust ranking scheme.

1.3 Our results. The major problems faced by ranking and recommendation system are spam, the difficulty
in eliciting feedback and the self-reinforcing nature of
ranking systems. The goal of this work is to address
these problems. In section 2.1, we list the reasons for
our belief that incentives for feedback are necessary for
a robust ranking system. We present a ranking algorithm (section 3) and an incentive structure (section 4)
which together ensure a robust ranking system. The
ranking algorithm takes as input feedback scores of entities and outputs a probabilistic distribution over the
rankings of entities. Given a distribution over rankings
D, let the random variable Xe give the position of entity
e in a ranking picked at random from D. We say that
entity e1 dominates e2 if Xe1 stochastically dominates
Xe2 , that is, ∀t, P r[Xe1 ≤ t] ≥ P r[Xe2 ≤ t]1 . We say
that a distribution over rankings is a proper ranking if
for every pair of entities ei and ej , the feedback score
of ei being greater than or equal to the feedback score
of ej implies that ei dominates ej . Intuitively, if the
user chooses to inspect any of the top l slots (for any
l), then the probability of ei being inspected is higher
than the probability that ej is inspected. The result
on the ranking algorithm is stated in theorem 3.5. We
present a ranking algorithm which runs in polynomial
time and outputs a proper ranking. Moreover, in the
common case when the normalized feedback score is majorized by the normalized expected inspection rates of
slots (see section 3.1), the rankings ensure that the normalized number of inspections of an entity is equal to
the normalized feedback score. More importantly, the
ranking algorithm facilitates the design of a robust incentive structure, as described below.
The main result of this paper is stated in theorem 4.1. We give an incentive structure, which in
conjunction with the ranking algorithm provides a
profitable arbitrage opportunity for the users to correct
inaccuracies in the system. In particular, the system
ranks by quality, that is, either the feedback scores
(thus the actual ranking) of all the entities are ranked
by quality, or the users can profit by leaving negative
feedback for a high ranked, low quality entity and
positive feedback for a low ranked, high quality entity.
Again if the majorization condition holds, we quantify
the exact revenue opportunities for the users. If the
cost of gaming the system is less than the profit made
from the outcome of the ranking system, then there
is an economic incentive for spam. Our system is
resistant to gaming – inaccuracies produced by gaming
are merely more arbitrage opportunities for users.
1 Our definition of stochastic dominance is inverted (compared
to the traditional definition) because here the numerically lower
slots are more important.

These and other properties are discussed in section 4.3.
In section 2, we present the I-U model and the
case for incentives. In section 3, we give the ranking
algorithm and in section 4, the incentive structure and
a discussion of the properties of the system.
2 The I-U model.
Consider the following interaction of a user u with a
ranking system. A query from a user results in k entities
(e.g. web pages) being shown to the user in the form
of a ranking (ordered list). From these k entities, u
may choose to inspect the top j entities. Among these
j entities, u utilizes a subset S. We say that a utility
generation event has occurred for the entities in S (more
than one entity can be utilized in a single query). We
now present a model with the purpose of capturing the
interaction just described. The model has the following
specifics.
1. Entities. The set of entities E is the universe
from which the ranking system returns the result
to a query. We denote the ith entity by ei . Let
the number of entities be n. Each entity has an
inherent quality qi which is not known. The quality
qi is the probability that ei is utilized by a user u,
conditioned on the fact that u inspects ei .
2. Users. Let U be the set of users in the system,
with the ith user denoted by ui . We assume
that the users are registered with the system.
The users provide feedback (positive and negative)
on the entities. We classify users as sheep and
connoisseurs. This classification is inspired by the
well known difficulty of eliciting useful feedback
from users [11][30].
(a) Sheep. The label sheep is associated with a
user who provides feedback on entities among
those shown to her (placed at the top of the
ranking). In particular, a high quality entity
which is not shown to a sheep would not get
any feedback from her.
(b) Connoisseurs. In contrast, a connoisseur is
a user who would find a good quality entity
even when it is not shown to her. We assume
the ratio of the number of connoisseurs to the
number of sheep in the system be . Typically,
we expect  to be small.
3. Feedback. The notion of feedback is captured by
tokens. When a user leaves a positive feedback
on entity ei , the number of tokens placed on ei
(denoted by τi ) is incremented by 1. Similarly, a

negative feedback results in τi being decremented this phenomenon is known as click spam [2][31]. We
by 1. Users are not allowed to place negative tokens believe that solutions proposed to solve this problem
on an entity with 0 net (positive - negative) tokens. would lead to a heuristic race in the lines of PageRank.
(3) The problem of new users in a system has been
4. Slots. Slots are the placeholders for the results of studied in the literature on reputation systems [13].
a query. Let the number of slots be k. If i < j, Similar phenomenon may occur in ranking systems as
then slot i is more important than slot j (this will well − new entities can be added (new web pages are
be made precise next). Since it doesn’t make sense created all the time), or, there might be a sudden change
to have more slots than entities, we assume that in the relevance of an entity. For example, articles
k ≤ n.
on a certain individual might suddenly become very
relevant when he/she is nominated for some important
5. Utility. A query results in entities being placed
post. Even if a system could be made spam-free, it
in the k slots. The user u chooses to inspect the
can be shown that for small values of  (the fraction
top j slots. If u utilizes an entity ei placed in
of connoisseurs in the system), an entity would take an
one of the top j slots, we say a utility generation
impractically large amount of time to attain a position
event has occurred for ei . Let Gi be the indicator
in the ranking which is in accordance with its quality [4].
variable of this event. The random variable Gi
is given by Ir(i) Ui (described next). The random
3 Ranking algorithm.
variable Ui is a Bernoulli random variable with
mean qi , the quality of ei . The function r(i) gives The ranking algorithm takes as input the feedback
the slot in which ei is placed. If ei is not placed scores of the entities and returns a distribution on
in any slot, then r(i) is ∞. For each query result, rankings. In response to a query, the system picks a
a random number j is chosen from {1, 2, . . . , k}. ranking at random from this distribution and shows it
The random number j is independent across trials. to the user. Remember that in our model, the feedback
The underlying distribution for this process is not score of an entity ei is the net (positive − negative)
known but is independent of the entities placed in number of tokens (τi ) that have been placed on ei . The
the slots. If i ≤ j, Ii = 1, else Ii = 0. The random system has a parameter s > 1. The role of s will become
variables Ii ’s are Bernoulli random variables but clear when we discuss the incentive structure. In this
+
are not independent of each other (for a given paper, all matrices and vectors are over R . We add
query). We assume that E[I1 ], E[I2 ], . . . , E[Ik ] are dummy slots k+1, k+2, . . . , n to the system. The values
known and denote these quantities by p1 , p2 , . . . , pk , pk+1 , pk+2 , . . . , pn (the expected number of inspections
respectively. In simple words, we assume that the of these slots) are set to 0. We assume that the entities
expected number of inspections a slot attracts is and slots are arranged such that τ1 ≥ τ2 ≥ · · · ≥ τn and
known. Note that the random process which sets p1 ≥ p2 ≥ · · · ≥ pn .
the variables, I1 , I2 , . . . , Ik , implies that p1 ≥ p2 ≥
· · · ≥ pk . As discussed in the introduction, we 3.1 Majorization. We say that x = {x1 , . . . , xn } is
assume that there exists a procedure to determine a tapering vector if x1 ≥ x2 ≥ · · · ≥ xn . The tapering
by P
the tapering vector
the revenue equivalent of each utility generation vector x is said to be majorized
Pj
j
y if for j = 1, . . . , n,
event.
i=1 xi ≤
i=1 yi . Let T =
τ1 + τ2 + · · · + τn and S = p1 + p2 + · · · + pn . We use τ /T
2.1 Case for incentives. In this section, we present and p/S to denote the vectors {τ1 /T, τ2 /T, . . . , τn /T }
the reasons for our belief that incentives are necessary and {p1 /S, p2 /S, . . . , pn /S}, respectively. In typical
for the proper functioning of a ranking system based applications, the inspections are concentrated on the
on user feedback. There are three main reasons for our top slots. Also, the number of entities is order of
position. (1) The difficulty of eliciting useful feedback magnitude more than the number of “significant” slots.
from users is well known [11][30]. In a similar vein, Thus we believe that for most applications τ /T is
it has been shown that search engine results influence majorized by p/S. Although our algorithm (presented
the popularity of web pages [8][9]. (2) The feedback in the next section) doesn’t make the assumption that
profile of an entity plays an important role in attracting τ /T is majorized by p/S but we get stronger results if
future users. This gives a strong incentive for groups this condition holds.
The following famous theorem by Hardy, Littlewood
associated with the entity to leave fraudulent positive
and
Pólya [17][23] gives the connection between mafeedback for it. In the context of reputation systems,
jorization
and doubly stochastic matrices.
this phenomenon is known as ballot stuffing and bad
mouthing [3][10]. In the context of web page ranking,

Theorem 3.1. (Hardy, Littlewood, Polya) The
following two statements are equivalent: (1) The vector
x is majorized by the vector y, (2) There exists a doubly
stochastic matrix, D, such that x = Dy.
We need a stronger version of the above theorem for our
results. Let 1i denote the vector with n components,
first i of which are 1 and the rest are 0. We say that
a doubly stochastic matrix D = {dij } is prioritized if
Pj
Pj
for all l ≤ m and j = 1, . . . , n, i=1 dli ≥ i=1 dmi .
In other words, D is prioritized if for i = 1, . . . , n,
D1i is a tapering vector. Observe that if we interpret
dij as the fraction of time entity i is placed in slot
j, then the notion of a prioritized doubly stochastic
matrix corresponds to the notion of proper ranking (in
a fractional sense). Using this notation, a matrix is
doubly stochastic if D1n = DT 1n = 1n .
Lemma 3.1. If D1 and D2 are two n×n prioritized doubly stochastic matrices, then D1 D2 is also a prioritized
doubly stochastic matrix.
Proof. We first show that D1 D2 is a doubly stochastic
matrix. This follows from D1 D2 1n = D1 1n = 1n
and (D1 D2 )T 1n = D2T D1T 1n = D2T 1n = 1n . Since
D2 is prioritized, the vector
Pn D2 1i is a tapering vector
and can be written as
i=1 αi 1i , where αi ≥ 0 (for
iP= 1, . . . , n). Therefore D1 D2 1i can be written as
n
i ’s are tapering vectors themselves.
i=1 αi vi , where v
P
n
This implies that i=1 αi vi is also a tapering vector.
Thus D1 D2 is a prioritized doubly stochastic matrix. 
Theorem 3.2. If the tapering
x is majorized by
Pn vector P
n
the tapering vector y and i=1 xi = i=1 yi = 1, then
there exists a prioritized doubly stochastic matrix D such
that x = Dy.
Proof. The proof idea is to transform y
u1
u2
···
ur
x, where u1 , . . . , ur are tapering vectors
and u1 = D1 y, u2 = D2 u1 , . . . , ur = Dr ur−1 , x =
Dr+1 ur (the matrices D1 , D2 , . . .P
, Dr+1 are prioritized
n
and doubly stochastic). Since
i=1 yi = 1 and all
the Di s are doubly stochastic, the components of each
of the intermediate vector sum to 1. Suppose D =
Dr+1 Dr . . . D1 . Observe that Dy = x and by lemma
3.1, D is a prioritized and doubly stochastic matrix.
Now we only need to give a procedure which given
a tapering vector z (which majorizes x) outputs a
prioritized doubly stochastic matrix D0 such that z 0 =
D0 z majorizes x and z 0 is a tapering vector. Also,
we need to prove that by repeatedly applying this
procedure we will get x in finite number of steps.
We denote the ith component of z by zi . If z1 6= x1 ,
set l = 0, else set l = sup {i|∀j ≤ i, zj = xj }. Set

m = sup {i|∀j = 1, . . . , i, zl+j = zl+1 }. Suppose
(zl+1 + zl+2 + · · · + zl+m + zl+m+1 )/(m + 1) ≥ xl+1 .
Then we set D0 = {dij } as follows. If i ≤ l or
i > l + m + 1, set dii = 1. For l + 1 ≤ i ≤ l + m + 1 and
l + 1 ≤ j ≤ l + m + 1, dij = 1/(m + 1). For all other
positions dij = 0 (the matrix looks like the first matrix
in figure 1). It is easy to verify that D0 is a prioritized
doubly stochastic matrix. Suppose z 0 = D0 z and l0 , m0
0
0
be analogously defined for z 0 . Since zl+m+1
= zl+1
,
0
0
0
l +m ≥ l+m+1. We need to verify that z is a tapering
vector which majorizes x. Since z10 = z1 , . . . , zl0 = zl
0
0
and zl+1
+ · · · + zl+m+1
= zl+1 + . . . zl+m+1 , for i ≤ l
Pi
Pi
Pi
or i ≥ l + m + 1, j=1 zj0 = j=1 zj ≥ j=1 xj . For
Pi
0
0
i = 1, . . . , m + 1,
j=1 zl+j = izl+1 . By the above
0
assumption (zl+1
≥ xl+1 ) and the fact that x is a
Pi
Pi
0
tapering vector, we have j=1 zl+j
≥ j=1 xl+j . To
verify that z 0 is a tapering vector, we only need to worry
0
about the boundary cases: zl0 = zl ≥ zl+1 ≥ zl+1
and
0
0
zl+m+1 ≥ zl+m+1 ≥ zl+m+2 = zl+m+2 .
 1
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Figure 1: The two transformation matrices.
Now suppose (zl+1 +zl+2 +· · ·+zl+m +zl+m+1 )/(m+
1) < xl+1 . Then there exists an α ∈ [1/(m + 1), 1/m]
such that α(zl+1 + zl+2 + . . . zl+m ) + (1 − αm)zl+m+1 =
xl+1 , because for α = 1/(m + 1) the left hand side is
less than xl+1 and for α = 1/m the left hand side is
equal to zl+1 ≥ xl+1 (z majorizes x and zi = xi , for
i = 1, . . . , l). We set D0 = {dij } such that dii = 1 if i ≤ l
or i > l+m+1. For l+1 ≤ i ≤ l+m and l+1 ≤ j ≤ l+m,
dij = α. For l + 1 ≤ i ≤ l + m, j = l + m + 1,
dij = dji = 1−mα. For i = l+m+1, dii = 1−m+m2 α.
For all other positions dij = 0 (the matrix looks like the
second matrix in figure 1). For the same reasons as in
the previous case z 0 = D0 z is a tapering vector. Using
0
0
the facts zl+1
= xl+1 , zl+m+1
≥ zl+m+1 ≥ xl+m+1

and similar arguments as above, we can show that z 0
majorizes x. The rows and columns of D0 sum to 1, so
D0 is doubly stochastic. To verify that D0 is prioritized,
0
observe that α ≥ 1/(m+1) ≥ 1−mα. Since zl+1
= xl+1 ,
0
0
l corresponding to the vector z is greater than or equal
to l + 1. This proves the existence of the procedure. We
are left with proving that repeated applications of this
procedure would give us x.
Obviously, if l = n then z = x.
Suppose
l + m = n. Since z1 + · · · + zn = x1 + · · · + xn = 1
and z1 + · · · + zl = x1 + · · · + xl , we get
zl+1 + · · · + zn = xl+1 + · · · + xn .
However,
zl+1 = zl+2 = · · · = zn and x is a tapering vector. Therefore, zi = xi for i = l + 1, . . . , n. With each
transformation we either increment l or l + m, thus
after at most 2n transformations z will be equal to x. 

Pn
Let ηi =
In other words ηi is the
j=1 dij pj .
expected number of inspections that entity i receives.
Observe that the fourth constraint is equivalent to
s
ηl /τls ≤ ηm /τm
(when l ≤ m). Ideally, we wish η/S
to be equal to τ /T , that is, the normalized number of
inspections an entity should be equal to the normalized
feedback score. We will show that this is indeed true
when p/S majorizes τ /T . However, in the general case
we can only hope to get something close and that is the
purpose of function f . The function f is chosen such
that f (D, τ ) ≥ 0 for all D and τ , and f (D, τ ) = 0 if and
only if η/S = τ /T . Possible functions that can be used
are kη/S − τ /T k2 and kη/S − τ /T k∞ . For other such
functions and their relative merits, see [7].

Theorem 3.3. If p has at least one non-zero component, then the above program is feasible. Moreover,
if p/S is majorized by τ /T , it returns {dij } such that
We first give a program to obtain the matrix D. Then η/S = τ /T .
we discuss how the distribution over the rankings can
be extracted from D.
Proof. The matrix D := {dij = 1/n} is feasible. Since
D1i = (i/n)1n , D1n = DT 1n = 1n . Hence, D is a
3.2 Obtaining D. The following program takes as prioritized doubly stochastic matrix and the first three
input τ1 ≥ τ2 ≥ · · · ≥ τn and p1 ≥ p2 ≥ . . . pn (with at constraints are satisfied. For the fourth constraint,
least one non-zero component). It outputs the matrix
notice that ηl = ηm for all pairs (l, m). Since l ≤ m,
D = {dij }. Interpret dij is the fraction of time entity i
s
τl ≥ τm , ηl /τls ≤ ηm /τm
, thus the fourth constraint
is placed in slot j.
holds as well.
Suppose τ /T is majorized by p/S. By theorem
minimize f (D, τ )
3.2, there exists a prioritized doubly stochastic matrix
subject to:
D such that Dp/S = τ /T . Since η = Dp, we get
n
X
η = τ S/T . Now f (D, τ ) = 0 if and only if η = τ S/T ,
dij = 1, j = 1, . . . , n,
thus the optimal D is such that η = τ S/T . Since
i=1
n
X
D is a prioritized doubly stochastic matrix, we only
dij = 1, i = 1, . . . , n,
need to show that the fourth constraint is satisfied
j=1
by D. Suppose l ≤ m. Now ηl /τls = τl1−s S/T
0
0
n
n
s
1−s
X
X
and ηm /τm
= τm
S/T . Since τl ≥ τm and s > 1,
dmj , for all l ≤ m and n0 = 1, . . . , n,
dlj ≥
s
s
η
/τ
≤
η
/τ
,
thus
D satisfies the fourth constraint
l l
m m
j=1
j=1
as
well.

n
n
1 X
1 X
dlj pj ≤ s
dmj pj ,
τls j=1
τm j=1

for all l ≤ m,

3.3 Extracting the distribution. Given D we wish
to find a distribution on the rankings (which is the same
The first constraint arises from the fact that only one as convex combination of permutations). The following
entity can be placed in a slot. The second constraint famous theorem by Birkhoff [6] and von Neumann [27]
says that an entity cannot be placed twice in the shows the existence of such a convex combination of
ranking. The third constraint captures the fact that the permutations.
matrix is prioritized. Note that the constraints capture
these conditions in a fractional sense, however, we will Theorem 3.4. (Birkhoff, von Neumann) An n×n
show in the next subsection that these constraints do matrix is doubly stochastic if and only if it is a convex
imply that the conditions are true for each ranking combination of permutation matrices.
in the distribution. The importance of the fourth
constraint will be clear when we discuss the incentive In other words, there exist positive numbers
structure. Since s, τ and p are given, all the constraints θ1 , θ2 , . . . , θm and
matrices P1 , P2 , . . . , Pm
Ppermutation
P
m
m
are linear.
such that D = i=1 θi Pi and i=1 θi = 1. Dumalge
dij ≥ 0,

i = 1, . . . , n, j = 1, . . . , n.

and Halperin [12] give an O(n4.5 ) algorithm for obtaining this distribution. It is further known that the
number of permutation matrices in the distribution
is bounded by O(n2 ). Note that we don’t need to
compute the distribution online. When a query arrives,
we merely need to pick a random permutation from
this distribution (which can be done efficiently by
maintaining indices). The following theorem is now
immediate.
Theorem 3.5. There exists a polynomial time ranking
algorithm which takes as input feedback scores (τi ’s) and
outputs a proper ranking. Moreover, if τ /T is majorized
by p/S, then ηi /S (the normalized number of inspections
of entity ei ) is equal to τi /T (the normalized feedback
score).
4 Incentive structure.
Users are allowed to place positive and negative tokens
on various entities subject to the constraint that the
absolute value of the net (positive - negative) number
of tokens a user can place (across entities) is bounded.
The feedback scores of the entities (the vector τ ) is
used to obtain the distribution on rankings using the
ranking algorithm described in the previous section.
The rankings when shown to the users may result in
utility generation events. At each such event, a part
of the revenue (equivalent to the utility generated) is
shared with the users. Central to the incentive structure
are the notions of tokens and revenue distribution which
are formalized next.
4.1 Tokens. A token Ti is a three-tuple:
{p(Ti ), u(Ti ), e(Ti )}. The value p ∈ {+1, −1} specifies
whether the token is a positive/negative token. A value
of +1 indicates that Ti is a positive token and a value
of −1 indicates that the token is a negative one. The
user who placed the token is determined by u ∈ U
and e ∈ E determines the entity on which the token is
placed. The order of arrival of tokens is given by the
subscript i. Since in our model time is continuous, we
assume that no two tokens arrive at the same time.
The only constraint is that at any given time absolute
value of the net positive tokens of a user is bounded by
γ, which is a system parameter. Note that a user can
obtain more positive tokens by placing negative tokens.

pose a utility generation event occurs for an entity e at
time t, and results in R amount of equivalent revenue
being generated for the system. Let T be the set of all
the tokens in the system. For a given token Ti , such
that e(Ti ) = e, we define α(i) as the the net number of
tokens placed on P
e just after Ti is placed on e. More
formally, α(i) = Tj ∈T :j≤i,e(Tj )=e p(Tj ). The revenue
pi βR
share of user u(Ti ) due to token Ti is given by ζ(s)α(i)
s,
where
ζ(s)
is
the
Riemann
zeta-function
and
is
equal
P∞
to i=1 i1s . Note that the above quantity is positive or
negative depending on pi . For each user ui , we maintain
an account acci . Depending on the sign of the revenue
share, the amount is added or subtracted from acci .
The user can cash all or part of this amount at any point
(acci gets reduced by the amount cashed). However, the
user cannot pay the system to get a larger acci . In other
words, the user cannot pay to gain greater control of the
system. The situation arising from the bankruptcy of a
user (acci falling below 0) is discussed in the Appendix.

Lemma 4.1. If R is the revenue equivalent of a utility
generation event for entity e, then the revenue shared
with the users is bounded by βR.
Proof. The
shared with the users is
P total revenuepi βR
given by Ti ∈T :e(Ti )=e ζ(s)α(i)
s . The users who placed
two tokens i and j, such that α(i) = α(j), will have
the same absolute value of revenue share added or
deducted. Moreover for a fixed α, the net number
(positive − negative) tokens having this value is less
than equal to 1. Hence, the total
shared with
P∞revenue
βR
the users is upper bounded by i=1 ζ(s)i

s = βR.
The expected rate at which revenue is generated for an
entity ei is given by
E[Ir(i) Ui ] = E[Ir(i) ]E[Ui ] = qi (Dp)i = qi ηi ,

where (Dp)i is the ith component of the vector Dp. We
use the fact that the random process which determines
the value of I1 , I2 , . . . , Ik is independent of the quality of
the entities placed in the slots. We say the act of putting
a negative token on entity ei and a positive token on
entity ej presents a profitable arbitrage opportunity if
the expected rate at which revenue is generated by
placing a token on ei is strictly less than that for ej ,
4.2 Revenue distribution. The revenue distribu- that is, qi ηi /τis < qj ηj /τjs . We say that pair (i, j) has
tion mechanism has two parameters, β and s. The frac- an inverted ranking if qi < qj and the expected number
tion of revenue to be distributed as incentive among the of inspections received by ei is more than that received
users is determined by β ≤ 1. The parameter s > 1 by ej (which is equivalent to τi ≥ τj due to the third
(same as in the ranking algorithm) controls the relative constraint in the program).
importance of tokens placed earlier on an entity. Sup-

Theorem 4.1. If the pair (i, j) has inverted ranking,
then placing a negative token on entity ei and a positive token on entity ej presents a profitable arbitrage
opportunity. Moreover, if τ /T is majorized by p/S the
profitability of placing a positive token on entity ei is directly proportional to it’s quality (qi ) and inversely proportional to the net number of tokens on it (τi ).
Proof. From the discussion above, in order to prove
q η
the first claim, we need to show that qτi ηsi < τj sj . Since
i

j

the pair (i, j) has inverted ranking, qi < qj and τi ≥ τj .
The fourth constraint of the program ensures that
η
τi ≥ τj implies τηsi ≤ τ js . Therefore, we get the required
i

j

inequality. When τ /T is majorized by p/S, ηi = τi S/T
(theorem 3.3). Therefore, the expected rate of return is
given by qi ηi /τis = qi τi1−s S/T . The second claim now
follows the fact that s is greater than 1.


4.3 Properties. The ranking algorithm and the incentive structure ensure the following properties of the
system.
1. Ranking by quality. The system either ranks entities by qualities or if there exists a pair (i, j) which
has inverted ranking, then it provides a profitable
arbitrage opportunity to users in placing a positive
token on ej and a negative token on ei , thus correcting the ranking.
2. Resistance to gaming (spam). Suppose a malicious
user u makes revenue from outside the system by
inaccuracies in the system. The gaming of system
by u would only lead to more arbitrage opportunities for others, who would have an incentive in
correcting the system.
3. Resistance to racing. The system is said to be
resistant to racing if two users A and B cannot
indefinitely repeat actions aA and aB , respectively,
where aB undoes the effects of aA and vice versa.
Due to the bound on the number of positive tokens,
two users cannot keep adding positive tokens to
their chosen entities ad infinitum. Also they cannot
continuously keep placing positive token on their
chosen entity and negative token on their rival’s
entity, as one of these actions would have a net
negative value and eventually one of them would
get bankrupt2 .
2 A more explicit approach to avoid “racing” is to multiply
any negative revenue by (1 + δ) where δ is an arbitrarily small
positive number. Now even if two players are “racing” on pages
which have the same quality and the same number of tokens,
one of them will go bankrupt quite quickly. And the property of
resistance to gaming will be affected only marginally.

4. Guarantee of position. The system is designed such
that the share of a user u who places a token on
entity e is fixed for all future utility generation
events on e, irrespective of the actions of other users
in the system.
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Appendix: Bankruptcy.
We say that a user has gone bankrupt when his account
falls below 0. A bankrupt user, u, is stopped from
participating in the system for a pre-defined interval.
However, the tokens placed by u are not removed from
the system. The tokens are not removed because doing
so would interfere with the expectations/understanding

