CS369M: Algorithms for Modern Massive Data Set Analysis Lecture 4 - 10/05/2009

Norms of Random Matrices & Low-Rank via Sampling

Lecturer: Michael Mahoney Scribes: Jacob Bien and Noah Youngs

*Unedited Notes

1 Overview

Looked at so far:
-Randomized algorithms for (fast) low-rank approximation
-Johnson Lindenstrauss Lemma — Random Projections
-Approximate multiplication — Random Sampling Algorithms
Both have additive error

Today:
Wigner’s Semicircle Law
Random Matrix Theorum — Element-wise sampling algorithm

Next Time:
Approximate L2 Regression — (1 + €) Approximation

2  Wigner’s Semicircle Law

What does a 10® dimensional data-set look like?
-What would the "null hypothesis” of a truly random data set look like?

Wigner’s Semicircle Law:
Let A = (a;;) be a symmetric matrix (a;; = a;;) such that
1. E(aij) =0
2. Var(a;j) = o?
3. |CL¢j| S K

Let A1 > X2 > ...\, € R be the eigenvalues of A
Let W,,(z) = the empirical distribution of the eigenvalues.

Then lim,, oo W, (z * 20+/n) = W (x) in probability

2(1—a?)2 for |z| <1

Where W(z) =
0 for |z| > 1

This function is a semicircle centered at the origin with radius 1

Proof Idea: Compare the moments of W(x) with the moments of 2(1 — 22)1/2



3 Extensions

1. If E(ay) =p#0
Then Ay (A) ~ N(np+ 2, 202)
And the rest of the eigenvalues will follow the semicircle law

2. Apply Wigner’s Law to the adjacency matrix of a random graph

If G=(V,E), and Vij € V x V | ij € E with probability p
1 with probability p

Then A;; =
270 with probability (1-p)

Therefore the entries of this matrix have non-zero mean, but fixed variance

How sparse can this matrix be before the results break down?
Let d = np be the average degree of the matrix
log(n)*

Then the "trace argument” only works if p > =5~

In other words, if the above relation holds, then dempirical = deapected

What if p = % ?
What if you want a random graph with expected degrees?

4 Bounds on the largest eigenvalue

We want: For a fixed n, to be able to make some statement about the largest eigenvalue

Fact: If G is a random n x d matrix, d < n with entries N(0,0?), i.i.d, and for a fixed €, k

1
then w.p. 2 W

1G]z = l|Gnll2 = (2 + €)av/n
[|GllF < (24 €)ovnk

Is this scale good or bad?

Let D be the trivial rank-k approximation to G obtained by keeping the first k columns.
Then ||D||r = oVnk
Rank(D) < k, by definition, so ||D||2 > % ~oyn

This generalizes to the where the distribution of the entries in G has:
-Mean zero
-Bounded entries
-Independence

The following results about the largest eigenvalue of a random symmetric matrix can be found in the
references:

From Furedi and Komlos:
Let A be a random symmetric matrix with: |a;;| < k, E(a;;) =0, and var(a;;) =0
Then there exists a constant C = C(o, k) such that with high probability:

20/n — Cn'log(n) < A\ (A) < 20v/n + Cn'/3log(n)

2

This theorem is extended in Alon, Krivelevich, and Vu:



2

Then given AV t, P[|A1(4) — E(A(A))| > cf] < desz

5 “How can we use these ideas to do something low rank without
causing too much damage?”

Suppose A € R™*™ and N is a noise matrix (i.e. 0 mean, etc.) such that A+ N = A. Then we will try to
add a data-dependent noise matrix to get a speed up (without messing things up too much).

Lemma 5.1. Let A and N be such that A= A+ N. Then

1) [JA = Agllz < [|A = Ayll2 < [|A = Ayl]2 + 2|| Ny |2
2) [|A— Aillr < ||A = Aillr < |A = Aillr + | N:llF + 21Nl F I Akl 7

(Note: Ay, Ak, and Ny, denote the best rank k approximations to A, A and N respectively.)

Proof of Lemma. The first inequality of both (1) and (2) follows from the definition of Ay as the best rank
k approximation to A. Now, let B be an any matrix (e.g. A+ N).

1)

[|A — By|2 [|A — Bll2 + ||B — Bg||2 by the triangle inequality

[|A — Bl|2 + ||B — Ag||2 since By is the best rank k approximation to B
[|A— Bll2+ ||B — Al|l2 + ||A — Ag||2 by the triangle inequality

A= Apll2 +2|B — Al|2

= |[|[A—=Aill2 +2]|(B = A)ill2

IAIACIA

where the last equality holds since B — A and (B — A)y have the same largest eigenvalue. Part (1) of
the lemma follows letting B=A = A+ N.

2) Let Pps denote the projection onto the column space of the matrix M.

Claim 5.2. HPAkAHF S HPBkA”F +2||(A— B)kHF

Proof of Claim.
l|Pa,Allr < ||Pa,(A— B)||r +||Pa,B||F by the triangle inequality
< ||Pa, (A — B)||r + ||Pp,B||F since of all By, is the best rank k approximation to B
< |[Pa(A=B)llr +[|Pp,(B — A)llr + || Pp, Al p
< ||Pg,Allr + 2||Pa-B), (A — B)||F since (A — B)}, is the best rank k approx. to A — B
— ||PoAllr +20[(A— B)llr since P g, (A~ B) = (A~ B)
which proves the claim. O

Now, from the claim it follows that

1P5, Al = (I1Pa,Allr = 2/[(A = B)illF)?
1P, Al — 4l Pa Al - I(A = B)llr + 4//(A = B)ill%



Thus, we have that
|Pp, All% = |[Pa, Allf — 4] Pa, All - [[(A = Bl (1)

which we shall use shortly. Next, observe that

|A—Billr < ||A— Pp,Allr+||Pp,A— Bgl||r by the triangle inequality
||A—PBkA||F+||PBk(A—B)HFSinCGPBkBZBk,

IN A

Thus,
|A = Bi|[r < [|1A— Pp Allr + [[(A— B)il|r. (2)

Finally, we make use of Equations 1 and 2:

|A=Pg, Allr < (A% — |IPs, All7|)"/? since (A — Pp,A) L P, A
< (1Al = [|Pa, All% + 4]|Pa, Al| - [|[(A = B)y||r)"/? by Equation 1
= ([[A— Apl|% + 4l Akl| - [|[(A = B)gl|p)"/?
< |IA— Allr +2(||Akl] - [|(A = B)illp)"/?

using that /= +y < /x4 ,/y. And by Equation 2,

|A=Billr < |[A=PpAllr+ /(A= B)llr
< A= Allp + 2(Al - 1A = B)lle) 2 + 11(A = Bl

Taking B = A = A+ N, this gives
14 = Apllr < 1A — Akllp +2(1| Akl - [Nkl |#)"/? + || Nel| 7, (3)

which completes the proof of the second part of the lemma.

6 Applications of the above lemma

The lemma above establishes that a rank k approximation of the perturbed matrix may not be too much
worse. Now, we give two examples where perturbing can help in terms of memory and speed:

1. In representing A, each a;; takes 32 or 64 bits.

2. Iterative eigensolvers depend on the number of non-zero entries of A.

6.1 Quantize the data
Given A, let b = max;; |A;;| and define

N {+b wp. 1/2+ Ay;/(2b) (4)

T <b wp. 1/2 — Ay /(2D)
Now, E[/LJ] = A;; and Var[/lij] =b> - A;; and all the /Lj are independent. It follows from Theorem 3.1

of the Achlioptas and McSherry paper, that with high probability, ||A — A||f or 2 is not too large. By the
lemmas, a low rank approximation to this quantized version of A will not be too bad.

l|A — P, Allr + ||Pa-p), (A — B)||r since (A — B)y, is the best rank k approx. to A — B.



6.2 Sparsify the data

Let p = (810%)4. Here, we sample (independently) elementwise :

()

A - Aij/p wp.p
ij —
0 wp. 1 —p

So E[Aij] = A;; and Var[Aij] = A?j(l/p —1) < b?/p. And with high probability |[(4 — A)|| <
"2(1 4 €)ay/n)” < 4by/n/p.
We can actually do better by non-uniform sampling: Let p;; = pA%j /b? and

A/ wpwy
Aij — 0 J J J (6)
wp. 1 — p;j

We still have E[A;;] = A;; and Var[A;;] = A7;(1/pij — 1) and the error bounds still hold. The expected

number of non-zero elements is in this case

pmn [|A|[%

E[Num. non-zeros| = Zpij = p||A]|%/b* = (7)

b2 mn

(Alternatively, we can use p;; ~ A;; for small entries to keep from violating the bound constraint.)
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