� THE ART OF COMPUTER PROGRAMMING^�

� ERRATA TO VOLUME 2 (after 2010)^�

This document is a transcript of the notes that I had been making in my personal copy of The Art of Computer Programming, Volume 2 (third edition, 26th printing) from the time it was printed in 2011 until the 45th printing came out in 2022. Previous errata are recorded in another file ‘all2-prepre.ps’.

Four levels of updates — “errors,” “amendments,” “plans,” and “improvements” — appear, indicated by four different typographic conventions:

�Page 666 line 1 04 Jul 1776 Technical or typographical errors (aka bugs) are the most critical items, so they are flagged with a ‘ � ’ preceding the page number. The date on which I first was told about the bug is shown; this is the effective date on which I paid the finder’s fee. The necessary corrections are indicated in a straightforward way. If, for example, the book says ‘n’ where it should have said ‘n + 1’, the change is shown thus:

n � n + 1

Page 666 line 2 14 Jul 1789 Amendments to the text appear in the same format as bugs, but without the ‘ � ’. These are things I wish I had known about or thought of when I wrote the original text, so I added them later. The date is the date I drafted the new text.

Page 666 line 3 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 Nov 1917 Plans for the future represent a third kind of item. In such notes I sketched my intentions about things that I wasn’t ready to flesh out further when I wrote them down. You can identify these items because they’re written in slanted type, and preceded by a bunch of dots ‘. . . . . . . . . . . . ’ leading to the date on which I recorded the plan in my files.

Page 666 line 4 10 Jan 1938

The fourth and final category — indicated by page and line number in smaller, slanted type — consists of minor corrections or improvements that most readers don’t want to know about, because they are so trivial. You wouldn’t even be seeing these items if you hadn’t specifically chosen to print the complete errata list in all its gory details. Are you sure you wanted to do that?

My shelves at home are bursting with preprints and reprints of significant research results that I want to digest and summarize, where appropriate, in the ultimate edition of Volume 2. I didn’t do that in the third edition because I would surely have to do it over again later: New results continue to pour forth at a great rate, and I will have time to rewrite that volume only once. Volumes 4 and 5 need to be finished first. So I’ve put most of my effort so far into writing up those parts of the total picture that seem to have converged to their near-final

2 INTRODUCTION

form. It follows, somewhat paradoxically, that the updates in this document are most current in the areas where there has been least activity.

On the other hand I do believe that the changes listed here bring Volume 2 completely up to date in two respects: (1) All of the research problems in the previous edition — i.e., all exercises that were rated 46 and above — have received new ratings of 45 or less whenever I learned of a solution; and in such cases, the answer now refers to that solution. (2) All of the historical information about pioneering developments has been amended whenever new details have come to my attention.

The ultimate, glorious, 100% perfect editions of Volumes 1–4 are works in progress. Please let me know of any improvements that you think I ought to make. Send your comments either by snail mail to D. E. Knuth, Computer Science, Gates Building 1B, Stanford University, Stanford CA 94305-9015, or by email to taocp@cs.stanford.edu. (Use email for book suggestions only, please — all other correspondence is returned unread to the sender, or discarded, because I have no time to read ordinary email.) Although I’m working full time on Volume 4 these days, I will try to reply to all such messages within a year of receipt. Current news about The Art of Computer Programming is posted on

http://www-cs-faculty.stanford.edu/~knuth/taocp.html

and updated regularly. — Don Knuth, January 2011

Oh! If only someone would give me time, time, time to do everything properly, to read everything at my own tempo, to take it apart and put it together again.

— KARL BARTH (1922)

� SEMINUMERICAL ALGORITHMS^�

Copyright © 2011, 2012, . . . , 2020, 2021, 2022 Addison–Wesley Last updated 16 August 2022

All of these corrections have been made in subsequent printings. �Page 0 (on the back page of the dustcover, line 23) 10 Sep 2012

Whatever your backgound, � Whatever your background, Page vii line 5 before the author’s signature 23 Sep 2015 nobody noticed � nobody else noticed Page x line 16 16 Jun 2011 a 45 rating � a 40 rating Page x line 20 30 Jan 2013 creativity. � creativity. All exercises with ratings of 46 or more are open problems for future research, rated according to the number of different attacks that they’ve resisted so far.

Page xi new rating of exercise 3 24 Jan 2014 [34 ] � [M34 ] Page 7 lines 14 and 15 28 Apr 2017 the digit he names � that digit Page xiii new page number for Section 4.5.4 10 Jul 2018 379 � 380 Page 3 lines −15 and −14 16 Jul 2020 rap music. . . . noise.”) � rap music.

Page 13 lines 1 and 2 15 Sep 2011 overflow will be on after program (2) if and only if the result equals w � the result equals w if and only if program (2) turns overflow on Page 17 after the statement of Theorem A 13 Mar 2014 The ideas � Proof. The ideas Page 20 lines 8 and 14 13 May 2016 smallest integer λ � smallest positive integer λ Page 20 new sentence at the beginning of Theorem C 13 May 2016 Let p be a prime number.

Page 24 in the line before (4) 14 May 2016 the least integer s � the least positive integer s Page 34 two lines after (14) 16 Sep 2014 of overhead � of additional overhead

�Page 39 line 1 of exercise 19 18 May 2016 [M41 ] � [M40 ] specified in the first column � specified by the first two columns Page 40 new exercise 21 Apr 2019 38. [20 ] (H. Nakazawa, 2004.) Show that multiplicative congruential sequences with unbounded moduli can be considered to be “universal” in the following approximate sense: If ⟨xn⟩ is any periodic b-ary sequence whatsoever, with 0 ≤ xn < b and x_{n+λ} = xn for all n ≥ 0, let X = (x0x1 . . . x_{λ−1})_b. Then the sequence ⟨Xn⟩ defined by X0 = X/d, m = (b^λ − 1)/d, d = gcd(X, b^λ − 1), and Xn+1 = bXn mod m satisfies |Xn/m − xn/b| < 1/b for all n. Page 43 lines 9 and 10 10 May 2017 at least one that has proved to be most important � or at least one that has become traditional Page 46 lines 13 and 14 14 Feb 2017 reject the value V = 4.27 � reject the value V =^{64}_{15} ≈ 4.27 V ≥ 4.27 � V ≥^{64}_{15} Page 50 line 1 15 Nov 2016 following statistics: � following “supremum” statistics:

Page 56 lines 2 and 3 after (20) 29 Apr 2014 over the interior of a (k − 1)-dimensional hypersphere � over a (k − 1)-dimensional ball Page 56 new paragraph before the bottom three lines 10 May 2017 G. Valiant and P. Valiant recently discovered, to everyone’s surprise, that k∑ s=1 (Y_s − np_s)^2 − Y_s p^{2/3}_s (23) is superior to the chi-square statistic (6). [See SICOMP 46 (2017), 429–455.] Page 56 bottom line 10 May 2017 [delete the equation number (23)] Page 68 line 4 after (14) 20 Apr 2019 consists of � amounts to Page 117 line −4 02 Apr 2013 [HM47 ] (I. Borosh.) � [HM48 ] (I. Borosh and H. Niederreiter.)

Page 135 line 12 01 May 2017 beta variate � beta deviate Page 135 line 13 23 Apr 2017 The t-distribution � Student’s t-distribution

Page 135 line −12 29 Apr 2014 Random point on an n-dimensional sphere � Random point on the surface of an n-dimensional ball Page 136 line 1 29 Apr 2014 n-sphere � n-ball Page 136 line −10 01 May 2017 beta variate � beta deviate Page 145 line 25 23 Feb 2012 Let X1, X2, . . . , Xt be a set � Let (X1, X2, . . . , Xt) be a sequence �Page 151 line −11 17 Sep 2017 exercise 5 � exercise 4 Page 153 line 1 21 Apr 2019 these integer sequences � these 2^j -ary sequences Page 176 line −10 29 Jun 2017 no factoring algorithm � no usable factoring algorithm Page 183 rating of exercise 39 08 Sep 2016 [HM45 ] � [HM42 ] Page 185 and possibly 186 27 Sep 2019 just before the C code, say ‘with the following C code:’ and just after it, say ‘Here X is type long, . . . ’.

Page 188 lines 2 and 5 of the displayed program 14 Sep 2019

ran_start(310952); � ran_start(310952L); (twice)

Page 189 a new quotation to insert before the exercises 06 Feb 2013

Almost all good computer programs contain at least one random-number generator.

— DONALD E. KNUTH, Seminumerical Algorithms (1969)

�Page 196 line −11 08 Jun 2011 Pratiche del calcolo � Pratiche di calcolo �Page 196 line −8 20 Nov 2015 sand and/or pebbles � sand or pebbles �Page 197 line −4 10 Apr 2021 never used sexagesimals � used sexagesimals only rarely �Page 200 line 20 24 Jan 2013 an appendix to his little book Rhabdologia � part three of his little book Rabdologiæ

�Page 200 line −15 13 Sep 2011 K. Gehrhardt � C. I. Gerhardt Page 203 line 15 23 Nov 2018 shifting right does not divide � shifting right, in the latter, does not always divide Page 209 lines 5 and 6 01 Mar 2018 system, which was known in 13th-century India, � system [C.-A. Laisant, Bull. Soc. Math. France 16 (1888), 176–183], Page 214 lines 20 and 21 28 Jun 2020 Avogadro’s number . . . erg sec. � Avogadro’s number N = 6.02214076 × 10^{23} mol^{−1}, or very small numbers like Planck’s constant h = 6.62607015 × 10^{−34} J s.

Page 214 new values in (3) 28 Jun 2020 Avogadro’s number N = (74, +.60221408); Planck’s constant h = (17, +.66260702). (3) Page 231 line 15 17 Aug 2021 properly. � properly. (These laws assume, of course, that there’s no overflow or underflow.)

Page 238 lines −12 thru −8 28 Jun 2020 For example, . . . would be nice � Before 2019, for example, the values of Avogadro’s number and Planck’s constant were not known to eight significant digits, and it would have been more appropriate to denote them, respectively, by (26, +.000602214) and (−30, +.00066261) instead of by (24, +.60221408) and (−33, +.66260702). It would be nice Page 238 bottom two lines 28 Jun 2020 (1, +.00039903) � (−6, +.00039903) (27, +.00060221) � (26, +.00602214) Page 240 replacement for the bottom two lines 28 Jun 2020 N = [ (24, +.60221407) . .(24, +.60221408) ] , h = [ (−33, +.66260701) . .(−33, +.66260702) ] ; Page 241 replacement for lines 2 and 3 28 Jun 2020 N ⊕ h = [ (24, +.60221407) . .(24, +.60221408) ] , N ⊗ h = [ (−9, +.39903126) . .(−9, +.39903128) ] . �Page 243 line 2 of exercise 7 31 May 2021 2(u^2◯ + v^2◯) � 2(u^2◯ ⊕ v^2◯)

Page 245 new exercise 17 Jan 2014 32. [M21 ] For what pairs (a, b) is round to even(x) = ⌊ax + b⌋ + ⌈ax − b⌉ for all x? Page 255 line 6 09 Apr 2015 Dept of � Dept. of �Page 275 line 19 04 Apr 2011 235M � 23.5M Page 279 new paragraph to precede part ‘3)’ 02 May 2021 N. Möller and T. Granlund, IEEE Trans. C-60 (2011), 165–175, have developed highly tuned methods that work well on modern machines. Page 280 line 26 14 Mar 2019 Stay tuned for new records as we move into a new millennium. � By 14 March 2019 the world record had risen to 31,415,926,535,897 digits(!), obtained by A. J. Yee and E. H. Iwao using the Chudnovsky formula together with exercise 39. That computation, which involved 170 terabytes of data, took 121 days on 25 cloud-based virtual machines.

�Page 287 lines 2 and 3 10 Apr 2021 Sun Tsǔ, who gave . . . 473. � Sun Tsǔ, probably some time after A.D. 280 and some time before A.D. 473.

Page 287 lines 7 and 8 10 Apr 2021 (1247); the latter . . . exercise 3. � (1247). Ch’in called it ta-yen-shu (the “great generalization procedure”), and considered also the case where the moduli might have common factors, as in exercise 3.

�Page 290 line −4 14 Sep 2019 (u_1, . . . , u_r) is less than (u^′_1, . . . , u^′_r) � (v_1, . . . , v_r) is less than (v^′_1, . . . , v^′_r) Page 293 line 4 of exercise 13 26 Nov 2012 218 � 218, 1 Page 295 line −13 15 Nov 2016 in Doklady Akad. Nauk SSSR 145 (1962), 293–294 [English � [see Doklady Akad. Nauk SSSR 145 (1962), 293–294; English Page 295 line −11 12 Nov 2018 before 1962 � before 1960 Page 308 line −16 12 Mar 2015 column for v̂s � column for 2^7 v̂s Page 311 new paragraph following line 25 16 Sep 2021 In fact, O(n log n) bit operations suffice also in the ordinary Turing machine model, as shown in 2019 by D. Harvey and J. van der Hoeven [Ann. Math. 191 (2021), 563–617], using asymptotically fast transforms on multivariate polynomials.

Page 311 near the bottom 02 Mar 2011

Supercomputing 2 (1988) � Supercomputing 2 (International Supercomputing Institute, 1988)

Page 323 replacement for the bottom 19 lines 10 Jul 2018

ber, inserting a radix point after the leading digit. Then at the kth step, double the leading digits left of the point, using decimal arithmetic; and subtract this from the leading digits after shifting the point right, again using decimal arithmetic. The process terminates in m steps if the given number has m + 1 digits. The radix point clarifies which digits are to be doubled.

Example 1. Convert (1234567 )_8 to decimal.

1.2 3 4 5 6 7 − 2 1 0.3 4 5 6 7 − 2 0

8 3.4 5 6 7 − 1 6 6

6 6 8.5 6 7 − 1 3 3 6

5 3 4 9.6 7 − 1 0 6 9 8 4 2 7 9 8.7 − 8 5 5 9 6 3 4 2 3 9 1 Answer: (342391)_{10}.

Page 324 lines 5 and 6 10 Jul 2018

1 + 4 + · · · 36 � 3 + 4 + 2 + 3 + 9 + 1 = 22, and 7 − 6 + 5 − 4 + 3 − 2 + 1 = 4; the difference is 18

Page 324 replacement for lines 15–34 10 Jul 2018

Converting decimal integers to octal. A similar procedure can be used for the opposite conversion: Write down the given decimal number, inserting a radix point after the leading digit. Then at the kth step, double the leading digits left of the point, using octal arithmetic; and add these to the leading digits after shifting the point right, again using octal arithmetic. The process terminates in m steps if the given number has m + 1 digits.

Example 2. Convert (342391)_{10} to octal. 3 . 4 2 3 9 1 + 6 4 2 .2 3 9 1 + 1 0 4

5 2 6 .3 9 1 + 1 2 5 4

6 5 3 7 .9 1 + 1 5 2 7 6 1 0 2 6 7 7 . 1 + 2 0 5 5 7 6 1 2 3 4 5 6 7 Answer: (1234567 )_8.

(Notice that the nonoctal digits 8 and 9 might enter into this octal computation.) Page 327 new paragraph before the exercises 02 May 2021 See T. Granlund and P. L. Montgomery, SIGPLAN Notices 29, 6 (June 1994), 61–72, for state-of-the-art techniques that convert binary integers to decimal strings without division.

Page 328 replacement for exercise 11 11 Jul 2018 11. [18 ] Convert (21446 )8 to decimal, and back again to octal.

Page 329 exercise 19 is now “recommended” 06 Sep 2013 19. � � 19.

Page 334 line −2 17 Mar 2015 2250 years � 2300 years Page 339 lines 1 and 2 after Fig. 9 06 Sep 2013 just a little more code than for Algorithm A. � a bit more code than for Algorithm A, but the steps are elementary.

Page 343 lines 13 and 14 20 Apr 2021 can be traced to . . . Northern India � can be traced to the Āryabhat.īya (c. 500) by Āryabhat.a of northern India Page 351 in (58) 22 Mar 2021 B_k � (−1)^kB_k Page 352 replacement for the paragraph that contains (61) 08 Feb 2016 All of these calculations are highly plausible, but they rely on unproved assumptions. By introducing a slightly different model, and applying deep methods from the theory of dynamical systems, Brigitte Vallée was finally able to complete the first rigorous analysis of Algorithm B [see Algorithmica 22 (1998), 660–685]. Her results led her to suspect that the constants λ and b might be related by the remarkable formula λ b = 2 ln 2 π^2 ; (61) and indeed, she was right! More than a decade later, Ian D. Morris found a proof of (61), as a byproduct of an analytic tour de force with which he successfully demonstrated the complete validity of Brent’s model [see exercise 34]. Page 355 replacement for exercise 31 08 Feb 2016 31. [HM46 ] Prove or disprove the “wild conjecture” in the answer to exercise 25. Page 355 replacement for exercise 34 08 Feb 2016 34. [HM44 ] Find a rigorous proof that Brent’s model describes the asymptotic behavior of Algorithm B, and indeed that G(z) is an analytic function when ℜz > 0. Page 367 replacement for line −8 18 Sep 2011 Furthermore r_n ≤ |I ∩ P_n| ≤ r_n + t_n, because I_N ⊆ I ⊆ I_N ∪ K. Consequently Page 367 replacement for line −5 18 Sep 2011 Given ϵ, this holds for all n; so lim_{n→∞} r_n/n = lim_{n→∞}(r_n + t_n)/n = μ(I).

�Page 378 and 379, in the 2019 printings only 01 Jan 2020 [The first two lines of exercise 4.5.3–43, quoted here, were mistakenly dropped when the new exercise 4.5.3–52 was added.]

43. [M30 ] (D. W. Matula.) Show that the “mediant rounding” rule for fixed slash or floating slash numbers, Eq. 4.5.1–(1), can be implemented simply as follows, when Page 379 new exercise 10 Jul 2018 �52. [M21 ] (A. Ostrowski, 1922.) Let a1, a2, . . . be a sequence of positive integers, and let qn = Kn(a1, . . . , an) as in exercise 42 and other exercises. Prove that every nonnegative integer n has a unique representation of the form

n = c0q0 + c1q1 + c2q2 + · · · , 0 ≤ c_k ≤ a_{k+1},

where c_k = a_{k+1} implies that k > 0 and c_{k−1} = 0. (When a_k = 1 for all k, this is the Fibonacci number system of exercise 1.2.8–34.)

Page 382 replacement for (5) 09 Dec 2011 π(x) ≈ lg x∑

k=1 μ(k) k L (_k√ x ) = L(x) − 1 2 L (√ x ) − 1 3 L (_3√ x ) + · · · (5) Page 387 line 10 20 Apr 2019 consists of searching � searches Page 404 line 18 06 Nov 2011 is between 0 and N � lies in the range 0 ≤ xi < N Page 404 line 22 05 Oct 2011 (x^3)^d mod N = x � each secret component (x^3_i mod N)^d mod N = xi

Page 409 another Mersenne prime 16 Feb 2013 [add ‘57885161’ to (26), and use it instead of 43112609 in the remarks below, noting that 2^{57885161} − 1 has 17,425,170 decimal digits] Page 409 well, yet another Mersenne prime 15 Apr 2016 [add ‘74207281’ to (26), and use it instead of 43112609 in the remarks below, noting that 2^{74207281} − 1 has 22,338,618 decimal digits] Page 409 and the 50th and 51st 24 Apr 2019 [add ‘77232017’ and ‘82589933’ to (26), and use the latter instead of 74207281 in the remarks below, noting that 2^{82589933} − 1 has more then 24 million decimal digits] Page 417 replacement for lines 3–9 of exercise 47 23 Oct 2012

(8372e6cadf564a9ee347092daefc242058b8044228597e5f2326bbbff1583ea4200d895d9564d39229c79af8
 72a72e38bb92852a22679080e269c30690fab0ec19f78e9ef8bae74b600f4ebef42a1dd5a6d806dc70b96de2
 bf4a6c7d2ebb51bfd156dd8ac3cb0ae1c1c38d76a3427bcc3f12af7d4d04314c0d8377a0c79db1b1f0cd1702,
 2aabcd0f9f1f9fb382313246de168bae6a28d177963a8ebe6023f1c5bd8632caee9604f63c6a6e33ceb1e1bd
 4732a2973f5021e96e05e0da932b5b1d2bc618351ca584bb6e49255ba22dca55ebd6b93a9c94d8749bb53be2
 90650878b17f4fe30bbb08453929a94a2efe3367e2cd92ea31a5e0d9f466870b162272e9e164e8c3238da519)

in hexadecimal notation, where N is

c97d1cbcc3b67d1ba197100df7dbd2d2864c4fef4a78e62ddd1423d972bc7a420f66046386462d260d68a8b2
3fbf12354705d874f79c22698f750c1b4435bc99174e58180bd18560a5c69c4eafb573446f79f588f624ec18
4c3e7098e65ac7b88f89e1fadcdc3558c878dde6bc7c32be57c5e7e8d95d697ad3c6c343485132dcbb74f411.

Page 424 line 18 30 Jan 2022 Pedro Nuñez � the Portuguese mathematician Pedro Nuñez Page 424 line −15 30 Jan 2022 Simon Stevin � the Flemish mathematician Simon Stevin Page 435 lines 6 and 7 09 Mar 2013 derived by C. L. Dodgson (aka Lewis Carroll) from a theorem of Jacobi, is also highly relevant to these methods. � published in 1853 by Felice Chiò and rediscovered by C. L. Dodgson (aka Lewis Carroll), is also highly relevant. Page 435 line 8 03 Mar 2021 paper #R5, §3 � #R5, 1–13, §3 �Page 453 replacement for line 5 22 Apr 2012 deg(v_{i1} ) + · · · + deg(v_{id} ) ∈ ⋂ D_j . Page 453 line 24 22 Jan 2015 in practice. � in practice. Mark van Hoeij [J. Number Theory 95 (2002), 167–189] has found an efficient way to apply LLL when those heuristics fail; its running time depends on r, not n.

�Page 478 line 6 30 Aug 2011 c(33) � c(39)

Page 478 lines −11 through −5 30 Aug 2011 Computer calculations . . . Arnold Scholz � Notice that 2^n −1 is the worst case for the binary method, because ν(2^n −1) = n. E. G. Thurber [Discrete Math. 16 (1976), 279–289] has shown that several of these values, including the case n = 32, can actually be calculated by hand. Computer calculations by Neill Clift [Computing 91 (2011), 265–284] show that l(2^n − 1) is in fact exactly equal to n − 1 + l(n) for 1 ≤ n ≤ 64. Arnold Scholz �Page 478 line −3 30 Mar 2011 deutschen � Deutschen �Page 482 line 2 of exercise 11 16 Apr 2015 all i in the chain � all ai in the chain Page 490 line 6 after (9) 29 Apr 2013 savings is worthwhile � change is worthwhile Page 496 better wording in lines 17–19 13 Sep 2019 complete the proof, . . . possible � complete the proof; but we must be careful because the polynomials that are obtained, as β1, . . . , βq+1 range over all real values, may not include all polynomials that are representable by the original chain (see exercise 26). It is possible Page 501 lines 1–3 01 Aug 2017 The best . . . 2n^2 − 1 � Exercise 67 discusses how Coppersmith and Winograd [SICOMP 11 (1982), 472–492] lowered this further, eventually leading to O(n^{2.373}). By contrast, the best current lower bound is 3n^2 − O(n^2/log n) (see exercise 12).

Page 523 rating of exercise 68 08 Sep 2016 [M45 ] � [M46 ] Page 524 last line of exercise 73 16 Feb 2011 steps. � steps. How big can their determinants be?

Page 537 a new quotation to append here 03 Dec 2012

This business of series, the most disagreeable thing in mathematics, is no more than a game for the English;

Stirling’s book, and the one by de Moivre, are proof.

— PIERRE DE MAUPERTUIS, letter to d’Ortous de Mairan (30 Oct 1730)

Page 537 another new quotation to append here 23 Oct 2012

He was daunted and bewildered by their almost infinite series. — G. K. CHESTERTON, The Man Who Was Thursday (1907) Page 538 line 2 of answer 3 24 Jan 2014 422481^4 . � 422481^4 and (therefore) 191600^4 + 435038^4 + 829120^4 = 844962^4 .

Page 547 line 11 of answer 14 13 May 2016 x_{j mod λ}, where � x_{j mod λ}, where λ is the least positive integer with Page 548 line 6 of answer 11 01 Nov 2018 maximum period � maximum order Page 551 line 2 14 May 2016 Yn+1 ≈ � Yn+1 = �Page 554 line −4 of answer 11 28 Apr 2017 An+p � A_{n+pλ} Page 555 new answer 05 Sep 2013 20. For k = 64 one can use CONTENTS(A) = (243F6A8885A308D3)16 (the bits of π!). Page 559 new answer 21 Apr 2019 38. In fact [www10.plala.or.jp/h-nkzw/04eprsq1.pdf], bXn = mxn +Xn+1 for all n. Page 564 line 4 10 May 2017 following Eq. 3.3.1–(23) � preceding Eq. 3.3.1–(24) Page 569 top half of page 22 Mar 2021 line 6 and line 13: k^l � (−k)^l line 8: 1 − e^{−z} � e^z − 1 line 11:^{n(n+1)}_2 B1 � −^{n(n+1)}_2 B1 �Page 579 bottom line 10 Jul 2012 5 (1848) � 13 (1848) Page 584 line 5 of answer 31 02 Apr 2013 172. � 172, and an excellent survey of later work has been prepared by A. Kontorovich in Bull. Amer. Math. Soc. 50 (2013), 187–228.

�Page 584 line −3 of answer 31 02 Apr 2013 BIT 25 (1980), 193–208 � BIT 23 (1983), 65–74 Page 591 lines 6 and 7 of answer 8 17 Sep 2011 (N − j − k)/(N − j) � ((N − j − k)/(N − j)) �Page 608 line 15 of answer 24 22 Aug 2019 (3) 18 (1978), 581–595 � (3) 37 (1978), 213–229 Page 611 replacement for answer 1 28 Jun 2020 1. N = (62, +.60 22 14 08); h = (34, +.06 62 60 70). Note that the quantity 10h would be (34, +.66 26 07 02).

Page 614 last line of answer 7 31 May 2021 u^2◯ + v^2◯ = (.10 . . . 011)2 � u^2◯ + v^2◯ = (.10 . . . 011)2 = u^2◯ ⊕ v^2◯ Page 614 lines 3–4 of answer 15 14 Sep 2019 there are numbers v ≠ w such that v ⊕ v = w ⊕ w � there are numbers v such that (v ⊕ v) ⊘ 2 ≠ v

14 EARLIER CHANGES TO VOLUME 2: SEMINUMERICAL ALGORITHMS

�Page 615 line −2 05 Mar 2021 sn ⊖ cn � sn − cn Page 617 in answer 29 29 Dec 2019 ĥ � h (twice)

Page 617 new answer 17 Jan 2014 32. (J. Ziegler Hunts, 2014.) a = 1/2 and b mod 1 = 1/4.

�Page 618 first line of answer 5 24 Nov 2012 lines 22 � lines 23 �Page 618 line 4 of answer 7 24 Nov 2012 .99999999 � −.99999999 �Page 619 line −2 of answer 8 24 Nov 2012 better then � better than �Page 626 line 008 of answer 25 04 Apr 2011 V+N+1 � TEMP and (v + 1) � (vn−1 + 1)

�Page 626 lines 110 and 111 of answer 26 04 Apr 2011

DEC2 � DEC1 and j + 1 � j − 1 and J2NN � J1NN

�Page 632 in answer 14 31 Jul 2020 w = ∑_{n−1} k=0 t_ka_k2^{kq/n} where t_k ≈ z_k/a_k � w = ∑_{n−1} k=0 t_ka_k2^{kq/n−1} where t_k ≈ 2z_k/a_k from those integers. � from those integers, although overlapping bit sequences must be added together before reducing mod 2^q − 1.

�Page 633 line 5 of answer 4 09 Jul 2012 1 2 (W (j) − W (−j)) � (W (j) − W (−j))/(2j).

Page 634 first lines of answer 15 07 Aug 2020 The best upper bound known . . . pointer machines. � M. J. Fischer and L. J. Stockmeyer achieved time O(n(log n)^2 log log n) [J. Comp. and Syst. Sci. 9 (1974), 317– 331]; their construction works on multitape Turing machines, and it is O(n log n) on pointer machines. That upper bound was improved to O(n log n e^{√ln 4√ln ln n} √ ln ln n) by J. van der Hoeven [Int. Symp. Symbolic and Algebraic Comp. 39 (2014), 405–412]. Page 634 last line of answer 16 21 Nov 2020 K(−1) = 1 and K(1) =^1_5 . � K(−2) = 2, K(−1) = 1, and K(1) =^1_5 , if we’re cavalier about convergence.

Page 635 line 1 of answer 3 19 Feb 2011 Jon L. White � Jon L White

Page 637 replacement for answer 11 11 Jul 2018 11. 2. 1 4 4 6 − 4 1 7. 4 4 6 − 3 4

1 4 0.4 6 − 2 8 0 1 1 2 4. 6 − 2 2 4 8 8 9 9 8 Answer: (8998)10 .

8 .9 9 8 + 2 0

1 3 1 .9 8 + 2 6 2 1 6 0 3 .8 + 3 4 0 6 2 1 4 4 6 Answer: (21446 )8.

Page 643 line 2 of answer 27 22 Mar 2021 B_l � (−1)^lB_l Page 645 replacement for answer 34 08 Feb 2016 34. Ian D. Morris [Advances in Mathematics 290 (2016), 73–145, whose function ξ(z) is G^′(z)] has successfully resolved this long-standing problem by applying and extending delicate methods of dynamical systems theory. Thus the problem of analyzing the binary gcd algorithm, now solved rigorously by Valleé and Morris in two quite different ways, continues to lead to ever more tantalizing questions of higher mathematics. Page 645 line 3 of answer 36 23 Dec 2020 representation. Notice � representation, and it arises in diverse applications. See H. Brocard, Nouvelle Corresp. Math. 6 (1880), 146. Notice �Page 645 line −2 13 Dec 2013 simulated odd operand � simulated even operand Page 646 line 1 of answer 39 23 Jan 2014 Penk.) � Penk.) Assume that u and v are positive.

Page 646 line −2 of answer 39 20 May 2015 Computers and Math. 14 (1987), 233 � Computers and Mathematics with Applications 14 (1987), 233–238 Page 654 lines 9–10 of answer 40 16 May 2017 by M. A. Stern . . . Crelle � by G. Eisenstein, who described them on 14 January 1850 in a letter to his friend M. A. Stern [see Eisenstein’s Mathematische Werke 2 (1975), 819]. Stern developed the ideas in Crelle Page 657 new answer 10 Jul 2018 52. Induction. [See Abhandlungen Math. Sem. Hamburg 1 (1922), 77–98, 249–250.] Page 658 in the top paragraph 22 May 2015 = 1.98277 √ m � ≈ 1.98277 √ m and ∼ 1.92600 √ m � ≈ 1.92600 √ m �Page 663 line 2 of answer 25 10 Dec 2011 if n � if x �Page 667 last line of answer 41 25 May 2015 impracticably large. � impracticably large.]

16 EARLIER CHANGES TO VOLUME 2: SEMINUMERICAL ALGORITHMS

Page 671 new answer 23 Oct 2012 47. Earlier printings of this book had a 211-digit N, which was cracked in 2012 using the elliptic curve method and the general number field method by Greg Childers and about 500 volunteers(!).

Page 675 line 4 17 Jan 2022 xj − s_k | s_k ∈ Sj � xj − s_{jk} | s_{jk} ∈ Sj Page 683 line 10 30 May 2015 Graeffe, Auflösung � Gräffe, Die Auflösung Page 691 in answer 2 16 Sep 2014 line 25: L = λ(n) � L = λn = ⌊lg n⌋ line 26: K = ν(n) � K = νn Page 700 lines 7–16 05 Feb 2021 is 100 noncommutative . . . following (36). � is 98 noncommutative multiplications, by A. Sedoglavic and A. V. Smirnov [see arXiv:2101.12568 [cs.CC] (2021), 8 pages]. The best lower bound known so far is due to J. M. Landsberg, A. Massarenti, and E. Raviolo, who showed that m × n by n × n multiplication requires at least (2 − 1/p)mn + n^2 − (2 (_{2p−2} p ) − (_{2p−4} p−2 ) + 2)n nonscalar multiplications, for any p ≤ n. [See SICOMP 43 (2014), 144–149; arXiv:1211.6320 [cs.CC] (2013), 10 pages.] Setting m = n and p ≈^1_2 lg(n/lg n) gives the asymptotic lower bound 3n^2 − O(n^2/ log n).

The best upper bounds known for large n are discussed in answer 67. �Page 709 line −3 15 Jun 2015 one of the F ’s or S’s � one of the F ’s or s’s Page 714 line 6 of answer 60 05 Feb 2021 method of Makarov � method of Sedoglavic and Smirnov �Page 715 replacement for lines 2, 3, 4 of answer 64 21 Dec 2011 (x_{k1} + u^2x_{k2})(y_{2k} + u^2y_{1k})z_{kk} + (x_{k1} + u^2x_{k3})y_{3k}((1 + u)z_{kk} − u(z_{1k} + z_{2k} + z_{3k} )) − x_{k1}(y_{2k} + y_{3k} )(z_{k1} + z_{k2} + z_{k3}) and g_{jk}(u) = (x_{k1} + u^2xj3)(y_{3k} + uy1j )(z_{kj} + uz_{jk}) + (x_{k1} + u^2xj2)(y_{2k} − uy1j )z_{kj} . [The best upper bound known for (T (3, 3, 3)) is 23; Page 717 replacement for last paragraph of answer 67 16 Sep 2021 [Sophisticated refinements yield ω < 2.3729. See J. Symbolic Comp. 9 (1990), 251– 280; A. Ambainis, Y. Filmus, and F. Le Gall, STOC 47 (2015), 585–593; J. Alman and V. Vassilevska Williams, SODA 32 (2021), 522–539.]

Page 728 in Table 3 (the value of B1) 21 Mar 2021 −1/2 � 1/2 Page 730 through page 734 07 Apr 2012 [replace the notation (R =⇒ x; y) by (R? x: y) in fourteen places] Page 731 Bernoulli number entry 21 Mar 2021 (e^z − 1) � (1 − e^{−z})

Page 735 and 736 new entries for Appendix C 17 Apr 2011 Program 4.3.1A^′ , 623. Program 4.3.1B, 624. Program 4.5.2A^′ , 373.

�Page 735 in Appendix C 17 Apr 2011 Algorithm 3.3.4S, 101–103. Program 4.2.3D, 251–252. Program 4.3.1D, 273–275, 626. Algorithm 4.5.4F, 659–660. Theorem 4.6.4C, 496. Theorem 4.6.4W, 513–514.

18 EARLIER CHANGES TO VOLUME 2: SEMINUMERICAL ALGORITHMS

Page 737 and following 01 Jan 2011 Miscellaneous changes to the existing index of Volume 2 are collected here, including corrections and amendments to the old entries as well as new entries that are occasioned by the new material. Thus, the lines of the full index that have changed serve also as an index to the present document. However, when a correction or amendment has caused an old index entry to be deleted, the deletion is usually not indicated.

⇐⇒: If and only if.

π (circle ratio), as “random” example, 21, 25, 33, 47, 52, 89, 103, 106, 108, 184, 238, 243, 252, 324–325, 555, 592, 599, 665.

al-Samaw’al (= as-Samaw’al),

ibn Yah. yā ibn Yahūda al-Maghribı (ÁńØÌŤ£m ÞpŔřÌ£m mŁØÔÚ Ñp ÜÛĎÚ Ñpm, modern form ¿cØÌŤ£m), 198.

Alt, Helmut Gustav, 706.

Alman, Joshua Hillel [= Josh], 717. Ambainis, Andris, 717.

Aristotle of Stagira, son of Nicomachus (>Aristotèlhc NikomĹqou å StagirÐthc), 335.

Arney, James William, 385. Āryabhat.a I (aAyflBV), 343. Arwin, Axel Johan Daniel, 687. Berkowitz, Stuart Jeffrey, 718. Blum Horowitz, Manuel, 36, 174, 179. Boyar, Joan Faye, 599.

Brocard, Pierre René Jean Baptiste Henri, 645.

Charles XII of Sweden (Karl XII), 200. Chebyshev (= Tschebyscheff), Pafnutii Lvovich (Qebyxev¨, Pafnutfiæ L~voviq¨ = Qebyxev, Pafnutiæ L~voviq), inequality, 183, 669.

Chesterton, Gilbert Keith, 417, 537. Childers, James Gregory, 671. Chiò, Felice, 435.

Chor, Benny (XEY OEIV -OA), 669.

Convergents, 375, 378–379, 397, 438–439, 617, 622.

Davis, Horace Chandler, 606.

de Mairan, Jean-Jacques d’Ortous, 537. de Maupertuis, Pierre-Louis Moreau, 537. de Moivre, Abraham, 537. Dynamical systems, 35, 352, 645. e (base of natural logarithms), 12, 76, 359, 726–727, 733.

as “random” example, 21, 33, 47, 52, 108, 345–346.

Eisenstein, Ferdinand Gotthold Max, 457, 654.

Elliptic curve method, 402, 671. Eulerian trail, 597.

Factorization, of integers, 13–14, 175, 380–394, 396–403, 412–417.

Fateman, Richard Jay, 463. Ferguson, Donald Fraser, 279. Fibonacci, number system, 209, 379. Filmus, Yuval (QENLIT LAEI), 717. Fixed slash arithmetic, 331–333, 378–379. Floating slash arithmetic, 331, 333, 378–379. Fraenkel, Aviezri Siegmund (LWPXT IXFRIA@), 290, 291, 292, 630.

Franel, Jérôme, 258.

Functional digraphs, see Random functions. Fuss, Paul Heinrich von (Fuss, Pavel Nikolaeviq), 392, 651.

Geek art, 2, 94, 206.

Geiger, Johannes (= Hans) Wilhelm, counter, 7.

Generalized binomial series, 723. Gerhardt, Carl Immanuel, 200. González-Arce, Teófilo Francisco, 60. Granlund, Torbjörn Mikhael, 279, 327. Gray, Herbert Lee Roy, 242. Greedy algorithm, 292–293, 376. Harvey, David Michael, 311.

Hoeij, Marinus Hubertus Franciscus [= Mark] van, 455.

Hoeven, Govert George (= Joris) van der, 311, 634.

Iwao, Emma Haruka ( ), 280. Ja’Ja’ (= JaJa), Joseph Farid

(ŋĂň~ ŃÚŔş ţÚŘØ~), 514. Joke, 417.

Kannan, Ravindran (ĚÿiŮĚh

xf~h), 599.

Kondo, Shigeru ( ), 280.

Kontorovich, Alex Vladimir (Kontoroviq, Aleksandr Vladimiroviq), 584.

Kovács, Béláné, 607.

Lagrange, Joseph Louis (= Giuseppe Lodovico Lagrangia = Giuseppe Ludovico (= Luigi) De la Grange Tournier), 375, 378, 456, 503, 527, 533, 549, 649, 653, 655.

Laisant, Charles-Ange, 209. Lalescu, Gheorghe Liviu, 186. Laroche, Patrick, 409.

Le Gall, François Pierre Marcel, 717. Left multiple, least common, 437–438.

Lévy, Paul Pierre, 363. Lindholm, James Harold, 79. Linear iterative array, 313–317, 329. Lochs, Gustav Emil Maria Johannes, 372–373.

MacMillan, Donald Bashford, 226. Mairan, Jean-Jacques d’Ortous de, 537. Massarenti, Alex, 700.

Matthew, Saint (ŞAgioc MatjaØoc

å EÎaggelistăc), 737.

Matula, David William, 210, 211, 329, 332–333, 378–379.

Maupertuis, Pierre-Louis Moreau de, 537. Mediant rounding, 331–332, 378–379. Metropolis, Nicholas Constantine

(Mhtrìpouloc, Nikìlaoc KwnstantÐnou), 4, 189, 240, 242, 327.

Metze, Gernot Albert, 280.

Mikusiński, Jan Stefan Geniusz, 378. Moivre, Abraham de, 537.

Möller, Niels Gunnar Landgren, 279. Montgomery, Peter Lawrence, 284, 322, 327. Morain, François Jean, 390. Morris, Ian David, 352, 645.

Multiplicative congruential method, 11, 19–23, 40, 185–186.

Multiprecision: Multiple-precision or arbitrary precision.

Multivariate polynomials, 311, 418–419, 422, 455, 518.

Nakazawa, Hiroshi ( ), 40. Neumann, John von (= Neumann János Lajos = Margittai Neumann János), 1, 3–4, 26, 36, 119, 125, 128, 138, 140, 202, 226, 278, 327.

Nowak, Martin Richard, 409. Number field sieve, 403, 671. Number system, Fibonacci, 209, 379. Number system, slash, 331–333, 378–379. Ostrowski, Alexander Markus, 379, 494. Pace, Jonathan, 409.

Pearson, Karl (= Carl), 55, 56. Pi (π), as “random” example, 21, 25, 33, 47, 52, 89, 103, 106, 108, 184, 238, 243, 252, 324–325, 555, 592, 599, 665.

Polynomials, multivariate, 311, 418–419, 422, 455, 518.

Pomerance, Carl Bernard, 396, 402, 659. Precision, single: Fitting in one computer word, 215.

Rademacher, Hans Adolph, 90, 91. Ramaswami, Vammi (ĹkŻ ĚWČzĹWŻ), 383.

Raviolo, Emanuele, 700.

Reitwiesner, George Walter, 213, 279–280.

Rejection method, 125–126, 128–129, 134, 138, 139, 584, 591.

Residue theorem, 643–644.

Right divisor, greatest common, 437–438. Riordan, John Francis, 542.

Roepstorff, Gert Emil Friedrich, 366. Rotenberg, Avrom Aubey, 11, 47. Round to even, 237, 241, 245. Rounding, mediant, 331–332, 378–379. Roulette, 2, 10, 55, 255.

Sahni, Sartaj Kumar (srtAj k� mAr sAhnF), 60.

Schatte, Peter Karl, 262, 622. Schelling, Hermann Eugen Konradin Paul Bertold von, 65.

Schmidt, Erhard Oswald Johann, 101, 674. Schreyer, Helmut Theodor, 202. Schwenter, Daniel, 655.

Sedoglavic, Alexandre, 700, 714. Shifting, 24, 120, 133, 187, 203, 216, 226, 254, 567, 686.

Sieve (kìskinon) of Eratosthenes, 412, 416, 667.

Singular value decomposition, 562. Slash arithmetic, 331–333, 378–379. Smirnov, Alexey Vladimirovich (Smirnov, Alekseæ Vladimiroviq), 700, 714.

Specht, Wilhelm Otto Ludwig, 683. Stirling, James, 537.

Stoppard, Tom (= Sträussler, Tomáš), 61. sup: Supremum, least upper bound, 50. t-distribution, 135.

Taranto, Donald Howard, 328, 635. Turing machines, 169, 311, 499, 634. Universal property, 40. Valiant, Gregory John, 56. Valiant, Paul Andrew, 56.

van der Hoeven, Govert George (= Joris), 311, 634.

van Hoeij, Marinus Hubertus Franciscus [= Mark], 455.

Vassilevska Williams, Virginia Panayotova (Vasilevska-UiliØms, VirginiØ Panaæotova), 717.

von Neumann, John (= Neumann János Lajos = Margittai Neumann János), 1, 3–4, 26, 36, 119, 125, 128, 138, 140, 202, 226, 278, 327.

von Schelling, Hermann Eugen Konradin Paul Bertold, 65.

Ville, Jean André, 597.

Wald, Abraham (= Ábrahám), 163, 177–178.

Yee, Alexander Jih-Hing ( ), 280. Ziegler Hunts, Julian James, 617.