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Abstract— The non-uniform demand network coding prob- In this work, we study networks where the single source
lem is posed as a single-source and multiple-sink network may send data to multiple sinks at unequal rates. The moti-
gansm'dss'oln Pmb'tem tWh%e thelt_smk? ma}élha"e hmerog%“eous vation for this can be seen in the extended butterfly network

emands. In contrast with multicast problems, non-uniform : e .
demand problems are concerned with the amounts of data of Figure 1(b.)' Here, t.he traditional butterfly network is
received by each sink, rather than the specifics of the received augmented with an additional path between the sosi@ed
data. In this work, we enumerate non-uniform network demand  sink ¢5. Within a single time period, at most two streams can
scenarios under which network coding solutions can be found in  pe transmitted to sink;, but it is possible to transmit more
polynomial time. This is accomplished by relating the demand  {,an two streams to sink. If sink ¢, is constrained to only

problem with the graph coloring problem, and then applying . . L
results from the strong perfect graph theorem to identify ~'E€CEIVE WO streams, then available capacity is wasted.

coloring problems which can be solved in polynomial time. This
characterization of efficiently-solvable non-uniform demand
problems is an important step in understanding such problems,
as it allows us to better understand situations under which the
NP-complete problem might be tractable.

I. INTRODUCTION

Network coding has been shown to enable higher transmis-
sion rates across communication networks, when compared
against routing. This is because network coding allows data
flows toward different sinks to share the same links, and—
through appropriate coding of symbols—have the sinks still (a) Butterfly network. (b) Extended butterfly network.
be able to decode out these disparate flows. In the butterfly

network example first proposed by Ahlsweeleal. [1] (see Figt\-N 11kThe d.bUtt.efﬂy network (Fti)?“fg tl(a)vtadagteq fertom [911‘@."’3 20‘{"
: . . .. network coding increases possible data rates. Souiseransmitting data
Figure 1(a)), if the input data at nodeare coded together, it streamsb; andbs to both sinkst; andt,. The network code has node

is possible to multicast two streams of informatignandb,  sendingb; @ b2 on its outgoing link. As a results can transmit both

from the source to both sinkst: and¢» within a single time streams to both sinks in one time period, instead of the two tieveogs
! 2 9 quired by routing solutions. The extended butterfly netw@&igure 1(b))

period. The benefits of allowing coding at nodes are evidenf,d 305 dditional path to sink which can be utlized for sending additional
under routing, multiple time periods would be required taiata. Using network coding and taking advantage of the gxth through

send both streams to both sinks. The authors show that fipdesy and z, sources can transmit three streamé: ( b, and bs) to
any network with a single source and multiple sinks, thémktg simultaneously with two stream$;(andbs) to sink¢;.

information rate can achieve the minimum (over all sinks)
of the maximum flow to the sink nodes. In subsequent Worl§
Li et al. [2] prove that linear network codes are sufficientti
for multicast, and Jagget al. [3] give a polynomial-time

The problem of sending unequal-rate data from a single
ource to multiple sinks has two flavors: the multiple mul-
cast connections problem [6] and the non-uniform demand
X ; . problem [7]. In the multiple multicast connections problem
algorithm for constructing such linear codes. the sinks are allowed to receive data at different rates,

Following the quick successes of characterizing and dgj e subset of information demanded by each particular
veloping algorithms for multicast network coding problemss- k—while arbitrary—is identified in advance. On the other

there has been much work concerning the construction gt -4 in the non-uniform demand problem, the amount of
network codes for more general scenarios—although this hag, mation a particular sink must be able to receive is
proven to be much more difficult. Koetter andeard [4] ghoified in advance, but it does not matter which specific
give an algebraic characterization for achievable lin@#f n o aq of information are received. This is a scenario where
work codes, but prove that checking for the existence Qhe sorce has a large set of messages which it wishes to
EUCh dcoge%:equgaes r?nfll_mﬁ time WZICLh IhS not pE(’)Iynomlatllg%d to the sinks, and each particular sink wishes to receive
foun et. ten’k asgla enhman an . 3. maln [5] prO\t/e Nalubset of the source’s messages; however, the requirement
ordmo? netyvor cgtlng scenarlos,d|r(1j Ing |(rj1ear NEWOrky: aach sink is only that the messages it receives is a subset 0
.CON?DShO Oslaés%fy f‘r ! raryts%lrjlrce an h emakn' trﬁqwreglle Sarticular size rather than a requirement of receivingesom
'Sf - ?r o re etvanclz(e Od € furrendvxzjort 'Sf € Problergnecific subset of messages. This problem can be understood
of constructing network codes 10 Send dala Irom a SINGgigq 5 relaxed version of the multiple multicast connections
source to multiple sinks with arbitrary demands (potefytial o4y ork coding problem, since if it is known that a sink
with different demands by different sinks). is unable to receive a subset of size then any specific

~J. Koo and J. Gill are both with the Department of Electricabiaeer- demand fC_)I’ a subset of suggap automatically t.)e r.eJeCted

ing, Stanford University, Stanford, CA 94305, USA. E-mdj ckoo, ~ a&s impossible. Conversely, if it is known that a sink is able t

gi || }@t anf ord. edu receive some subset of sizethen it may be possible to find



a network coding solution with a specific demand for that Separately from the multiple multicast connections prob-
sink which is of sizen. The non-uniform demand problem lem, the non-uniform demand problem itself has also been
makes it possible to determine the maximum possible dathe subject of study. In [7], Cassuto and Bruck introduce the
rates that can be received by the sinks. problem and give some results concerning the achievability
The non-uniform demand problem was originally invesof the individual max-flow rates to each sink. In our work,
tigated by Cassuto and Bruck [7]. For demand scenario¥e address similar guarantees but for a wider class of
where all sinks require the same high rate except for twoetwork demands. The authors in [7] also prove that the
sinks demanding some lower rate, the authors prove thatripn-uniform demand problem is NP-hard, using a reduction
is possible to satisfy these demands in all cases—and lindeggm a 3-CNF problem, although the demand problems
codes are sufficient. They also give limited conditions fofor which their result holds have network coding solutions
the achievability of non-uniform demands when there arthat do not fully utilize the available data rates (in our
more than two lower demanded rate sinks along with arigrminology, the solutions are not saturating). We supplam
number of higher rate equal-rate sinks. In our work, we mortheir proof by considering whether or not networks in which
specifically consider the case of non-uniform demands whetle network coding solutions use all possible paths arke stil
each [possibly heterogeneous] sink demands a data rate ofdifficult to solve. We take a similar approach by considering
own maximum-flow (i.e., maximum point-to-point rate fromcontamination amongst data; however, we do not allow
the source). From this seemingly more restrictive settinghntermediate decoding as they do. The non-uniform demand
however, we are able to describe a larger class of networRsoblem is also studied in [11], which considers the case
for which the non-uniform demand problem is solvable (an&vhere demands are allowed to be relaxed in the solution. For
solvable in polynomial time), thus enabling non-uniformgeneral networks, the authors give bounds on the fraction of
demand network coding to be more widely applicable. ~ max-flow rate which is achievable, and show networks for
Although the class of network demand scenarios for whicwhich the bounds are tight. We take a different approach and
we give polynomial-time solutions is not exhaustive, it maynspead characterize specific networ_k demand scenarios for
be difficult to enumerate the conditions more generallysThiwhich the max-flow rate can be achieved.
is because the non-uniform demand network coding proble .
is NP-hard [7]. We give an alternate proof of the NP-hardness’ Outline of Paper
of the non-uniform demand network coding problem (see In this paper, we will investigate the case of non-uniform
Appendix), which proves this result for slightly differentdemand network coding in which each sink receives data at
demand scenarios than those addressed in [7]. its individual point-to-point (i.e., max-flow min-cut) capity
rate. In Section Il, we discuss useful notation. In Sectibn |
we define our approach to the problem, and analyze some of
A. Related Work its characteristi(?s? Following thgt, in Section IV, v)\//e gae
A technique which we use is that of transmitting datalgorithm for determining if a non-uniform demand solution
along paths, or through flows. This approach has begxists, and discuss some of its performance issues. Using th
widely used in the network coding literature, and has emabledlgorithm, we characterize in Section V a class of networks
many significant results. In Jaget al. [3], the polynomial- for which the non-uniform demand network coding problem
time algorithms for multicast problems rely on the concepgan be solved in polynomial time. Of course, not all non-
of sending data down [perhaps overlapping] paths. In [8iniform demand network coding problems can be solved
Fragouli and Soljanin give a decomposition of networks int@fficiently; in the Appendix, we give an alternate proof of
flows, in order to model data transmission in a network morthe NP-completeness of the non-uniform demand problem
simply. Using this decomposition and a graph coloring forwhich accounts for the demand scenarios we are considering.
mulation, alphabet size bounds for any network code are then Il NOTATION AND DEFINITIONS
proven. Although the flow-based and path-based approaches '
are similar in many ways, the two techniques differ in that We will consider a directed acyclic network gragh=
the flow-based approach creates a new flow every time (&, £). Each sink will be indexed ag € {1,2,...,t},
piece of data is transformed by coding, whereas the pativheret is the total number of sink nodes. (Recall that there
based approach keeps track of each piece of data as iti$nly a single source node) Because the graph is acyclic,
sent individually down a path, even if any transformationghere exists a partial ordering of the nodes starting froen th
get applied to the data. We shall use a path-based approagburces. A partial ordering of the edges can be constructed
We briefly mention some results regarding the multipl®ased on the ordering of the nodes from which the edges
multicast connections problem, since achievable solstiorPriginate; for edges = (v, w) ande’ = (v',w’), we denote
for such problems are also achievable for the non-uniform = ¢’ if and only if v < ¢ in the partial ordering of nodes.
demand problem with the same demanded rates. (Of coursefFor a particular sinkj, we defineP; as the set of paths
the reverse is not always true.) Many of these results censicgssociated with sink. These are unit-capacity edge-disjoint
the case of two sinks. In [9], after enumeration of all passib paths from the source to sink j and can be determined
scenarios, the authors conclude that in the case of two sinfkgm maximum-flow algorithms such as the Ford-Fulkerson
with differing rates, linear coding is sufficient. The samedugmenting path algorithm [12]. Pathpss P; are given as
conclusion is made in [10], although the authors use a dithe elements ofP; = {p;1,p;2,...,Pjn,}, Wheren; =
ferent approach which considers a path-based enumerati¢R;| is the number of paths to sink Call the set of all
A characterization of the achievable data rate region usirgathsP = U§:1 P;. In contrast to much of the literature on
network coding is given for the two sink case. For morenetwork coding for multicast, we will consider timeaximum
than two sinks, conditions under which solutions exist foof the max-flows (instead of the minimum of the max-flows)
the multiple connections problem have not been enumerateahd denote this quantity, son = max; |P;| = max; n;.



In order to keep track of data that overlaps onto paths withodes are not allowed to remove any contamination which
other sinks, we introduce the concepts of contamination ardmight receive on its incoming links, even if it possesses
contaminating set. We say thedbntaminationfrom pathp;;, ~ enough information to decode out the contamination. Al-
onto pathp,,» occurs when data transmitted @n, gets though this condition may prevent certain network codes
combined into the data which is supposed to be transmittébm being considered, it is still general enough that ekcep
onp;,. This can occur, for example, when data on patfis for certain cases, we should be able to find the appropriate
andp;,, are coded together in order to be transmitted acrosetwork coding solution if it exists.
an edge where the two paths overlap. Thercitretamination Definition 3: The non-uniform demand problens the
setof p;;, is the set of all paths which experience contamfollowing solvability problem (adapted from [7]): Given a
ination due to data fronp,;. If we call D;;(e) as the set directed acyclic network grapfi = (V, E) (where each edge
of paths which are contaminated by path downstream of has capacityt), sources, sinksj € {1,2,...,t}, and demand
edgee, thenD;(e) can be defined recursively as follows: functiond: {1,2,...,¢} — {1,2,...,n} (whered(j) is the

demanded rate of sing), is there a network coding solution

such that for allj, sink 7 receives information at a rat&;)?
Djk(e) = U {pj/k" U <U Dj’k"(e/)> } s ) J ﬁ])
e'~e IIl. THE NON-UNIFORM DEMAND STREAM

where the union ovep;. is over all pathsp;x which ASSIGNMENTPROBLEM
overlap pathp;; at edgee (and j* # j). Then D, = The goal is to determine whether or not an assignment of
U.cr Djr(e) gives the contamination set pf,. This defini-  data streams to paths can give a decodable network solution.
tion accounts for a data stream on a path to contaminate ontoDefinition 4: Thenon-uniform demand stream assignment
paths that it does not explicitly overlap, due to contanmdamat problemis the following: Given a network grapfl = (V, E)
being spread from path to overlapping path. and a decomposition into paths, is there an assignment of
We also wish to keep track of the particular data streamstreams to paths, such that no intermediate decoding gccurs
sent to each of the sinks. A stream is defined as the identifigand the solution is both saturating and decodable?
of the data that is being transmitted down a particular path— We establish necessary and sufficient conditions for a
as opposed to the identifier of the path itself. We identify aetwork to have a saturating and decodable solution.
particular stream with the index € {1,2,...,n}, which Theorem 1:Given a set of paths between the source and
means that a path is only allowed to transmit a stream frohe sinks, and if no intermediate decoding is allowed, there
the set{1,2,...,n}. Each stream represents one informatiorxists a saturating and decodable solution if and only if all
unit, of which onlyn unique information units are allowed streams which contaminate onto paths to a particular sink
to be transmitted. This restriction is not prohibitive,c@m  have also been assigned to some other path to the same sink.
is the maximum max-flow. Each sink receives a subset of the  Proof: Necessity follows from the fact that if the
samen streams, so different sinks will likely receive many ofsolution is decodable, then each sink can separate out all
the same streams. The number of distinct streams a particudtreams and all contamination sent to it. For a particular
sink receives is its data rate, since each unit-capacitg-edgsink, each path carries an assigned stream mixed with the
disjoint path can transmit at most only a single data strearsontamination from along that path. Because no intermediat
We also define decodable and saturating solutions. decoding is allowed, all contamination arrives at the sink,
Definition 1: A decodable solutiorto a network coding arrives mixed in with the assigned streams on the respective
problem is one in which every sink is able to decode all opaths. If there arex; paths to the sinki and the solution
the information which is intended to be sent to it. In thes saturating, then there arg unique streams assigned on
example of streams assigned to paths, a decodable solutjsiths to the sink. Now, if a contaminant is not also assigned
is one in which every sink can recover all of the streamg some other path to that sink, then that means that there

P!

which are assigned on paths to that sink. is data from at least; + 1 streams on inputs to the sink
Definition 2: A saturating solutionis an assignmenf :  (the assigned; streams of data plus at least one more data
P — {1,2,...,n} from pathsp;, € P to streams stream from the contamination). However, because there are
{1,2,...,n}, such that for eachi € {1,2,...,t}, only n; paths from the source to that sink, where each path
‘ ‘ supports a data rate df that means that no more th
Fosw) # 0, VE € {1,2,....n;} unique data streams can be received by the sink (or?lse the
and max-flow condition would be violated). Thus, any situation
f(pjk) # fpjir), Yk #K. where more tham; data streams (perhaps mixed) can be

That is, a saturating stream assignment is a stream assigaen by the sink is a situation where fewer thandata
ment in which all paths to every sink are assigned some dastrteams can be decoded successfully by the sink, and the
stream; no path is left unassigned. Moreover, any strearaelution is either not decodable or not saturating.
assigned to different paths to the same sink must be distinct For each sink, it is straightforward to show sufficiency of
Otherwise, if two paths carried the same stream, one of tlassigning the contamination onto a path to that sink as the
paths is redundant and does not carry additional informatioprimary stream on another of its paths, in order to guarantee
Thus, a saturating stream assignment is one in which eadhcodability. If no intermediate decoding is allowed, all
sink j achieves its maximum possible data ratengf contamination arrives at the sink. If no other path has been
We briefly mention the concept of intermediate decodingassigned the same data stream, then there is no way to
Specifically, for the network codes we are considering, we ddetermine (or even have partial knowledge) of the data due
not allow intermediates nodes (i.e., nodes which are neith&o the contamination in order to either utilize or remove it.
source nor sink) to decode data and retransmit only a part ©hus, there must be an assigned stream on some other path
the data on its outgoing links. In other words, intermediaté that sink which provides this information. [ ]



The concept of saturation is important, so that it is possib*gerithm 1 Transformation of network graph into coloring graph
to state (using max-flow theorems) that contamination witHRequire: Original network graphG: = (V; E), decomposed into edge-
- : disjoint pathsP; = {p;, |k =1,...,n;} for each sinkj
out a corresponding assigned stream can not be removed, s . s . .
there will not be enough flow to support this additional data. it o oot o b o> Which are assodated
I nc 9 pp % with pathsp,), € P;. For eachy, introducen — n; additional vertices
Saturation is also useful_ because it enables us to _d_etermlnewjk € V. (v, areregular verticesandw,, arefictitious vertices Let
whether or not the maximum data rate actually utilizes all .
paths, without repetitive data streams. In fact, if data is Vi=Avjr |1 <k <nj}U{wjp[1 <k <n-—n;}
repeated (i.e., multiple paths to the same sink are assigned ¢ v/, thesink subgraprassociated with sink. Then?” = UJt_, ;.
the Same_Stream), then one of the multiple paths _COU|d be For eachj, connect all vertices;;, and verticesw;;, togethér into a
shut off with no harm to the data rate toward that sink, and clique. Specifically, for each, let
possibly even increasing data rates across the entire retwo feomplete
j

due to less contamination onto paths to other sinks.

= {@jr o) [1<k <K <nj}u
{(wjr, wjp) |1 <k <k <n—n;}uU
IV. AN ALGORITHM FORASSIGNING STREAMS {0k wip) |1 <k <nj, 1 <K <n—nj}.

We now give an algorithm for solving the non-uniform 3: For each vertexs;x, connectvj;, to verticesw;;, for all k' =
demand stream assignment problem. Again, we restrict our- 1,...,n—n, if pathp;; contaminates onto some path to siifk# ;.
selves to the case where intermediate decoding does not For eachy, call
occur within the network; that is, even though nodes within = goverlaps _
the network may encode information, there is no preliminary ~ ’ nj
decoding (and removal of streams) except at the sink nodes U {@spswjr) |1 < K <n—mnyif 3k st p; € Dy}
which are receiving information. Equivalently, the output k=1 T
of any node can only be more.contamlnated (but not Igss That is, if pathpy, to sink j contaminates onto some path,  to
Comam'nated) than any of the inputs to that_ node. Admit- sink 5/, then nodev;;, must connect to ath — n;/ fictitious vjertices
tedly, precluding the removal of streams within the network associated with sink’.
does limit the solution space. However, since the goal is: Let & = J!_, (ES°™P°" U BYVroPs),
to maximize the data rate to each sink, solutions which d®: retum coloring graphG = (V, £)
remove streams must be able to compensate for the loss-of
data rate due to the removal of streams with some oth\g[gorithm 2 Non-uniform demand stream assignment
benefit (e.g.,_ less contamination .further down the network'kequire: Directed acyclic network grap® = (V, &), sources, and sinks
Our goal is to be able to assign streams to paths—with e {1,2,...
guarantees that the contamination will be decodable—whil@: For each sinkj, find a set of edge-disjoint paths fromto j. Call the
maximizing the number of streams transmitted. We give a €t 0f these path®; = {p; [k = 1,...,n;}, where there are;

. . - such paths. Letr = max; n;.
method which guarantees saturation and decodability, iby ut,. Using Algorithm 1, construct coloring graf from P = U’ _, P;.

||;|ng a p0|ynom'a| tr_anSformat'on to graph colprlng. WSIfle 3: Color G using exactlyn colors. Letc;;, be the color ofvy, ir; G.
give the transformation of the network graph into a coloringa: For each patlp;;, € P, assign stréane;;, to that path. (Each path
graph in Algorithm 1, and then give the algorithm for finding  pjx € P in the network graplG is assigned the stream given by the

the saturating and decodable solution in Algorithm 2. color of its associated vertex;; € V' in the coloring grapiG:.)
5: In the network graph, at each node where the inputs to tle reoe

The coloring graph can be interpreted with respect to ~ gifferent streams, send as the output of the node a combinafite

the solution found by Algorithm 2. The vertice@k, k = data from the input streams (e.g., linear combination, or sothero
1,...,n;, correspond to paths in the original network, and so  ¢omPining method)—taking care that no input streams are el
IR . o . ? e node output.

are called regular vertices. The additional vertiags, k = P

1,...,n —nj , correspond to fictitious paths, indicating the . A ;

streams which areot assigned to paths leading to sigk- Proof: If x(G/) > n and every vertex is a member

L . ~eomplete ~ Of at least one induced clique of size then there must
hence the name fictitious vertices. The edgeszji™™ exist two cliques of sizex such that there is at least one
form a complete subgraph among alj regular vertices eqge connecting these two cliques. Moreover, because the
associated with sink, guaranteeing saturation. (,'1” fact, thecoloring graph must be colored with more thancolors,
entire induced subgraph &f; is a clique.) For;™ ™™, the  some pail(j, j') of connected cliques (each clique associated
edges(vjx, wjr) connect the vertices from sink to the  with a different sink) must satisfy the following condition
vertices of sinkj’ if there is some overlap on paths towardif clique j does not have color within it, then its fictitious
these two sinks; these edges force a relationship between tfertices must be connected to a regular vertex in cliglue
streams assigned on paths to one sink and streams assigith has colok. In this case, sink can not decode colar
on paths to other sinks, providing decodability. even though some path johas contamination from a path
Becauser = max; n;, there must exist at Iea§t one cliqueto j/, and so decodability is violated. ™
of sizen (associated with the induced subgrapiVpf, where Theorem 3:Algorithm 2 succeeds in coloring the equiv-
j* = argmax; n;). Thus,G can not be colored with fewer alent coloring graph with exactly. colors if and only if
than n colors, so step 3 of Algorithm 2 is equivalent tothe original network graph has a decodable and saturating
coloring G with at mostn colors. If the minimum coloring solution with no intermediate decoding.
solution of G requires more than colors, then the following Proof: It is clear thaty(G) = n is necessary for the
lemma tells us that decodability has been violated. solution to be decodable and saturating. From Lemma 2, we
Lemma 2:In the equivalent coloring graph constructedknow that if the network is decodable, then the equivalent
from Algorithm 1, if the chromatic numbey(G) > n, then coloring graph must havg(G) < n. Now consider sinkj*,
the original network is not decodable. where j* = arg max; n;. If the network is saturating, then



sink j* must be able to receive = n;~ distinct streams. That assignment witl streams. If one wishes to determine how
is, the clique associated with sigk must be colored with many additional available streams will guarantee satmati

at leastn colors. This gives ug(G) > n. Thus,x(G) =n. and decodabilityn could be increased without bound while

Next we prove sufficiency of¢(G) = n for a decod- searching for a possible stream assignment.

able and saturating solution. For the coloring to be valid, In fact, it is possible to have networks where there does
if path p;; contaminates ontany path Py 10 sink j/, not exist a saturating solution which is also decodable, no

matter how large the available stream set is. This can occur
when there is too much overlap but not enough available
paths to remove the contamination. For example, consider
a two sink case, where; = 1 andny, = 2. Suppose both
paths of sink2 overlap the path to sink at some link[s]. No

then by construction off°verps  none of the fictitious
verticesw,,» associated with sink’ may have the same
color as vertex;;, (call this colorc;;). Becausey(G) = n

and each sink subgraph is an induced cliqgue of size

some regular vertex;, o sink j' must be coloredt;y..  \nater what the stream assignment (or how large the space of
Equivalently, contamination due to pagty. onto pathp; i possible streams) for sink it will never be able to decode
has been assigned to some path. to sink j° (and this gyt poth contaminants if saturation for both sinks is reeglir
is true for all possible contaminations), so by Theorem 1 1p,5 our algorithm only works for the restrictive case
the solution is decodable. Moreover,¥{G) = n, then by \where no intermediate decoding is allowed, yet all paths to
construction of Ee>mrlete, all paths have assigned streamssinks must be saturating. Either loosening the saturation o
and the assigned streams are distinct for different paths fi§e no intermediate decoding restrictions would be berafici
the same sink. Thus, the solution is saturating. =~ ®  put at the moment, the algorithm relies on both conditions.
Theorem 3 gives necessary and sufficient conditions for Another issue to keep in mind is that because coloring
a Saturatlng and deCOda_ble solution to exist. Moreover, th§ an NP_Comp|ete pr0b|em' there are no known po|yn0mia|
stream assignment algorithm tells us how to allocate stseafime algorithms which will perform the coloring step (urdes
in order to construct this solution. _ P = NP). Additionally, there are no good approximation
Example 1 (Extended Butterfly Networkjigure 2 shows algorithms known for the graph coloring problem (see [13]
the result of Algorithm 2 on the extended butterfly netWOkaor a|gorithms which can colom-colorable graphs with
number of colors logarithmic in the number of vertices
of the graph, but with no guarantees based on the actual
chromatic numben). Even if there were good approximation
algorithms, an approximation algorithm might not be enough
to answer the question of whether or not a saturating solutio
exists (i.e., whether or nof(G) = n) since we require
finding the chromatic number exactly. One might conjecture
that because the coloring graphis carefully constructed, it
might have some special structure which would allow for a
Y11 U1,2 V2,3 polynomial-time coloring algorithm. In the next sectiong w
(a) Path decomposition for extended (b) Equivalent coloring graph give some Structura' properties Of the Co'oring graph Wh|Ch
butterfly network for extended butterfly network -5 lead to a polynomial-time coloring, but we also show
Fig. 2: The path decomposition for the extended butterfly netis shown @ counterexample network where this particular structural

in Figure 2(a). The color of each path indicates the strearitiwshould —analysis is not sufficient to prove polynomial-time solViypi
be assigned to that path. Figure 2(b) shows the equivaldating graph

for the extended butterfly network. The graph can be colorigdl 3vcolors,

so it gives a saturating and decodable solution to the arigirtwork. The V. EFFICIENTLY-SOLVABLE NON-UNIFORM DEMAND
colors correspond to the streams which should be assignét tpatths. PROBLEMS

;3 w1, V2, 2,2

. The coloring step in the stream assignment problem is

A. Shortcomings problematic, as the graph coloring problem is NP-complete

Assuming the correct set of edge-disjoint paths are chosand so in general no known polynomial-time algorithm can
in the first step of the algorithm, then if the solution existsolve the problem. However, if we restrict our class of
it will be found. However, we do not address the propetdemand problems to only those for which the correspond-
selection of edge-disjoint paths, even though there may lieg coloring graph is polynomial-time solvable, then such
multiple path decompositions, where some decompositiomkemand problems will also be polynomial-time solvable.
lead to sub-optimal assignments. For example, it is passibBpecifically, we consider the class of graphs known as Berge
to construct a counterexample network with a given patbraphs, which are graphs characterized by the absences of
decomposition, where switching a single edge for one pathoth odd holes (induced cycles of odd length at least 5)
greatly increases allowed throughput. and odd antiholes (complements of odd holes). Then by the

The algorithm determines—for a given set of paths—strong perfect graph theorem [14], a Berge graph is also a
whether or not» streams can be assigned, but to determingerfect graph, so the chromatic number of a Berge graph is
if somen > n streams can be assigned, additional fictitiousqual to the size of its maximum clique.
vertices need to be introduced. For each sink, an additional This fact is useful in finding solutions to the non-uniform
n — n fictitious vertices must be introduced in order to getlemand problem because in our formulation, the maximum
sink subgraphs of siz&. The relationship between theseclique is easily found, so if the coloring graph is Berge nthe
larger graphs and the original coloring graph is unknowrthe chromatic number is also readily determined. The main
and it is possible that no matter how largeis chosen, it result of this section is that we can find the maximum clique
will still be impossible to find a saturating and decodabldor the coloring graph of Algorithm 2 in polynomial time



and hence also its chromatic number if the coloring graph is Theorem 6:For a particular non-uniform demand sce-

Berge. We first prove some preliminary results. nario, if the associated coloring graph is a Berge grapm the
Lemma 4:Any induced clique consisting of vertices fromit is a polynomial-time operation to determine whether ar no

different sink subgraphs can only consist of vertices fram ahere exists a saturating and decodable solution which does

most two sink subgraphs. That is, it is impossible to induceot require intermediate decoding. Moreover, if the soluti

a complete subgraph consisting of at least one vertex frosxists, it can be found using the non-uniform demand stream

each ofV}, Vi, andVju. assignment algorithm (Algorithm 2).

Proof: For vertices belonging to different sink sub- Proof: From Lemma 5, we know that finding the
graphs, i.e.p € Vj and v’ € V] where j # j/, eitherv  maximum induced clique between two sink subgraphs is
is regular andv’ is fictitious, or v is fictitious andv’ a polynomial time operation. Thus, finding the maximum
is regular. Regular vertices are not connected to regulalique of the coloring graph takes polynomial time, as it
vertices, nor are fictitious vertices connected to fictiouconsists of solving}) = @ such subproblems. Because
vertices—unless they belong to the same sink subgraph. Attyis coloring graph is a Berge graph, then its chromatic
complete subgraph consisting of at least one vertex frorh eanumber can be found in polynomial time, since the chro-
of V;, V;,, andVj;» must contain at least two vertices of thematic number is equal to the maximum clique size. From
same type from different sink subgraph (e.g., two regulafheorem 3, we can then determine if the original network
vertices and one fictitious vertex, where each vertex is frograph has a saturating and decodable solution. Not only that
a different sink subgraph). However, such a scenario can nott if the coloring requires no more than colors, then
exist, as that implies that two vertices of the same type btihe coloring found from the stream assignment algorithm
from different sink subgraphs are connected. B immediately gives the non-uniform demand solution. ®

The preceding lemma tells us that in order to find the The interpretation of Theorem 6 is that for coloring graphs
maximum clique in the coloring graph, all we need to do isvhich are Berge graphs, if we find that the maximum clique
search for induced cliques pairwise between sink subgraphmas sizen, then we can conclude that the coloring graph
We can select sink subgraphs two at a time and determine tb&n be colored withn colors, and so the original non-
largest induced complete subgraph consisting only ofeesti uniform demand network coding problem has a saturating
from these two sink subgraphs. This procedure requiremd decodable solution. If, however, the maximum clique
solving (;) subproblems, where each subproblem can beas size greater tham, then we can also conclude that no
performed in time which is polynomial in. saturating and decodable solution exists—at least no saluti

Lemma 5:For a pair of sink subgraphs; andVj/, finding  which does not require intermediate decoding. This result i
the maximum induced complete subgraphVofu V;, takes ~particularly promising, as we can then quickly enumerate a
time polynomial in the sink subgraph size sufficient condition under which a saturating and decodable

Proof: If sinks j andj’ do not have any overlapping solution can be found in polynomial time—specifically, if
paths, then becausé; and V;, are disjoint, the maximum the associated coloring graph is Berge.
induced complete subgraph B UV is V; (or V), which One mlght ask |f.the step o_f Qetermlnlng wheth(_er.or not
has sizen. Disjointness off/j and V] can be checked by a graph is Berge might be a difficult task, as any difficulties

o ~ S in doing so would outweigh any benefits gained by solving
considering each vg[texjk € Vj a.nd seeing if it has an yhe gemand problem efficiently. However, a polynomial-
edge to any vertex ifv;.. This requiresn steps. time algorithm for recognizing Berge graphs does exist.[15]

_If -a pathp;; to sink j contaminates onto some path toconsequently, if it is determined that the coloring graph is
sink j', then the regular vertex;;, is connected to all of the 5 Berge graph, then the stream assignment algorithm can
fictitious vertices ofV;.. Thus, the largest induced completepe used to find the saturating and decodable solution to the
subgraph consisting of both regular vertices fréfn and non-uniform demand problem in polynomial time. Or, if it
fictitious vertices from Vj, has sizem;; + (n — nj), is determined that the coloring graph is not a Berge graph,
wherem; ;; is the number of regular vertices 6§ which are then some other, perhaps superpolynomial time, algorithm

. ; a will be needed to perform the coloring step.
connected to the fictitious vertices Bf.. (Recall thatr —n However non-u[r)nform demand scgnarigs which lead to
is the number of fictitious vertices &f;,.) Computingm; ;- '

takes O(n) time, as it merely requires counting up thenon-Berge coloring graphs do exist. We give an example.

. . Example 2 (Network with non-Berge coloring graph):
number of regular vertices df; that are connected to the consjder the network given in Figure 3. Its corresponding

fictitious vertices ofl;,. Equivalently,m; ;» can be computed coloring graph has an odd hole of lengthinduced by the
by counting the number of paths to sifkvhich contaminate verticeswvy 1, w1, V2.1, V2,2, @andws 1, SO it is not Berge.

onto some path to sink’. Of course, the largest induced However, a valid coloring of size = 3 does exist.

complete subgraph df; UV}, may instead consist of regular

vertices fromV/;, and fictitious vertices fron;; by a similar VI. CONCLUSION

argument, finding such a subgraph also takes polynomial In this paper, we have considered the non-uniform demand

time. Then we can find the maximum induced completeetwork coding problem, where the sinks are allowed to re-

subgraph ofl; UV}, and the size of this induced subgraphceive data at unequal rates. We give an algorithm for finding

is n + max (0, m; j» — nj,my ; —nj). m network coding solutions which satisfy the decodabilitylan
From this, it can be readily shown that finding the maxisaturation properties. Additionally, we show that for a@rt

mum clique in the coloring graph is polynomial-time. We cartypes of networks, i.e., those which can be transformed into

then conclude that it is possible to determine the existeneguivalent Berge graphs, our algorithm can find the solution

of a saturating and decodable solution (again, disregardiin polynomial time. Moreover, it will be difficult to do

intermediate decoding) in polynomial time. much better for the general case, as the non-uniform demand



codes will be sufficient. However, if intermediate decoding
were to be allowed, then we must be more careful, as it has
been shown that sometimes nonlinear codes are required to
solve certain other network coding problems [16].

Our approach considers network coding scenarios which
are scalar, where the same code is employed during every
time period. Although this allows for a wide variety of codes
and is also practically implementable, there are certath ne
work coding problems where vector solutions (i.e., sohgio
where the network code may be different at each time period)
exist, but scalar solutions do not [17]. One avenue of inquir
would be the adaptation of our algorithms to find vector
solutions in the cases where scalar solutions do not eRist; t
should be possible by augmenting our network graphs to also
include a time dimension. However, characterizing the set
of networks with polynomial-time-solvable vector solut#
(but no scalar solutions) will require more work.

V1,1 V1,2 V2,1 V2,2 V31 V3,2 Vi1 Vs 2
(b) Coloring graph for non-Berge network

APPENDIX

Fig. 3: Figure 3(a) shows an example of a network whose cajagiaph We give an alternate proof of NP-completeness of the non-
is not Berge. For each andk, pathp, 5, is the path which passes through un'forr_n demand network coding pro.blem, via a polynomlal
nodex;, on its way to sink;. Figure 3(b) shows the equivalent coloring reduction from a general graph coloring problem. Unlike [7]
glfj%%?af’;’r: é?i\fef’t?ctgsdecompogtion- Thea(r’]gtte" !i?ﬁgi:]raddgg?ér&%léfggh in which the network demand problems shown to be NP-hard
1,1, W1,1, V2,1, V2,2, w3 1; .
is an odd hole of lengtls, so this coloring graph is not a Berge graph. It do not have fully saturated demands, our proof considers
should be noted, however, that a coloring using- 3 colors does exist for  sink demands in which saturation must occur. The coloring
this graph, and is as shown. problem which we consider is the following: Given an
problem is NP-hard, even when demands are restricted Fgﬂiéecéfdcg&gfv\z g‘r/s,tE ): ;Sj[htger:ae f acfglworigﬁouﬂg@é .
only those which are saturating. wer] ; Irst giv uction, Tollowed by

Our results can be interpreted relative to the case of equﬁtOOf that the reduction leads to an equivalent problem.

rate multicast, where network coding solutions can alway&gorithm 3 A reduction from general graph coloring to non-uniform

be found in polynomial time [3]. Our algorithm relies ondemand stream assignment

introducing fictitious vertices in the coloring graph, whic Require: Undirected grapi = (V, E) to be colored o

corresponds to introducing fictitious paths in the originall: FOtf eakCh Edﬁ@j = t'(vj’uf)jt)we ff COnStr(;Jct a Ic,fmt\kla |ndthe

network. These fictitious paths do not overlap anywhere with "eWork graph consisting of two paths,1 and p;,». If two edges

h ths, but only serve to bring the total number of .= (% ws) € L ande; = (v, wq) € I share a vertex, then force

any other patns, y g i the pathsp;,1 andp;,1 to overlap at some link. Call the overlapping

paths to each sink up te. We can perform multicast on the link in the network graph by. (If the shared vertex isv such that

expanded network consisting of the original network plus e; =t (vj,wl) € b; and eil_:kl(]U)i:_Flr)]) € E,tt_hen ,fortcrf patr37j,2 and o
H HPRA . H pi,2 10 overlap at some linko. us, vertices In e coloring grap

the network mduped .by the fictitious paths; n this expanded determine the intersections of paths in the network grapherevithe

network, each sink is guaranteed to receivestreams of link of intersection occurs according to the vertex in thiodag graph.

information. The main contribution of our work is that using 2: :Rtroducekgngthaﬂ/ 5"'“,(:5' with Otnly Ia Slngllve paltlht go e'aCT sml;bLabeI

H H H ese sinkg, 2, ..., . For a particular sink, ca e single patip,,,

our algomhm' we can dlreCtly specify that _the subset O,f and make patlp, intersect with all other paths which cross through

paths in the expanded network corresponding to paths in Jink v in the network graph.

the original network is assigned mutually-decodable stiga 3 _lnttroducte one emditéo?,al gihk. with tpathS- Thesen paths do not

: H H H H Intersect any patns aefined In prior steps.
Wlth.OUt needlng any of the mform_atlon transmitted on the4: Solve the non-uniform demand stream assignment problemhen t
fictitious paths. From the perspective of the equal-rate-mul  resulting network graph.

ticast problem on the expanded graph, the interpretation of

our algorithm is that it provides a partitioning of inforriat Step 1 of the above algorithm sets up most of the network
between data transmitted on the original network paths ar@iaph. Overlaps between paths reflect the fact that a vertex
data transmitted on the fictitious paths. can not be colored two different colors. The addition|6f

There are a few issues which require further study. Wainks in step 2 forces the stream assignment algorithm to
have not considered the optimal selection of paths; o@ssign the same color to all paths crossing through the same
assumption is that the set of paths we use are the on#¥ v; otherwise, in the sinks with two paths, it may be
which give the demand solution if it exists. The optimalPossible that the corresponding stream will be assigned to
selection of paths is a challenging problem in itself, as fhe path in the pair which does not overlap at the considered
requires knowing what types of demand solutions may aridék. Furthermore, the single sink with paths in step 3
from the particular choice of paths. When implementinguarantees that at Ie_a:stdlfferent.streams will be assigned.
this algorithm, heuristics—such as minimizing the number Lemma 7:Performing non-uniform demand stream as-
of overlapping links on paths to different sinks—will mostsignment on the network digraghformed from Algorithm 3
likely be sufficient. We also mention that although our cendiis equivalent to coloring the original undirected gragh
tions guarantee that a network code will exist if our aldgorit Proof: First we show that if there exists a coloring
finds a solution, the actual construction of the network codsolution for G using n colors, then there will also be a
is not detailed. In the case of no intermediate decodingalin non-uniform demand stream assignment on the constructed



network graph witm streams. To do so, start with a coloringbe polynomially reduced to a non-uniform demand stream
solution. For a particular vertex in the coloring graph, assignment problem, and solutions can be checked in poly-
assign the stream corresponding to the color of vertex nomial time, the non-uniform demand stream assignment
to all paths which intersect at the associated linkin  problem is NP-complete. [ ]

the network graph. Because no path has more than oneFrom the above arguments, we also conclude that non-
link which has overlap, then there is no ambiguity aboutiniform demand stream assignment can be solved in poly-
the stream which is assigned to that path. Because grapbmial time whem = 2 (i.e., when the maximum data rate
coloring guarantees that the vertices connected by an edgeany sink is upper bounded ). This is because graph
will be colored different colors, each sink from step 1 willcoloring is polynomial time (i.e., by searching for bipteti
receive two paths that have different stream assignmentsess in the graph) when on/colors are allowed [18].

Thus, the solution is saturating. Not only that, in the netwo
graph, any intersecting paths only intersect at one link, so ACKNOWLEDGEMENTS

contamination is mitigated by assigning the same stream to The authors would like to thank Amin Saberi for insightful
all paths which intersect at the same edge. Thus, the solutidiscussions, and Wiliam Wu and Caleb Lo for helpful
to the graph coloring withn colors gives a non-uniform comments which improved the readability of this paper. Part
demand stream assignment for the constructed network graphthis work was completed while J. Koo was supported
using exactlyn distinct streams. This stream assignment i®y a National Defense Science and Engineering Graduate
both saturating and decodable. Fellowship.

Conversely, assume that there exists a saturating and
decodable stream assignment to the non-uniform demand
stream assignment problem on the constructed network!
graph, which uses exactly streams. Then this solution can
be used to determine a graph coloring of the original graphi2]
with n colors. To prove this, first consider the sinks which 3]
have single paths. From these sinks, supposepatihsinkv
(associated with vertex in the coloring graph) is assigned
streamc. By decodability, any other paths which intersect
path p, must be carrying stream. That is, for a pathy
which intersects,, then its pair pathp!’ (i.e., toward the
same sink) is not the path of the pair which is carrying
streamc. Otherwise, sinkv would need to decode out the
stream on path; (which would be some’ # ¢), but sinkv
can not, since It is only assigned to receive streafrom [6]
the single pattp,. Thus, all paths associated with the same
vertex v in the original coloring graph must have the same
stream assignment; this is the color assigned to vestex 71
Now, consider the sinks with paired paths. Because the non-
uniform demand stream assignment solution is saturating®l
that means that the two paths are assigned different streams
This is equivalent to the requirement that vertices whichjgj
are connected by an edge in the original coloring graph be
assigned different colors. Thus, the stream assignmeiit on
usingn streams gives a coloring o usingn colors. W [10]

From the preceding construction, it is straightforward to
determine the complexity of the stream assignment problema

Theorem 8:The non-uniform demand stream assignment
problem with saturated demands is NP-complete.

Proof: First we show that the problem is in NP,[12]
by showing that it takes polynomial time to check if a3
given solution to the non-uniform demand stream assignment
problem is feasible. For every overlap link in the networ
graph G, check if the sinks receiving the paths crossingl“]
through the link have additional streams assigned to them
which are the same as all the contaminations from that linki5I
This takes at mosO(n|E|) time, where|E| is the number
of links in the corresponding network graph (ad can be
as small ast|E| + 3|V| + n).

Next, we show that the transformation from the coloringi7
graph to the related network graph given in Algorithm 3
is polynomial. The network graph ha#&| + [V| + 1 sinks
(more precisely, it hag|F|+|V|+n paths), so the reduction [18]
is polynomial. Because any instance of graph coloring can

(4]

(5]

[16]
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