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Abstract— Polling is an effective method to collect informa-
tion from a population. However, pollsters are often concerned
with unsatisfactory response rate. Incentive is sometimes used
to boost response rate, but pollsters want to keep it low. In fact,
when there is an underlying social network among responders,
a pollster can elicit a high response rate while attempting to
minimize polling costs via asking a friend of a user for the
user’s response to a poll. In this paper, we frame the problem
as one that minimizes (i) monetary cost, the money it takes to
elicit a response from a potential respondent, and (ii) querying
cost, the number of different individuals queried, when polling
users of a social network while maximizing the information
collected. We consider a variety of graphs and compute the
monetary and querying costs of some natural greedy polling
algorithms. Our approach allows to conduct a detailed analysis
and obtain, sometimes explicit, results on the cost of polling.
Empirical results on both synthetic data and real social network
data validate our analytic models. In particular, we find out that
in the 1.46-billion-edge Twitter social graph, only 22% of the
users need to be queried to get information about all the users,
while monetary cost of our algorithm can be as low as 38% of
that for the strategy to poll every user.

I. INTRODUCTION

This paper is motivated by two online polls we have
conducted. Commuters in the public transit system of a
metropolis were asked their Chinese zodiac symbol so that,
based on commuting records, one may determine how their
answer informs their commuting behavior.1 The commuters
were offered points for answering the poll and the points have
a monetary value. The commuters are linked to their friends
and family on the online platform. In total, there are over
230,000 participants of whom more than 75% have friends
on the online platform. Response rates of 25% have been
recorded in these polls.

In the above, and in general, pollsters and surveyors are
concerned with response rate, cost, and truthfulness of the
responses. The response rate decreases with the length of
surveys and the time it takes to answer questions [1]; in
this sense, surveys, which tend to be detailed (e.g., customer
satisfaction), fare worse than polls which are usually a single
multiple choice question. Incentive (monetary or otherwise)
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can boost response rate as well [2], but surveyors want to
keep this low.

Social networks provide another way to increase response
rate: ask a friend of a user for the user’s response to a
poll. Indeed, this feature has been observed and studied
in previous work [3], [4], [5]. In [3], the authors study a
binary response polling model and a user is assumed to
know the preferences of all her friends and express the
aggregate response (including her own) as a weighted sum of
the individual responses. The goal is to estimate the overall
ratio of positive responses by sampling a small number of
nodes for their aggregate response and bounding its error.
In [5], the authors investigate a random walk model for
choosing which nodes to sample so as to reduce the number
of samples needed for a given accuracy of prediction; [4],
proposes sampling from m independent random walks to
lower the estimation errors. In [6], the social context of
users is employed indirectly in that voters were asked for
their opinions on “who they expect will win an election”
as opposed to “who they will vote for”, and argued that the
first method generates more reasonable estimates in practice.
In [7], [8], the effect of social influence from friends on
individual users’ opinion is studied.

Our motivation and work differs from previous literature
in several ways. First, we focus on polls which concern
less sensitive information (e.g., the Chinese zodiac poll) or
which merely ask a potential respondent for their preference
for red cars over blue cars or for roses over tulips. Such
questions can have a higher response rate than more sensitive
questions; for example, a question about a potential respon-
dent’s belief (“Is behavior X ethical?”). More importantly, in
the former type of question, a respondent is more likely to
know and be willing to truthfully share the response of their
friends. Second, we are interested in minimizing polling cost,
where cost is defined in two ways: (i) Monetary cost: This
is the amount of money it takes to elicit a response from a
potential respondent, and this varies across respondents. This
cost can be determined empirically, e.g., by A/B testing. In
our experiments for transit commuters, there is a lot of side
information available on the number of points a commuter
needs to be given to perform a particular behavior (gathered
over several months of giving behavior incentives). This
information can be very helpful in estimating the monetary
cost of the users. (ii) Querying cost: This is the number of
different potential respondents queried or sampled. This cost
matters significantly in mail-in, telephone and direct polls. It
also matters in online polls where a user is subject to multiple
mini-polls and the goal is to minimize fatigue. Social polling
can also help validate the truthfulness of a user’s response;



for example, a user’s response can be validated by comparing
the responses given by a number of the user’s friends on the
user’s behalf. We do not explore this issue here.

We model a social network as a graph with each node
representing a user and each edge representing a friendship.
We make the following assumptions:

(i) User i has a cost of ci for answering a poll, where the
ci’s are i.i.d. across users and also independent of the graph
structure.

(ii) User i knows the responses of all her friends and, if
asked, is willing to provide the response of each friend at a
charge of ci.

Under these assumptions, our goals are to theoretically
study the cost of eliciting high response rates, essentially
the cost of eliciting every user’s response. We place no
restrictions on the responses and we are interested in min-
imizing both the monetary and querying costs and study
algorithms for each purpose. It turns out that minimizing
the querying cost involves determining the minimum set of
users so that every other user is a friend of one of these users;
in other words, the minimum dominating set (MDS) of the
graph. In general, determining the MDS is NP-hard and an
obvious greedy algorithm is well-known to achieve the best
approximation ratio [9]. We use the method of Wormald [10]
to determine the size of dominating set found by the greedy
algorithm for a variety of random graphs.

Our contributions. We analyze a natural greedy algo-
rithm, Π∗m, that minimizes the monetary cost of social
polling. We explicitly compute the querying cost of this
optimal algorithm. We then analyze a well-known greedy
approximation algorithm, Π∗q , for determining the minimum
dominating set in random regular graphs and degree bounded
graphs. We obtain an explicit solution for directed random
r-regular graphs, improving on previous work (reviewed in
Section IV) on this problem. Experiments on both synthetic
and real social network data validate our analysis and indi-
cate great potential in carrying out the social polling scheme.

The rest of the paper is organized as follows: Section II
frames social polling as a formal graph theoretic problem and
defines incurred monetary and querying costs; Section III and
IV discuss the analytic results of calculating and minimizing
monetary and querying costs; Section V presents empirical
results on synthetic graphs and social network data; Section
VI summarizes the paper.

II. SOCIAL POLLING

Social polling aims to learn a user’s preferences or other
information either from herself or from one of her friends.
Assume there is only one question in the poll. Denote the
friendship graph by G = (V,E), |V | = n; (i, j) ∈ E if and
only if user i and j are mutual friends (G is an undirected
graph), or user j is a friend of user i (G is a directed graph).
Let N (i) be the set {i} ∪ {j : (i, j) ∈ E}, which is the
“neighbourhood of i”. User i has a cost of ci for answering
the poll question either about herself or about one of her
friends. Thus, if user i answers the questions of all nodes in

N (i), the pollster pays her |N (i)|ci dollars. We assume that
the ci’s are i.i.d with some distribution Fc(·).

Let Π denote a social polling policy. That is, given a graph
G, Π determines a subset DΠ ⊂ V to poll, and for each user
i ∈ V , Π specifies user qi ∈ DΠ to answer user i’s question
(i ∈ N (qi)). Then, the total monetary cost of Π equals

Cm(Π) =

n∑
i=1

cqi .

The querying cost of Π is the number of distinct users who
are asked questions under Π and equals

Cq(Π) = |DΠ|.

Cq represents the “effort” involved in contacting users and
soliciting their answers. Pollsters aim to minimize both Cm
and Cq; however, to do this simultaneously can be hard. We
shall investigate policies that aim to minimize one of the
costs while keeping the other as low as possible.

Next, we will introduce and analyze policies that minimize
the monetary and querying costs in various types of graphs.

III. MINIMIZING MONETARY COST

For a graph G and any monetary costs {ci}ni=1 drawn
from Fc(·), observe that the following greedy algorithm, Π∗m
(Algorithm 1), achieves the minimum monetary cost.

Algorithm 1 Π∗m: minimizing monetary cost in social polling

Require: G = (V,E),monetary cost {ci}ni=1

n = |V |
Q0 = ∅, A0 = ∅
t = 0
while At 6= V do
t← t+ 1
it = argminp∈Qc

t−1
{cp|N (p) ∩Act−1 6= ∅}

Query it for answers of all nodes in N (it) ∩Act−1

Qt ← Qt−1 ∪ {it}
At ← At−1 ∪N (it)

end while
DΠ∗

m
= Qt

In Π∗m, let Qt ⊂ V be the set of nodes who have been
queried and let At ⊂ V be the set of nodes whose answers
have been obtained after the tth query. In each round, Π∗m
picks the cheapest node it which has not been queried before
(it ∈ Qct−1) but can answer the poll for at least one node
whose answer has not been obtained (N (it) ∩ Act−1 6= ∅).
Then, it answers the poll for all nodes in N (it) ∩Act−1.

It is worth noting that Π∗m optimally minimizes the mon-
etary cost for every instance in the sample space and, hence,
in expectation. The expected monetary cost of Π∗m can be
directly computed:

E(Cm(Π∗m)) =

n∑
i=1

E(cq∗i ), (1)

where q∗i = argminj{cj : i ∈ N (j)}.



Thus, for example, in an undirected r-regular graph
of n nodes, the expected minimum monetary cost is
E(Cm(Π∗m)) = nT , where T is the expected value of the
minimum over r + 1 values i.i.d. from the cost distribution
Fc(·).

The expected querying cost of Π∗m can also be explicitly
computed, and is independent of the distribution of monetary
cost Fc(·). We show an example of undirected random r-
regular graphs in the following subsection.

A. The querying cost of Π∗m for undirected random r-regular
graphs

To obtain the expected querying cost of Π∗m, we determine
pi = P (node i is queried under Π∗m) and note that

E(Cq(Π
∗
m)) = E(|DΠ∗

m
|) =

n∑
i=1

pi. (2)

To evaluate pi, it suffices to look at the monetary costs of
nodes in N = N (i)∪N (N (i)), i.e., nodes that are less than
or equal to 2 hops from node i.

To proceed, we make two main observations:

1) For a fixed r, a random r-regular graph is locally
tree-like in the limit as n → ∞ [11]. In particular, G
restricted to the nodes in N is a depth-two tree Ti
with i at the root.2

2) Crucially, note that under Π∗m the set DΠ∗
m

is deter-
mined completely by the rank order of the costs cj of
all the nodes in G. That is, let π be a permutation of
1, ..., n such that cπ(1) < cπ(2) < ... < cπ(n). Then,
whether i ∈ DΠ∗

m
depends only on the relative ranking

of nodes in Ti. Since {ci}ni=1 are i.i.d from Fc(·), this
further implies that P (i ∈ DΠ∗

m
) does not depend on

Fc(·).3

Assuming that Fc(·) is U [0, 1]. Let j1, ..., jr denote i’s
neighbors. Define,

h = |{k : cjk > ci, 1 ≤ i ≤ r}|.

Note that a node i is queried under Π∗m if and only if (i)
h = r: i is the cheapest node among all its neighbors, or (ii)
h < r and i is the cheapest node among j’s neighbors for
some neighbor j with cj > ci. We evaluate the probability
in each of these cases.
(i) This occurs with probability 1

r+1 .
(ii) In this case, given h and ci = x, note that

P (i ∈ DΠ∗
m
|ci = x, h) = 1− (1− (1− x)r−1)h. (3)

2More generally, it has been shown in [11] that random graphs having
degree distribution Pk with finite second moment are locally tree-like.

3When Fc(·) is a continuous distribution, with probability 1, tie-breaking
is not needed. When Fc(·) is a discrete distribution so that there are ties, the
nodes can be ordered according to non-decreasing costs and Π∗

m applied to
nodes in this order will also give the least monetary cost. So, without loss
of generality, we consider continuous costs in the remainder.

It follows that

P (i ∈ DΠ∗
m

) =
1

r + 1
+

r−1∑
h=0

(
r

h

)∫ 1

0

l(x)dx, (4)

l(x) = (1− x)hxr−h(1− (1− (1− x)r−1)h) (5)

and Ê[Cq(Π
∗
m)] = nP [i ∈ DΠ∗

m
]. Here, we use Ê[Cq(Π

∗
m)]

because it assumes that the all nodes in the graph are locally
tree-like at depth-two.

In the following theorem, we shall show that the estimation
Ê[Cq(Π

∗
m)] is asymptotically accurate, with an relative error

o(1).

Theorem 1. A node P locally tree-like at depth-two if:
1. 6 ∃Q,R ∈ V,Q 6= R, {(P,Q), (P,R), (Q,R)} ⊆ E
2. 6 ∃Q,R, S ∈ V,Q 6= R,R 6= S, S 6= Q, {(P,Q), (P,R),

(Q,S), (R,S)} ⊆ E
Define Tn as the number of nodes in an undirected random

r-regular graph of n nodes that are not locally tree-like at
depth-two.

Assume the monetary costs ci’s are i.i.d. from a distribu-
tion Fc(·). If Tn has a finite mean and variance when n goes
to infinity, then, the expected relative error of Ê[Cq(Π

∗
m)]

over all undirected random r-regular graphs is o(1):

E[
|Ê[Cq(Π

∗
m)]− E[Cq(Π

∗
m)]|

E[Cq(Π∗m)]
] = o(1)

Proof: When Tn = t, for the n − t nodes which
are locally tree-like at depth-two, each of them has the
same probability of being selected by Π∗m: p = P [i ∈
DΠ∗

m
]. Ê[Cq(Π

∗
m)] correctly calculates the expected number

of nodes queried from these n − t nodes. It follows that
E[Cq(Π

∗
m)] ∈ [(n − t)p, (n − t)p + t], and apparently,

E[Cq(Π
∗
m)] ≥ 1.

E[
|Ê[Cq(Π

∗
m)]− E[Cq(Π

∗
m)]|

E[Cq(Π∗m)]
] ≤ E[

Tn
max{(n− Tn)p, 1}

]

Now, we use the fact that Tn has a finite mean and variance
when n goes to infinity. Then, according to Chebyshev’s
Inequality, P (Tn − E[Tn] ≥ n

2
3 ) ≤ Var(Tn)

n
4
3

. Define a =

dE[Tn] + n
2
3 e and f(n) = E[ Tn

max{(n−Tn)p,1} ]. Then,

f(n) ≤
a−1∑
t=0

P (Tn = t)t

(n− t)p
+

n∑
t=a

P (Tn = t)t

max{(n− t)p, 1}

≤ E[Tn]

(n− a)p
+ P (Tn ≥ a)

n

p

∼O(
1

n
) +O(

1

n
1
3

)

Theorem 1 can be applied to undirected random regular
graphs for the following reason. Corollary 2.19 in [12] states
that for an undirected random r-regular graph, when n goes
to infinity, the number of loops of length L is asymptotically
a Poisson random variable with finite mean: (r−1)L

2L . As any
node which is not locally tree-like at depth-two must lie on
a loop of length L = 3 or L = 4, Tn has a finite mean and
finite variance when n goes to infinity.



IV. MINIMIZING QUERYING COST
For any polling strategy Π, since the question of every

node i is answered by some qi ∈ DΠ, and i ∈ N (qi), DΠ

forms a dominating set in G. It follows that minimizing the
querying cost is equivalent to finding the minimum dom-
inating set. Although the minimum dominating set (MDS)
problem is NP-complete [13], a greedy approximation al-
gorithm can achieve an approximation ratio of O(log∆)
(∆ is the maximum node-degree in the graph); moreover,
no algorithm can achieve an approximation ratio less than
O((1−o(1))log∆) unless NP problems can be solved deter-
ministically in time nO(loglogn) [9]. Next, we shall describe
and analyze this greedy algorithm, denoted by Π∗q . In Π∗q ,
every node is uncovered initially. Then, in each step, Π∗q
adds a node i into DΠ∗

q
so that i covers the most number of

uncovered nodes. Here, i can cover j if and only if j ∈ N (i).
In the remainder of this section we present results for

random graphs. We begin with random regular graphs and
describe extensions to degree-bounded random graphs. We
apply the differential equation method of Wormald [10]. In
particular, for directed random regular graphs, we obtain
an explicit closed-form solution to the resultant differential
equations describing the evolution of the dominating set
determined by Π∗q .

Related work. Previous literature on dominating sets
focuses on bounding the size of the minimum dominating
set in a variety of graph types (see, for example, [14],
[15]). Parekh [16] uses an algebraic method to derive an
upper bound on the size of the dominating set given by
the greedy algorithm in undirected graphs. In this paper,
we use the techniques in Wormald [10] to obtain the exact
size of dominating set generated by the greedy algorithm
for degree-bounded random graphs in the limit as n → ∞.
In [10], the differential equation method is developed and
used to analyze greedy algorithms for the independent set
problem in undirected random regular graphs. The method
is employed for the independent dominating set problem in
random regular graphs [17] and the connected dominating
set problem in random regular graphs [18]. Howe [19]
applies the method to dominating set problem in directed
regular graphs. Howe’s analysis obtains a complex system
of O(r2) differential equations for r-regular graphs, making
it difficult to solve explicitly. Since we evolve the dominating
set (more specifically, the greedy algorithm for finding the
dominating set) in a simpler manner, our method only has
O(r) equations. This allows us to compute the size of the
dominating set explicitly for directed r-regular graphs, and
also extend to irregular (degree-bounded) graphs.

A. Directed Random Regular Graphs

1) Model: Consider a directed random r-regular graph
on n nodes; this is a simple directed graph in which each
node has both in-degree and out-degree r. Such a graph
can be generated through the pairing model [10], [19]:
initially assign r incoming half-edges and r outgoing half-
edges to each node and iteratively match half-edges as
follows. For each unmatched outgoing half-edge, choose an

unmatched incoming half-edge uniformly at random (u.a.r.)
and independently of all else and match the two half-edges.
With probability exp(− r

2+1
2 +O( 1

n )), this process generates
a random r-regular simple directed graph and any property
that holds asymptotically almost surely (a.a.s) for the graph
generated by this process also holds a.a.s for r-regular simple
directed random graph [19].

Now we combine two processes: (i) generating the di-
rected random r-regular graph, and (ii) determining the dom-
inating set. The directed edges (and half-edges) play a crucial
role in executing these two steps. Once the dominating
set DΠ∗

q
is found, questions are answered by nodes in the

dominating set by taking into account the monetary cost of
the nodes. The details are as follows.
Random graph generation and dominating set determi-
nation using the greedy algorithm Π∗q .
Time, by t = 0, 1, 2, ..., marks the progress of the greedy
algorithm Π∗q : at each time t, one node is added to the
dominating set DΠ∗

q
. Let G(t) denote the graph at the end of

tth time step: G(t) includes all the n nodes, the unmatched
half-edges and the matched edges at the end of time t. Let
D(t) ⊆ DΠ∗

q
be the set of nodes that have been determined

to be in the dominating set according to Π∗q at the end
of time t. Let U(t) and C(t) be, respectively, the set of
“uncovered” and “covered” nodes by time t; that is, a node
j ∈ U(t) is “uncovered” if it is not yet in the dominating
set, D(t), nor has an incoming edge from a node in D(t)
(C(t) is the complement of U(t)). Let Ui(t), i = 0, ..., r and
Ci(t), i = 0, ..., r be the set of uncovered and covered nodes,
respectively, at the end of time t which have precisely i
matched outgoing half-edges. Note that U(t) (C(t)) is the
disjoint union of the Ui(t) (respectively, the Ci(t)). Table I
summarizes the notations.

Initially, U(0) = U0(0) = V and G(0) is the graph with
n nodes each with r incoming and outgoing half-edges.
t = 0: Π∗q picks a node k randomly from U0(0) and matches
each of its r outgoing half-edges to an incoming half-edge
chosen u.a.r. from the existing set of incoming half-edges.
Denote by Nc(k) the nodes newly covered by k as a result of
the previous step. Further, Π∗q matches each incoming edge
of each node in {k}∪Nc(k) to an outgoing half-edge chosen
u.a.r. from the existing set of outgoing half-edges. Sets are
updated as follows:
D(1)← D(0)∪{k}; k is moved from U0(0) to Cr(1); G(1)
and Uj(1) and Cj(1), 0 ≤ j ≤ r are updated appropriately.
General t: Place Uj(t) and Cj(t) in the following order:
U0(t), C0(t), ...,Ur(t), Cr(t). Let S be the first nonempty set
in this order, and note that S is the set of nodes that have
the largest number of unmatched outgoing half-edges—the
correct set of candidate nodes for Π∗q to choose from. Say
that Π∗q picks a node k ∈ S.

Case 1. k ∈ Uh(t) for some h. Each of the r−h unmatched
outgoing half-edges is connected u.a.r. to an incoming half-
edge in G(t), and k is moved from Uh(t) to Cr(t+ 1). Each
incoming half-edge of each node in {k}∪Nc(k) is matched
u.a.r. to an outgoing half-edge from the set of available
outgoing half-edges. All sets are updated appropriately.



TABLE I: Notations in analyzing Π∗q for directed random regular graphs

t Time step (by time t, t nodes have been selected into DΠ∗
q

)
G(t) The graph at the end of tth time step including unmatched half-edges and matched edges
D(t) The set of t nodes selected into DΠ∗

q
by time t

U(t) Uncovered nodes by time t (nodes that are not in D(t) nor has an incoming edge from any node in D(t))
C(t) Covered nodes by time t (nodes that are in D(t) or has an incoming edge from any node in D(t))
Ui(t) Uncovered nodes by time t which have precisely i matched outgoing half-edges
Ci(t) Covered nodes by time t which have precisely i matched outgoing half-edges

Case 2: k ∈ Ch(t) for some h. Similar operations as above,
except that as k has already been covered, all of its incoming
half-edges have been connected.

The algorithm terminates at the first time T such that
Cr(T ) = V . And DΠ∗

q
= D(T ).

Remark 1. The graph at the termination of the algorithm
is a directed r-regular random graph since all the half-edges
have been matched independently and u.a.r.

Remark 2. The dominating set DΠ∗
q

is indeed the result
of the greedy algorithm because Π∗q picked nodes that had
the largest number of available outgoing half-edges and con-
nected them to nodes that were previously uncovered (recall
that a covered node has all of its incoming edges matched).
Hence, Π∗q covered the largest number of uncovered nodes
at each step.

2) Querying cost of Π∗q: estimating the size of DΠ∗
q
:

We now analyze the evolution of the size of sets Uj(t) and
Cj(t) in the greedy algorithm Π∗q . The algorithm proceeds
in phases of time; in each phase it picks nodes from one
of the sets in the following ranked order (U0(t), C0(t), ...,
Ur(t), Cr(t)). Say that in Phase i(a) Π∗q picks nodes from
Ui(t) and in Phase i(b) it picks nodes from Ci(t). We
characterize the dynamics of each phase. Let U(t) = |U(t)|,
C(t) = |C(t)|, Ui(t) = |Ui(t)| and Ci(t) = |Ci(t)| be the
sizes of the corresponding sets. Define V (t) =

∑r
j=0[(r −

j)(Uj(t) + Cj(t))].

Proposition 1. Let ∆Uk
(t) = E[Uk(t + 1) − Uk(t)|G(t)]

and ∆Ck
(t) = E[Ck(t + 1) − Ck(t)|G(t)] be the expected

change of Uk(t) and Ck(t), i ≤ k ≤ r, conditioned on G(t)
during Phase i(a), then

∆Uk
(t) = −δk=i− (r− i)Uk(t)

U(t)
− (r2− ir+ i)Q(t) + o(1),

∆Ck
(t) = δk=r + (r− i)Uk(t)

U(t)
− (r2 − ir+ i)W (t) + o(1),

Q(t) = (r − k)
Uk(t)

V (t)
− (r − k + 1)δk>0

Uk−1(t)

V (t)
,

W (t) = (r − k)
Ck(t)

V (t)
− (r − k + 1)δk>0

Ck−1(t)

V (t)
.

Proof: At time t + 1 in Phase i(a), say that node P
is selected from Ui(t). Since P has r − i outgoing half-
edges and all uncovered nodes have r incoming half-edges,
it follows that in Uk(t), the expected number of nodes chosen
as one of P ’s r − i outgoing neighbors is (r − i)Uk(t)

U(t) .
Next, Π∗q matches the r + (r − i)(r − 1) = r2 − ir + i

incoming half-edges of the above r − i + 1 newly covered

nodes u.a.r. to existing outgoing half-edges in G(t). The
probability that a matching outgoing half-edge e comes from
a node S in Uk(t) and Ck(t) is (r−k)Uk(t)

V (t) and (r−k)Ck(t)
V (t) ,

respectively. S moves to Uk+1(t + 1) if S ∈ Uk(t), and
moves to Ck+1(t+1) if S ∈ Ck(t). Putting the above together
completes the proof.4

Setting x = t/n, uk(x) = Uk(t)/n, ck(x) = Ck(t)/n,
i ≤ k ≤ r, u(x) = U(t)/n, v(x) = V (t)/n, q(x) = Q(t)/n,
w(x) = W (t)/n, and letting n→∞, we obtain

duk(x)

dx
= −δk=i − (r − i)uk(x)

u(x)
− (r2 − ir + i)q(x),

(6)
dck(x)

dx
= δk=r + (r − i)uk(x)

u(x)
− (r2 − ir + i)w(x). (7)

Phase i(b). Π∗q picks a node P from Ci(t). Similar to
phase i(a), we obtain the following equations:

duk(x)

dx
= −(r − i)uk(x)

u(x)
− (r − i)(r − 1)q(x), (8)

dck(x)

dx
= δk=r − δk=i + (r − i)uk(x)

u(x)
− (r − i)(r − 1)w(x).

(9)

Interestingly, the differential equations in Phases i(a) and
i(b), 0 ≤ i < r, admit explicit solutions:5

For s ∈ {a, b},

uk(x) = C
u,i(s)
k u(x) +

k∑
j=i

A
u,i(s)
j,k u(x)W

u,i(s)
j ,

ck(x) = C
c,i(s)
k u(x) +

k∑
j=i

(A
c,i(s)
j,k u(x)W

c,i(s)
j +

B
u,i(s)
j,k u(x)W

u,i(s)
j ),

where u(x) = u(xi(s))− (r − i+ δs=a)(x− xi(s)). xi(s) is
the value of x at the start of Phase i(s).
W

u,i(s)
k ,W

c,i(s)
k , C

u,i(s)
k , A

u,i(s)
j,k , B

u,i(s)
j,k , C

c,i(s)
k , A

c,i(s)
j,k

are all constants dependent on r, i, j, k and initial values
of uj’s and cj’s at x = xi(s).

Remark.
1. In Phase r(a), dui(x)/dx = −1, so the length of Phase

4The o(1) terms are due to the fact that the probability of choosing a half-
edge changes only by o(1) after each node is selected as is the probability
that a particular node is chosen more than one time in a time step.

5The only exception to the solution is for c0(x) in Phase 0(b) when
r = 2, where it is a linear combination of u(x) and u(x)log(u(x)).



r(a) is trivially ur(xr(a)).
2. The time at which Phase i(a) ends is given by x∗ =

inf{x|u(x) = 0 or Cu,i(a)
i + A

u,i(a)
i,i u(x)W

u,i(a)
i −1 = 0, x ≥

xi(a)}. Since u(x) is linear in x, we can compute x∗

analytically. The length for Phase i(b) is calculated in a
similar fashion.

Extension to degree-bounded random graphs. For
degree-bounded random graphs, we can still apply the afore-
mentioned differential equation system, with the following
modification: let Ui,j(t)(Ci,j(t)) be the number of uncovered
(covered) nodes with precisely i outgoing and j incoming
half-edges after step t. The initial conditions are: Ci,j(0) =
0, Ui,j(0) = di,j , 0 ≤ i, j ≤ r, where di,j is the number
of nodes in the random graph with out-degree i and in-
degree j. The order of sets from which Π∗q picks nodes is
(Ur,r(t), Ur,r−1(t), ..., Ur,0(t), Cr,r(t), ..., Cr,0(t), Ur−1,r(t),
..., U0,r(t), ..., U0,0(t)).

Concentration of results. One essential question is
whether the obtained solution to the differential equation
system is close to the actual size of dominating set given
by Π∗q . We apply Theorem 1 in Wormald [10] to prove that
the differential equation system has a unique solution and the
solution is within o(1) of the actual answer almost surely.

Theorem 2. The differential equation system for Π∗q has

a unique solution. And almost surely, x∗ =
|DΠ∗

q
|

n + o(1),
where x∗ = inf{x > 0|cr(x) = 1}. |DΠ∗

q
| is the size of the

dominating set found by Π∗q in a degree-bounded directed
random graph of n nodes.

3) Monetary cost of Π∗q: Having found the dominating
set, Π∗q queries nodes in DΠ∗

q
to answer polls for all nodes

in G. When more than one node in DΠ∗
q

can answer polls
for a node, we choose the one with the least monetary cost.
However, it is possible that the number of nodes queried
by Π∗q is smaller than the size of DΠ∗

q
. In experiments, we

observe that the discrepancy is mostly 0 and always less than
0.17% of the size of DΠ∗

q
and decreases rapidly as the graph

becomes more dense. We ignore this discrepancy and think
of Π∗q as querying all the nodes in DΠ∗

q
.

The expected monetary cost of Π∗q is given by:

E(Cm(Π∗q)) =

|DΠ∗
q
|∑

i=1

E[|{j : |I(j) ∩DΠ∗
q
| = i}|]×M(i),

where I(j) is the set of nodes that can answer the poll
question for node j, i.e. I(j) = {k|j ∈ N (k)}, and M(i) is
the expected value of the minimum among i numbers i.i.d
from Fc(·).

The differential equation system can be employed to
calculate E[|{j : |I(j)∩DΠ∗

q
| = i}|]. Let Ui,j(t)(Ci,j(t)) be

the set of uncovered (covered) nodes with i matched outgoing
half-edges and j incoming neighbors (possibly including
itself) in D(t) after step t. The update of Ui,j(t)(Ci,j(t))
is done appropriately. At the end of the algorithm at time T ,

E[Cr,i(T )] = E[|{j : |I(j) ∩DΠ∗
q
| = i}|] (10)

V. EXPERIMENTS

A. Synthetic Data

To evaluate the social polling strategies Π∗m and Π∗q , we
conduct experiments on the following types of graphs:
• Directed r-regular random graph of n = 100, 000 nodes
• Undirected random graph of n = 100, 000 nodes with

power-law degree distribution and maximum degree
bounded at 20

As isolated nodes must be queried, we do not generate
nodes with degree 0 in the graphs above. Each empirical
result is averaged over 100 runs.6 Runge-Kutta method is
used for solving the differential equation system with step
size equal to 10−5 for regular graphs and 5×10−7 for other
graphs. The monetary cost ci is i.i.d and uniformly randomly
drawn from {1, 5, 10, 50, 100} for regular graphs and from
[0, 1] for other graphs. Thus, for the baseline strategy to poll
each node for its own information, the average monetary cost
per node is (1 + 5 + 10 + 50 + 100)/5 = 33.2 for regular
graphs and 0.5 for other graphs. The experimental results are
shown in Table II and III.

First of all, the theoretical models give pretty close results
compared with empirical ones in all cases. This verifies the
effectiveness of our models in analyzing the performance of
algorithms in different types of large networks.

Secondly, each strategy is effective in minimizing its
objective. In r-regular graphs, the monetary cost of Π∗m can
be as small as 1/20 of that of Π∗q ; while the querying cost for
Π∗q is around half of that of Π∗m when r is large. It is worth
noting that as r increases, the querying cost drops to 8.8%
of the size of graph, while the optimum average monetary
cost is only 1.04 per node, much lower than the baseline
(33.2). In power-law graphs, only 35% to 40% of the nodes
need to be queried, while minimum monetary cost is around
0.3 per node. This indicates that Π∗m and Π∗q are effective in
lowering the costs in social polling.

Thirdly, we also evaluate the actual querying cost of Π∗q
since it may be smaller than the size of dominating set found
by the greedy algorithm. It turns out that in the experiments,
the discrepancy is mostly 0 and is always less than 0.17%
of the size of dominating set.

B. Social Network Data

To evaluate the effectiveness of our algorithms and the
potential of utilizing social network information in polling,
we carry out experiments on real world social network data.
We use anonymous data from publicly available data sources
([20], [21], [22]), which crawled the friend information
among users in social networking site, blogging site, video-
sharing site, etc. We introduce the basic information of the
social network data in Table IV. These social graphs contain
1.1 million to 41.7 million nodes with 4.9 million to 1.46
billion friend links. All of the friend links are directed. In
case a site allows undirected friendship, there will be two
directed edges in the dataset describing each pair of friends.

6In all experiments, the standard deviation is very small, hence not
reported.



TABLE II: Empirical and theoretical results for monetary and querying costs of Π∗m and Π∗q . Each empirical result is averaged
over 100 runs on directed r-regular random graphs with 100, 000 nodes and on monetary cost uniformly randomly drawn
from {1, 5, 10, 50, 100}.

Minimum monetary cost strategy Π∗
m Minimum querying cost strategy Π∗

q

r Monetary cost Querying cost Monetary cost Querying cost
Empirical Theoretical Empirical Theoretical Empirical Theoretical Empirical Theoretical

1 1,374,076 1,376,000 66,647 66,666 3,056,203 3,056,959 56,768 56,766
2 707,979 708,800 54,269 54,285 2,886,870 2,887,135 41,076 41,079
3 438,880 439,040 46,595 46,592 2,771,784 2,768,628 32,633 32,636
4 312,939 312,512 41,175 41,161 2,679,948 2,676,590 27,311 27,307
5 245,011 244,890 37,069 37,058 2,603,890 2,600,786 23,620 23,617

10 136,377 136,342 25,513 25,514 2,352,726 2,342,149 14,636 14,631
15 111,383 111,402 19,907 19,905 2,186,065 2,177,103 10,918 10,913
20 103,685 103,700 16,499 16,499 2,066,483 2,056,879 8,835 8,830

TABLE III: Empirical and theoretical results for monetary and querying costs of Π∗m and Π∗q . Each empirical result is
averaged over 100 runs on undirected random graphs with power-law degree distribution (P [degree = k] ∝ k−α) and
maximum degree bounded at 20. The graph has 100, 000 nodes and the monetary cost is uniformly randomly drawn from
[0, 1].

Minimum monetary cost strategy Π∗
m Minimum querying cost strategy Π∗

q

α Monetary cost Querying cost Monetary cost Querying cost
Empirical Theoretical Empirical Theoretical Empirical Theoretical Empirical Theoretical

2.1 28,516 28,501 52,334 52,332 43,747 44,282 34,737 34,605
2.3 29,440 29,418 52,544 52,549 45,106 45,579 36,240 36,136
2.5 30,185 30,156 52,576 52,583 46,235 46,674 37,766 37,717
2.7 30,773 30,746 52,485 52,495 47,135 47,548 39,256 39,246
2.9 31,249 31,217 52,335 52,333 47,855 48,217 40,648 40,648

TABLE IV: Statistics of the social network data in the
experiments

Dataset Type No. users No. friend links
Livejournal Blogging 4.8M 68.5M

Pokec Social Network 1.6M 30.6M
Flickr Photo-sharing 1.7M 22.6M
Orkut Social Network 3.1M 223.5M

Youtube Video-sharing 1.1M 4.9M
Twitter Microblogging 41.7M 1.46B

Each experiment is run 100 times with i.i.d. monetary cost
uniformly random from [0, 1] and the average is reported.

Apart from Π∗m and Π∗q , we compare with the performance
of a baseline algorithm, RANDOMSELECT. RANDOMSE-
LECT assigns each node i a node qi, chosen uniformly
randomly from the set {j|i ∈ N (j)}. In other words, each
node that can answer the poll for i is selected with equal
probability. Then, the question of i is answered by qi.

Figure 1 shows the monetary and querying costs in log-
arithmic scale for the three algorithms on social network
datasets. Table V presents the average monetary / querying
cost per node for these algorithms. We summarize the
findings as follows.

Firstly, while the expected monetary cost is 0.5 per node
if we poll each node for its own information, the optimal
monetary cost given by Π∗m is much lower: the average
monetary cost per node is around 0.2 and can be as low
as 0.05. Similarly, under Π∗q , only around 20% of the nodes
need to be polled for the information over the entire graph.
This manifests the great potential of social polling.

Secondly, the baseline algorithm, RANDOMSELECT, has
both higher monetary and querying costs than that of Π∗m

and Π∗q . This is interesting since Π∗m and Π∗q are designed
to minimize their own objective cost, but they also keep the
other cost low. Specially, RANDOMSELECT incurs 3.9 times
the monetary cost of that for Π∗m and 4.6 times the querying
cost of that for Π∗q on average. It indicates that Π∗m and Π∗q
are effective in minimizing the costs in social polling.

Lastly, for the largest dataset in our experiment, Twitter,
Π∗q only queries 22% of the 41.7M nodes; while Π∗m has an
average monetary cost of 0.19 per node, which is 38% of
0.5 if every node is polled for its own information.

VI. CONCLUSIONS

In this paper, we studied social polling from a graph-
theoretic view. We considered the monetary and querying
costs of social polling and analyzed algorithms for min-
imizing these costs. The main contributions are an exact
analysis of these costs in a variety of graphs and an explicit
solution for directed random r-regular graphs. The exper-
iments validate our theoretical models in various kinds of
graphs with different monetary cost distributions. Here, the
main findings are that by exploiting the social structure and
providing monetary incentives, a pollster can significantly
increase the amount of information gathered while keeping
costs very low. Further work is needed to explore other issues
such as the truthfulness of responses where, again, a social
network can help (e.g., a user’s response can be validated
by comparing the responses given by a number of the user’s
friends on the user’s behalf). A practical trial, which we plan
to conduct, will also be highly informative.
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Fig. 1: Monetary and querying costs of Π∗m, Π∗q and RANDOMSELECT on social network data. Results are in logarithmic
scale. Monetary cost of each node is i.i.d. uniform from [0, 1]. Each experiment is run for 100 times and the average cost
is reported.

TABLE V: Average monetary and querying cost of Π∗m, Π∗q and RANDOMSELECT per node. Minimum monetary/querying
costs are in bold.

Livejournal Pokec Flickr Orkut Youtube Twitter
Algorithm Average monetary cost per node

Π∗
m 0.19 0.15 0.25 0.05 0.27 0.19

Π∗
q 0.32 0.28 0.39 0.30 0.40 0.26

RANDOMSELECT 0.50 0.50 0.50 0.50 0.50 0.50
Algorithm Average querying cost per node

Π∗
m 0.42 0.36 0.47 0.16 0.48 0.37

Π∗
q 0.26 0.20 0.19 0.04 0.19 0.22

RANDOMSELECT 0.60 0.57 0.57 0.54 0.55 0.46
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