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Preface

This thesis examines two kinds of hardness in computational problems involving noise and data. The
first kind of hardness is computational-—the minimum amount of computational resources required
to compute a solution. The second kind of hardness is statistical-—the minimum amount of data
required to produce an output that is correct with sufficiently high probability. In particular, this
thesis is focused on how to circumvent the limitations imposed by certain hardness results.

We start out by examining strategies to sidestep computational hardness. We start by examining
minimum risk motion planning (MRMP), the problem of a robot finding a path in an environment
where the obstacles are estimated instead of known apriori. As we show in chapter[2] this problem is
hard even under conditions that make the path-finding problem with obstacles known apriori easy.
However, this does not mean that solving instances of this problem are infeasible. We identify a
parameter that controls the hardness of an instance of the problem. When this parameter is small,
we are able to find an optimal solution efficiently. Even though MRMP may be infeasibly difficult
in the worst case, many practical instances that we care about turn out to be “simple” in the sense
this parameter is small, allowing us make progress.

We sidestep hardness in a different way for the non-parametric statistical problem of log-concave
maximum likelihood in chapter @] The original algorithm for log-concave maximum likelihood re-
quires computing a high-dimensional triangulation. Unfortunately, the size of a triangulation can
grow exponentially with dimension, making the problem computationally infeasible even in the
medium dimensional setting. We draw a connection between the log-concave maximum likelihood
problem and the much simpler problem of exponential family maximum likelihood. Exponential
family maximum likelihood, which includes recovering a Gaussian by computing the sample mean,
yields a simple algorithm that applies to all distributions in the exponential family. It turns out that
solutions to the log-concave maximum likelihood problem are members of an exponential family,
at least in general position for a sufficiently small neighborhood of parameter values. While these
caveats are important, this structure allows a modified version of the exponential family maximum
likelihood algorithm to successfully compute a solution. Not only does this algorithm converge rel-
atively quickly, but it also does not require computing the exponential large triangulation. This

yields the first polynomial time algorithm for solving log-concave maximum likelihood problem.
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The final portion of this thesis examines statistical hardness. In chapter [5| we examine sample
amplification, a stylized problem related to data augmentation and the synthesis of artificial data.
Sample amplification is the problem of taking n samples drawn iid from some distribution, and
synthesizing a dataset of size n + m that is statistically indistinguishable from a true dataset. At
first glance, one might endeavor to recover (“learning” in the parlance of the field) the distribution
and append m new samples from said recovered distribution. It turns out that the task of learning
a distribution is substantially harder than the task of sample amplification. In fact, even for simple
distributions like multivariate Gaussians, it is possible to enlarge a dataset by one sample with
square root as many samples as is required to recover a distribution well enough to produce a single,
high quality sample. We show that taking steps to actively decorrelate the dataset is necessary
to achieve this result. In effect, one must do something substantially different than learning a
distribution to achieve this improvement in sample complexity. Effectively, be examining a slightly
different problem formulation, we are able to sidestep the hardness lower bounds that come from

the distribution learning problem.
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Chapter 1

Introduction

The purpose of this chapter is to further elucidate the structure of this thesis and explain in further
detail how each chapter relates to the theme. Each chapter will begin with an introduction that

motivates the problem and addresses related work so we defer that discussion until later sections.

1.0.1 Minimum Risk Motion Planning

Chapters [2] and [3| consider the minimum risk motion planning problem and are based on joint work
with Luke Shimanuki and under the supervision of Leslie Pack Kaelbling and Tomas Lozano-Pérez.

First we recall the setting of minimum risk motion planning. Consider a robot that wants to get
from point a to point b, but its sensors do not measure the location and shape of obstacles perfectly.
This means that when the robot comes close to the measured location of an obstacle, there is some
risk of collision. Minimum risk motion planning is the problem of finding a path from point a to
point with the minimum risk of collision.

However, before making any attempts to circumvent hardness lower bounds on the problem, we
must first identify if the problem is hard at all in the first place. For many classical algorithmic
problems there is a straightforward way of doing so—if the problem is NP-hard we consider it “hard”
and if it solvable in polynomial time we consider it “easy”. This binary classification breaks down
when examining motion planning problems in robotics, however, because motion planning is almost
always NP-hard. Even though motion planning is NP-hard, we have algorithms which are very
effective at solving practical instances of motion planning problems. These algorithms can generally
be split into two parts, the execution of which is often interleaved. The first part identifies or
incrementally constructs a graph which contains a solution. The second part does a graph search
within this graph. The idea behind this abstraction is that the graph search is always “easy”, and
while in the worst case, finding a graph that contains the solutions is hard, it is often “easy” for

most practical instances of motion planning problems. This abstraction lets the algorithm designer
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focus on techniques for finding the graph and while using standard graph searches. We formalize
a method of quantifying hardness with this abstraction as the graph-restriction hardness. That is,
how hard is it to solve the problem when given a graph containing the solution?

Unfortunately, there is a gap in hardness between the more classical motion planning problem
with known obstacle locations and the minimum risk motion planning problem with estimated
locations. This is the result shown in chapter 2] However, the intention is not to lose at hope at this
stage. The reduction helps us gain insight into what exactly makes the problem hard in the worst
case.

Chapter [3] builds on this and identifies a parameter which controls the hardness of the graph
search problem. Small values of this parameter block constructions with correlations that allow us
to show that the problem is hard. Let o denote this parameter. We show an algorithm with run
time parameterized by another parameter 5 which can be used to solve the graph search problem.
The algorithm runs in polynomial time with exponent a function of 5. For problem instances where
B > « the algorithm returns the optimal solution. For instances where 8 < «, we can show the
algorithm returns an approximate solution, with the quality of approximation determined by the
ratio between [ and «. In essence, even though we showed the problem is NP — hard we are able
to optimally solve these easier instances efficiently. When the problem instance is only marginally
harder than what is solvable by the allocated computational resources, we return a good quality
approximation.

Furthermore, we believe that most practical instances of minimum risk motion planning have
small values of the parameter a. The parameter is also natural enough that one can evaluate what
values they expect this parameter to take for a particular application, effectively sidestepping the

NP-hardness result in many practical settings.

1.0.2 Log-Concave Maximum Likelihood

Chapter [4 involves sidestepping hardness via avoiding a hard subproblem and is joint work with
Gregory Valiant, Ilias Diakonikolas, Anastasios Sidiropoulos and Alistair Stewart. Log-concave
maximum likelihood is a non-parametric statistical technique for recovering a certain class of distri-
butions from samples. Again, a more thorough definition and motivation of the problem is present
in the start of chapter [4

Here the hardness in the original algorithm for log-concave maximum likelihood comes from
enumerating a triangulation for n points in d dimensions, which high dimensional geometry tells us
can be of size n®(® . The original algorithm solved a convex optimization, which required computing
a volume by summing calculations over each simplex in the triangulation. We propose a different
algorithm for computing the log-concave MLE with runtime polynomial in both n and d. We achieve
this result by [slightly] modifying the optimization formulation in a way that does not change the

optimum but results in a problem which is both well conditioned and yields a stochastic gradient
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oracle which does not need to enumerate the triangulation. It turns out there is a strong connection
between exponential families and the class of distributions which show up as solutions to log-concave
MLE problems, which makes it straightforward to understand why the algorithm is correct and

efficient for anyone familiar with the theory of exponential families.

1.0.3 Sample Amplification

Chapter [p| gives us one last perspective on sidestepping hardness, this time in terms of the size of the
dataset required to achieve some aim. Chapter [5| examines the opportunities opened up by changing
the problem formulation in a way that makes a great deal of difference to the algorithm designer,
but not to an individual using the output of the algorithm. This chapter is based on joint work that
began with Shivam Garg, Vatsal Sharan and Greg Valiant and expanded to include Yanjun Han
after the first paper in the series.

Consider a data augmentation application. A practitioner may take an input dataset and expand
it with newly generated samples. This new, “synthetic”, dataset is then used to train a model, often
with better performance or sample complexity than if one used the original dataset. One way of
formalizing some of these tasks is with the concept of distribution learning. One has successfully
learned a distribution p in total variation distance if given n samples drawn iid from p, one can output
a single new sample close in total variation distance to p. This sample can be added to the original
dataset yielding a new, larger “synthetic” dataset. The idea behind sample amplification is that this
problem is unnecessarily hard from a statistical perspective if one is only interested in constructing a
synthetic dataset from the original dataset. Sample amplification defines the alternative task: given
n samples drawn iid from p, output a dataset of size n + 1 close in total variation distance to a true
dataset from p. It turns out this task can be accomplished successfully with substantially smaller
datasets than distribution learning. This formulation does not require that we preserve the original
samples. Indeed, for most of the regime where distribution learning is not possible, we show that it
is necessary to take an active decorrelation step that modifies the original dataset.

Chapter [f] provides algorithms and lower bounds for two simple instances of this problem where
sample amplification can be done with only square root as many samples as is required for learning.
Later work joint with Yanjun Han showed that this square root advantage of sample complexity
is present is a very wide range of cases, covering both exponential families with bounded higher
moments and certain sparse models.

These methods suggest a different way of looking at data augmentation and construction of
synthetic datasets. The goal of these synthetic datasets is to make it easier for the downstream
algorithm to extract information during statistical analysis or training of a machine learned model
or classifier. To ensure the correctness of the downstream method, certain statistics (the sufficient
statistic in the case of exponential families) and properties of the dataset must be preserved. If one is

operating without unlimited data, this may require a synthetic dataset which is not a superset of the
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original dataset. One must be cognizant of the correlations between new samples and old samples,
and it may be necessary to modify the old samples to decorrelate them from the new samples.

The author hopes this encourages more theoretical study of the generation of synthetic datasets.
Practitioners have found this to be an incredibly powerful tool, even for high stakes applications.
There would be great value in theoretical guarantees for statistical statistical analysis based on

synthetic data as well as better design principles for generating synthetic datasets.



Chapter 2

Hardness Of Minimum Risk

Motion Planning

2.1 Introduction

Navigation under uncertainty is one of the most basic problems in robotics. While there are many
methods to plan a trajectory between two points in a known environment with strong theoretical
guarantees, few of them generalize to obstacles with locations estimated by noisy sensors. It has
proven much harder to provide strong completeness, runtime, and optimality guarantees in this
setting.

While some of the original work addressing planning under uncertainty was able to capture the
additional richness of this problem by modeling it as a partially observable Markov decision process
(POMDP) [32], it has proven difficult to solve POMDPs for complicated real world problems despite
large advances in POMDP solvers [91], [122]. In fact, solving POMDPs is PSPACE-complete in the
finite horizon and undecidable otherwise, suggesting that it likely not possible to find a general,
efficient algorithm for solving POMDPs [105].

Luckily, navigating among uncertain obstacles is a significantly more restricted problem class
than POMDPs, giving us hope that we might find an algorithm that is efficient in practice and gives
strong theoretical guarantees such as completeness and safety.

Prior work proposed solving an approximation of the navigation under uncertainty problem
[0, 10]. Instead of trying to compute a path that minimizes the true probability of collision under
any distribution of obstacles, they propose solving a restricted problem where the obstacles are
limited to the structured class of PGDF (Polytopes with Gaussian Distributed Faces) distributions
and the collision probability is approximated using a shadow (the geometric equivalent of a confidence

interval). While shadow bounds are inherently loose (they overestimate the probability of collision
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when the obstacle is likely to be far away from the estimated location) they greatly decrease the
computational complexity of bounding the probability of collision, since only space visited by the
robot close to the obstacle affects the probability bound.

This prior work proposed the following question: Is there an efficient algorithm that, given a
graph embedded in R™ and a set of obstacles, can find the path with minimal risk as computed via
a shadow bound [I0]? The cost function derived from the shadow approximation is only influenced
by the portion of the trajectory close to the obstacle and has submodular structure with respect
to the graph. The fact that similar approximations have worked well for motion planning, and the
existence of efficient algorithms for certain classes of submodular minimization problems gave the
hope that it might be possible to find an efficient algorithm for this problem as well.

While motion planning is hard in general, practical and efficient algorithms have proven very
successful under some assumptions [93]. One such body of work are the sampling-based motion-
planning methods. These algorithms often have the assumption that the problem can be split into
two pieces: First use a practically (though often not worst-case) efficient method to generate a
small graph that contains a solution; then use a standard, efficient graph search algorithm to find
the solution in this graph. Algorithms based on this scheme have been successful even for high-
dimensional planning problems for robots with many degrees of freedom.

There are several other classes of practically efficient algorithms (including grid based and
optimization-based planners) that rely on the assumption that part of the problem may be solved
much more efficiently in the average case than in the worst case. We discuss this further in the
background section.

This paper answers the question of whether an efficient algorithm exists under these assumptions
in the negative when an exact solution of FPTAS (Fully Polynomial Time Approximation Scheme)

is required.
Theorem 1. Safe path planning in the presence of uncertain obstacles in 2 dimensions is NP-hard.

A more formal statement of this result is presented in Section [2.3] We prove this by reducing
from MAXQHORNSAT using a construction based on and very similar to that used by prior work
for the minimum constraint removal problem (MCR) [64]. We also show, via reduction from 3-SAT,
that both safe path planning and MCR remain hard in three dimensions even when each obstacle
overlaps with only a constant number of other obstacles, answering the question posed by [78]. Our
first contribution is modifying the reduction to 2D MCR in prior work to instead reduce to the 2D
safe path planning problem [64]. Our second contribution is presenting a new reduction from 3-SAT
to a restricted version of safe path planning and MCR in 3D.

While the proofs in this paper use PGDF obstacles, we do not use any property that is unique
to PGDF obstacles. The results essentially depend on only several properties of the model. This
includes tail behavior (probability of collision being small far away from the obstacle), monotonicity

(larger shadows have a larger probabilities), and the correlations between the events that nearby
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locations are in collision. Since these properties are rather natural, we believe the same results would
apply to many other reasonable classes of realistic models of estimated obstacles.

The proofs presented in this paper illuminate what makes this problem more difficult than the
standard motion-planning problem with known obstacles. Searching for the minimum-risk path does
not have a Markov-like structure. Unlike in the shortest-path problem on a graph, the risk of the
second half of a trajectory is very much affected by the first half. This means that the problem
is lacking the Bellman property, as identified in prior work [II5]. The absence of a Markov-like
property for the risk over the path has important ramifications for the complexity of the problem.

In particular, the collision risk at different points along a trajectory can be highly correlated.

2.2 Background

Motion planning for robotics has been extensively studied in many different settings. One important
high-level distinction between settings is whether the environment and state are known exactly or

estimated.

2.2.1 Complexity in Motion Planning

The story of motion-planning algorithms in robotics has been one of walking the fine boundaries
of complexity classes. On one hand, motion planning is PSPACE-hard in R3 and R? with respect
to the number of degrees of freedom of a robot (and thus dimension of its configuration space)
[I12, [61, [79]. However, while prior work on singly-exponential time (with respect to number of
degrees of freedom) roadmaps leads to a polynomial-time algorithm when the number of degrees
of freedom is fixed, a different set of algorithms is used in practice [26]. The robotics community
has been able to find practically efficient methods that provide meaningful theoretical guarantees
weaker than completeness (finding a solution if one exists). Sampling-based planners such as Rapidly-
Exploring Random Trees (RRTs) and Probabilistic Roadmaps (PRMs) are both practically efficient
and probabilistically complete under some regularity conditions [94] [93, 87, R9]. Given effective
heuristics, graph-based planners have also proved efficient and provide resolution completeness [93].

Searching for optimal plans, as opposed to simply feasible plans, further increases the difficulty.
In a classic result, prior work shows that the 3-d Shortest-Path Problem is NP-hard for a simple
robot in terms of the number of obstacles [27]. This ruled out results similar to Canny’s roadmap
algorithm that showed fixed parameter tractability in the feasible motion planning case.

However, the community has been able to find practically efficient algorithms regardless of these
worst-case results. A modified version of the original sampling-based algorithms allows them to
return nearly optimal solutions in the limit and graph-based planning algorithms are able to provide
bounds on the suboptimality of their solutions [86, [4].

Another motion-planning problem that lacks a Markov property is the minimum constraint
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removal problem (MCR), where the objective is to find a path that collides with the fewest obstacles.
This problem was shown to be NP-hard in Cartesian spaces of three dimensions, and shortly later,
in two dimensions [77, [78, [64]. Further work improves on these results by showing that MCR
remains hard when obstacles are restricted to line segments or axis-aligned rectangles [62]. Prior
work observes that MCR is in P when obstacles are connected and non-overlapping, and the author
suggests that the hardness seen in MCR is caused when an obstacle intersects with O(n) other
obstacles [(8]. These works further pose the open question of whether MCR remains hard when
each obstacle overlaps with only a constant number of other obstacles [64] [78] [62]. We then ask
an analogous question: Is safe path planning in the presence of uncertain obstacles tractable when
obstacles intersect only a constant number of other obstacles?

One form of this question in 3D is answered in the negative in a paper whose results are presented
in this thesis [TT9]. These questions are stated more formally and answered in the negative in Section
The results in two dimensions and the results with bounded obstacle overlap were first presented

by Axelrod and Shimanuki are presented in this chapter [120].

2.2.2 Planning under Uncertainty

While planning under uncertainty has been broadly studied in robotics, few methods have formal
guarantees on solution quality and efficient runtime. We survey some of the related work below.

Many works assume some sort of uncertainty about the environment, but do not propose a model
in which to rigorously quantify the uncertainty in the environment and provide guarantees about
the success probability of the trajectory. Instead they often rely on heuristics that seem to provide
the desired behavior.

One line of work focuses on uncertainty in the robot’s position. Here the model of the robot
itself is “inflated” before the collision checking, ensuring that any slight inaccuracy in the position
estimate or tracking of the trajectory does not result in a collision.

Work that focuses on uncertainty in the environment sometimes does the exact opposite. They
often inflate the occupied volume of the obstacle with a “shadow” and ensure that any planned
trajectory avoids the shadow [83] [95].

A more general approach that handles either or both of localization and obstacle uncertainty is
belief-space planning. Belief space is the set of all possible beliefs about or probability distributions
over the current state. Belief-space planning converts the uncertain domain in state space to belief
space, then plans in belief space using trees or control systems [109] 25] [108§].

Another line of work uses synthesis techniques to construct a trajectory intended to be safe by
construction. If the system is modeled as a Markov decision process with discrete states, a safe plan
can be found using techniques from formal verification [56] [66]. Other authors have used techniques
from Signal Temporal Logic combined with an explicitly modeled uncertainty to generate plans that

are heuristically safe [114].
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Figure 2.1: The orange set is a shadow of the obstacle. The blue set is the obstacle represented by
the mean parameters.
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Other work by applies an approximate minimum constraint removal algorithm to motion planning
under obstacle uncertainty by randomly sampling many draws for each obstacle and finding the path
that intersects with the fewest samples. With this approach, he demonstrates low runtime and error
on average although with poor worst case performance [78] [77].

In previous work, formalized the notion of a shadow in a way that allowed the construction
of an efficient algorithm to bound the probability that a trajectory will collide with the estimated
obstacles [9] [I0].

We can now define a shadow rigorously:

Definition 1 (e-shadow). A set S C R? is an e-shadow of a random obstacle O C R if Pr[O C
S]>1-—e

Shadows are important because they allow for an efficient method to upper-bound the probability
of collision. If there exists an e—shadow of an obstacle that does not intersect a given trajectory’s
swept volume, then the probability of the obstacle intersecting with the trajectory is at most €. An

example of a shadow for an obstacle is shown in figure [2.1

2.3 Preliminaries

2.3.1 Notation

In this section we will cover definitions and notation conventions that will be used in this paper. A
vector will be marked in bold as in u, in contrast to a scalar u. A, V, and — are the logical AND,
OR, and NOT operators, respectively. The power set (set of all subsets) of S is denoted by P(S).
A function mapping into the power set of R™ outputs subsets of R”. We will use e¢; to denote the

ith standard basis vector.

2.3.2 Random Obstacle Model

In order to attempt to provide formal non-collision guarantees one must first model the uncertainty
in the environment. At a high level we assume that each episode of the robot’s interaction happens

in the following sequence:

1. A distribution of obstacles is fixed and known to the robot. Usually this is the conditional

distribution for the obstacles given the sensor observations.

2. A set of obstacles is now drawn from this distribution. These obstacles now remain static for

the duration of the episode.

3. The robot computes, commits to and executes a trajectory.
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4. The probability of collision in question is exactly the probability that this trajectory collides

with at least one of the obstacles.

It is important that the obstacle distribution captures the fact that collision probabilities in
different locations can be correlated. Consider the following toy example where a range sensor
reports that an obstacle is 10 meters in front of the robot. At time ¢t = 1 the robot drives forward
10 meters and then at ¢ = 2 drives backwards 2 meters. If the robot did not crash at time ¢t = 1, it
is unlikely to collide at time ¢ = 2! Using a more realistic model that captures correlations allows
systems to be both safer and less conservative.

In this work we restrict ourselves to polytopes with Gaussian-distributed faces (PGDFs)—a
model that is able to capture such correlations [9]. Under the PGDF assumption, obstacles are
the intersections of halfspaces with parameters drawn from multivariate normal distributions. More
formally a PGDF O C R" is O = ﬁ()éiTX < 0, where o ~ N (pi,X;). We can use homogeneous
coordinates to create obstacles not centered about the origin.

One reason that PGDF obstacles are important is that we have methods of computing shadows
for PGDF obstacles efficiently [9].

We note that this formulation differs from the notion of “risk-zones” evaluated by prior work,
where the cost of a trajectory is proportional to the amount of time spent within a risk-zone [116, [115].
These problems share the lack of an optimal substructure—the subpaths of an optimal path are
not necessarily optimal. Prior work provides a generalization of Dijkstra’s algorithm that finds
minimum-risk plans in their domain efficiently, but as we will show, there are no such techniques for

our problem [IT5].

2.3.3 Algorithmic Question

Now that we have defined shadows and PGDF obstacles, we can define what it means for a path to
be safe. Suppose the robot and obstacles exist in R? (d is usually 2 or 3). This is commonly referred
to as the task space. Furthermore, suppose the configuration space of the robot is parametrized in
R* (usually corresponding to the k degrees of freedom of the robot).

Since planning usually happens in the robot’s configuration space, but the obstacles are in task

space, we need to be able to convert between the two.

Definition 2 (Embedding Map). A function f : R¥ — P(R?) is an embedding map if it maps robot

configurations into the subset of R?® that is occupied by the robot at that configuration.

The embedding map can usually be constructed by combining the forward kinematics and robot

model.

Definition 3. A configuration space trajectory 7 : [0,1] — R* is a map from a “time” index into

the trajectory to the robot configuration at that point in the trajectory.
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Definition 4. A task-space trajectory 7' : [0,1] — P(R?) is defined as the map between an index
into the trajectory and the space occupied by the robot at that point in the trajectory.
Alternatively, if given a configuration space trajectory 7, 7'(t) = f(7(t)) where f is the embedding

map.

For the rest of the paper we will only concern ourselves with task-space trajectories, noting that
it is easy to go from a configuration space trajectory to a task-space trajectory using the embedding

map.

Definition 5. The swept volume X of a task-space trajectory T is the set of task-space points touched

by the robot while executing trajectory T.

Said differently, X = | 7(t).
te[0,1]

This allows us to formally define what it means for a trajectory to be safe.

Definition 6 (e-safe trajectory). Given a joint distributions over random obstacles, a task-space
trajectory is e-safe if the corresponding swept volume has at most € probability of intersecting at least

one obstacle.

This leads to the following algorithmic question, of finding safe plans for a known distribution
of PGDF obstacles.

Problem 1 (e-safe Planning Problem). Given the parameters of PGDF distributions for each ob-

stacle and initial and end points s,t in configuration space, find an e-safe trajectory from s to t.

Note that there exists reductions between the safe planning problem and finding a path that
minimizes the risk of collision. Since the probability e is confined to [0,1], a binary search over
€ yields an efficient algorithm that can approximately compute the minimum risk given an e—safe
planner. For convenience, our proofs will consider the approximate minimum-risk planning problem,

though the construction applies directly to e—safe planning as well.

Problem 2 ((1+ «)-approximate minimum-risk planning problem). Given the parameters of PGDF
distributions for each obstacle and initial and end points s,t in configuration space, return a ((1 +

a)e,)-safe trajectory from s to t, where €, is the minimum e for which an e-safe trajectory exists.

2.3.4 Graph Restriction

We start by considering the class of motion-planning algorithms that first construct a graph embed-
ded in the robot’s configuration space, and then run a graph-search algorithm to find a path within
the graph. This class of algorithms has been shown to be practical in the known environment by
sampling-based planners such as PRM and RRG. Conditioned on there being a nonzero probability
of sampling a solution, these algorithm are guaranteed to find a collision-free path with probability

approaching 1 as the number of iterations approaches infinity [94] [86].
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More formally, this condition can be articulated as the existence of a path in the §-interior of

the free space X ¢rce.

Definition 7 (d-interior [86]). A state x € Xy ee s in the d-interior of X ree if the closed ball of
radius 6 around x lies entirely in X tree. The a set is in the 0-interior of X tree if every point in the

set is in the d-interior of Xfree

This condition is necessary because it guarantees that finding a plan does not require waiting
for a zero probability event. However this formulation does not extend well to the domain with
uncertain obstacles; there is no concept of “free space” because the locations of the obstacles are
not known. Instead we will use the equivalent view of inflating the path instead of shrinking the
free space.

Definition 8. For § > 0, the d-inflation of the set X is the set Y = [ {y |d(x,y) <d}.
xeX

For the proofs in this paper, the particular choice of metric d does not matter. We note that
in the deterministic setting, if a trajectory is in the dé-interior of X¢,¢e, then the d-inflation of the
trajectory is entirely in X¢.e.. This allows us to consider problems with the following regularity

condition: there exists a J-inflated task-space trajectory that has a low risk of collision.

Definition 9 (e-safe d-inflated task-space trajectory). A task-space trajectory is an e-safe d-inflated

trajectory if its 0-inflation intersects an obstacle with probability at most €.

We want to find an algorithm that satisfies the completeness and safety guarantees defined below.

Definition 10 (Probabilistically Complete (1 + a)-approximate Safe Planning Algorithm). A plan-
ning algorithm takes a set of PGDF obstacles O, a start state s, and a goal state t as input and
generates a path as output. A planning algorithm is probabilistically complete and (1+«)-approzimate
safe if, with n samples, the probability that it finds a ((1 + a)e)-safe trajectory approaches 1 as n

approaches oo, where €, is the minimum € for which an e-safe trajectory exists.

We also consider a special case where each obstacle overlaps with only a constant number of

other obstacles.

Definition 11. Two obstacles O;,O; overlap if there exists any point in space that both obstacles
have a significant probability of intersecting. That is, there exists x € R? such that Pr(x € O;] > €

and Pr[x € O;] > € for e = o

Definition 12 (Probabilistically Complete x-overlap (14 «)-approximate Safe Planning Algorithm).
A probabilistically complete k-overlap (1 + «)-approzimate safe planning algorithm is a planning
algorithm that is probabilistically complete and (1 + «)-approzimate safe for cases where the number

of other obstacles that each obstacle overlaps with is at most k.
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Prior work provides an extension of the RRT algorithm to the probabilistic domain using the
shadow approximation [9]. The uniqueness of paths between any two vertices in a tree makes finding
the optimal (restricted to the tree) path trivial. However, while the paths it generates are indeed
safe, the algorithm is not probabilistically complete.

However, the following extension of the RRG algorithm is probabilistically complete [g].

Algorithm 1 SAFE_RRG
Input: End points s, t € R, set of PGDF obstacles O, and number of samples n.

Output: A ((1 + a)e,)-safe trajectory from s to t, where €, is the minimum e for which an e-safe
trajectory exists.
1: G = CONSTRUCT_RRG(s, t, n)
2: return GRAPH_SEARCH(G, O, s, t)

We note that as n increases, the probability that there is a sample near any given point x in the
space approaches 1. Here, GRAPH_SEARCH is a (1 + «)-approximate safe graph-search algorithm

as defined below.

Definition 13. A (1+a«)-approzimate safe graph-search algorithm is a procedure ¢(G, O, s,t), where
G is a graph, O is a set of PGDF obstacles, and's and t are the start and end nodes in G, respectively.
It returns a ((1+«)es)-safe trajectory in G, where €, is the minimum € for which an e-safe trajectory

exists.

Theorem ([8]). SAFE_RRG is probabilistically complete and (1 + «)-approximate safe as long as
GRAPH_SEARCH is complete and (1 + «)-approzimate safe.

However, no graph-search procedure, beyond the naive, exponential-time search procedure, is
provided [8]. This means that, while the probability of success increases with more samples, the
worst-case running time is exponential. Sampling-based motion-planning algorithms work in practice
in the known environment because efficient graph-search algorithms can quickly find collision-free
paths within a graph. In order for the SAFE_RRG class of algorithms to be practical, we would
need a corresponding graph-search algorithm in the probabilistic domain. Because the cost of a
path depends on what set of shadows it intersects, the state space of the graph search is not just
the current node but also includes the accumulated risk incurred due to each obstacle. This means
that the typical approaches for searching graphs with known obstacles, which make use of dynamic

programming, cannot be applied in the same manner to graphs with unknown obstacles.

2.4 Results

Unfortunately, as will be shown in the remainder of this paper, Problem [I] and Problem 2] are NP-
HARD with respect to n = (|G| + |0]), the size of the input, even with a point robot in two
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dimensions and given a graph containing the solution. We note that while our results preclude an

FPTAS, it does not preclude all approximation algorithms.

Theorem 2. Unless P = NP, there is no (1 + a)-approzimate e-safe graph-search algorithm that
runs in POLY (n), time when restricted to graphs that embed in R, d = O(k) where k is the number
of obstacles and v = O(2).

We can strengthen this result to show that the minimum-risk planning problem is hard in general,

that is, even when not restricted to a graph.

Theorem 3. The (1 + «)-approzimate minimum-risk planning problem is NP-hard. That is, unless
P = NP, there is no (1 + «)-approzimate Safe Planning Algorithm for R? that runs in POLY (n)

when a = O (%), even when provided a graph containing the solution.

We show Theorem [2| and Theorem [3| by constructing a minimum risk planning problem in 2
dimensions which solves MAXQHORNSAT (an NP-complete problem). The proof follows the outline
of the MCR hardness proof presented in prior work [64]. The main contribution of the work in
this theorem is the connection to the minimum risk planning problem and the construction of the
uncertain obstacles. However, the construction is not natural in the sense that certain constructed
obstacles are used to correlate collision probabilities in disparate parts of the space. Some obstacles
will be split by others and there is a high degree of overlap. We also show that the problem remains

hard in 3D even when each obstacle overlaps with only a constant number of other obstacles.

Theorem 4. The k-overlap (1 + «)-approzimate minimum-risk planning problem is NP-hard for
k= O(1) in 3 dimensions. That is, unless P = NP, there is no k-overlap (1 + «)-approzimate Safe
Planning Algorithm for R3 that runs in POLY (n) when o = @(#), even when provided a graph
containing the solution and when restricted to cases where each obstacle overlaps with at most k

other obstacles.
Furthermore, the proof can be extended to apply to MCR as well.

Theorem 5. The k-overlap minimum constraint removal problem is NP-hard for k = O(1) in 3

dimensions.

We show Theorems 4| and [5| by constructing a minimum risk planning problem and related
MCR problem in 3 dimensions which solves 3-SAT. We believe the construction presented here is
of particular value because it is very natural — the construction is simple and does not require that

any obstacle be immediately adjacent to more than a constant number of other obstacles.
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2.5 Hardness Results in R?

2.5.1 Maximum Quadratic Horn Clause Satisfiability

Maximum Quadratic Horn Clause Satisfiability (MAXQHORNSAT) is an NP-complete problem
whose input is a Boolean formula given in conjunctive normal form. It consists of the intersection of
many clauses, each consisting of at most two literals (i.e. is quadratic), and each clause contains at
most one positive literal (i.e. is a Horn clause) [82]. In other words, it is of the form ((xg V —x1) A
(mx1 V oxo) A (x2) A...). While QHORNSAT, the decision problem of determining the satisfiability
of the input formula, is in P [65], MAXQHORNSAT, the problem of determining the maximum
number of clauses that can be satisfied, is NP-hard [82]. MAXQHORNSAT was used in prior work
to show that minimum constraint removal (MCR), a similar problem, is NP-hard [64]. Our reduction
is based on that used in said work and will use a similar construction modified to apply to the safe
planning problem [64]. We will consider a formula with n, variables, n,, clauses with two negative
literals, n,, clauses with one positive literal and one negative literal, and n, clauses with only a single
literal. We also define the total number of clauses n. = ns+mn,+n,, and the total size of the problem

n = Ny + Ne.

2.5.2 Proof Outline

We prove Theorem [2using a reduction from MAXQHORNSAT. Given a MAXQHORNSAT instance,
we construct an R? (1 + «a)-approximate minimum-risk planning problem and graph containing the
solution. Our construction will have two kinds of obstacles. High-risk obstacles will induce a
sufficiently high risk that any “reasonable” solution will go through the minimal number of these
obstacles. Low-risk obstacles will affect the collision probability much less and will be used to count
how many clauses are satisfied. The sum of the potential risk of all low-risk obstacles will be less
than that of a single high-risk obstacle. This means the optimal solution will always choose to avoid
a high-risk obstacle whenever possible, regardless of how many low-risk obstacles it must pass in
order to do so. This creates a measurable gap between the optimal solution and the next best one.
The construction can be split into three pieces. Figure describes the spatial relationship between

the pieces described in the following caption.

1. Construct a portion of the graph for the algorithm to assign every variable by taking either
the left or right branch, corresponding to setting the value of each variable to true or false,
respectively. A high-risk obstacle corresponding to each branch will ensure that the optimal

path only goes down one of the branches.

2. Construct a portion of the graph for the algorithm to select a literal from each clause to try to

satisfy by taking either the left or right branch, corresponding to selecting the first or second
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Figure 2.2: The spatial relationship between the different gadgets.

literal, respectively. Choosing a branch which corresponds to a different assignment than in

the first part would result in passing by an extra high-risk obstacle.

3. Construct low-risk obstacles such that there will be additional collision risk each time the

selected literal is not satisfied by the chosen variable assignment.

The solution to this planning problem can then be transformed into a solution to the original
MAXQHORNSAT instance in polynomial time (via observing which nodes were visited), demon-
strating that (1 + a)-approximate safe graph search is at least as hard as MAXQHORNSAT.

2.5.3 Obstacle Templates

Throughout this reduction we will construct a number of obstacles using a few common templates,
so for simplicity of notation we will define a few parameterized types of obstacles. These obstacle
templates will fall into two categories based on how much we want them to affect the cost of a
trajectory: low-risk obstacles and high-risk obstacles. In figures, high-risk obstacles will be denoted

in blue and low-risk obstacles will be denoted in green.
The first kind of obstacle, shown in Figure 2:3] is a low-risk obstacle parameterized by a line

segment (u, v). It is a long, thin obstacle that runs parallel to (u, v) and has one edge with uncertain
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position such that there is a risk of collision with points along (u, v).

x € R?
1
T )’ (x—u) > —ec
Cu,v,a) ={x 1
m(“*V)T(va) 2 —€C
1
= m(Rg (v—u)'(x-u) <e

for small constant €c, and where Ry is the 2D rotation matrix for a clockwise rotation with angle
0. Note that C defines a rectangular obstacle, where the position of one edge is parameterized by

«. Then we can define a distribution over such obstacles
C(u,v) = C(u,v,a) where o ~ N (¢, 02)

for small constants puc and o¢. It guarantees that any point within distance e of (u,v) has a
risk of collision of at most r, = ® (*%(/Lc - ec)> and at least r,, = @ (*%(MC + ec)), and any
point with distance further than zcec from (u, v) for some constant zo > 1 has a risk of collision of
at most 7y = @ (—é(ﬂc + %zcec)) (lower bounded by r} = 0 because risk becomes arbitrarily
small as distance from the obstacle increases), where ® is the cumulative distribution function of
the standard normal distribution. Note that given some value of e we can set uc, o¢, and z¢ to
achieve any desired values of r¢, r., and ry. In particular, we can make 7. /r. arbitrarily close to 1
by decreasing ep, and make ¢ /7. arbitrarily close to 0 by increasing zp.

The next kind of obstacle is identical to the line-segment obstacle defined above and shown in
Figure except it is a high-risk obstacle, so it has a higher probability of intersecting with points
near the line segment (so it can be thought of as having a higher weight in terms of affecting the
risk of a path).

z € R?
1 T
~ 1
V(a,v)=q{x m(u ~v)T(x—v) > —ev

a< ﬁ(R%(v —w) (x—u) < e

« NN(MV7U%/)

for small constant €. Note that V defines a rectangular obstacle, where the position of one edge

is parameterized by a. Then we can define a distribution over such obstacles
V(u,v) = V(u,v,a) where o ~ N (py, 0%)

for small constants puy and oy . As before, it guarantees that any point within distance ey of (u,v)
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(b)

Figure 2.3: The illustrations of the obstacle template C'(u,v). Note that it is a PGDF obstacle with
the height of the obstacle being the only part that is random. Figure illustrates a probability
density function of collision. The distance between u and the top line or between v and the top line
is ec. Figure [2.3D|illustrates several obstacles drawn from the obstacle template. Note that if u is
in collision so is v and vice versa.

has a risk of collision of at most 7y, = ‘ﬁ(*i(ﬂv —ey)) and at least r{,, = @(fi(uv + ev)),
and any point with distance further than zyey from (u,v) for some constant zy > 1 has a risk of
collision of at most rvf = <I>(—$(uv + %zvev)) (lower bounded by 7, ; = 0). Again, given some
value of ey, we can set py, oy, and zy to achieve any desired values of v, {,., and ry, and so
let us set the constants such that
TVe = DNeTe
e = BNt
Tve = 5TLCT’f.
The final type of obstacle, shown in Figure is another low-risk obstacle parameterized by
a single point q and a horizontal direction h (either 1 or —1, corresponding to right and left,

respectively). It is a small obstacle that sits to the side of q in the direction specified by h and has

one edge with uncertain position such that there is risk of collision with q and points nearby q.

x € R?

B(q,h,a) =Sz | ex’'q—ep<ex’x<ex’q+en

(equ—i- a)h < e xh < (equ—i— eB)h

for small constant ep (also recall that e; refers to the ith standard basis vector). Note that B

defines a rectangular obstacle, where the position of one edge is parameterized by a. Then we can
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=

Figure 2.4: An example of the B(q, h,a) obstacle template. The distance between ¢ and the left
edge of the obstacle is ep

define a distribution over such obstacles
B(q,h) = B(q, h,a) where a ~ N (up,0%)

for small constants pp and op. It guarantees that any point within a ball of radius e around gq
has a risk of collision of at most r., = ® (—é(u]g — 63)) and at least 7/, = @ (—é(ug + 63)), and
any point outside a ball of radius zgep around q for some constant zg > 1 has a risk of collision of
at most ry = ® (fé(uB + %2363)). As before, note that given some value of eg we can set up,
op, and zp to achieve any desired values of r., ., and r¢. Since these will also be low-risk obstacles,

let us say that they will take on the same risk values as with the obstacles defined by C' above.

2.5.4 Variable Gadgets

First, for each variable i in the MAXQHORNSAT problem, we construct a section of the graph
where the choice of path corresponds to choosing either a true or false value of variable i. We

illustrate this in Figure 2.5] and formalize this below. For variable ¢ we construct vertices

uy = (0,3i)
al =(—(n, —i)—1,3i+1)
by =(ny, —i+1,3i+ 1)
vy =(0,3i+2)
and edges
CHEN
(uf’, by')
(af’, vi)
(bi', vi).

Each pair of consecutive loops is connected by an additional edge (v{’,uy ;) for all i..
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This entire set of variable gadgets will be mirrored at the bottom, with the positive-negative
clause gadgets (see Section between them. The bottom set of variable gadgets will be needed
for the negative-negative clause gadgets (see Section [2.5.5). Then for each variable i we construct a

mirrored loop with vertices

0, 7n, + 3n, — 3i)
(ny —1) — 1,7y, +3n, —3i + 1)

bVl

= (
= (=
(ny —i+1,7n, +3n, —3i + 1)
= (

0,7n, + 3n, — 3i+ 2)

and edges

v v/
u b

(0", ")
(u”, by
(a5, vi")
(

aj

<1

bvl v/) .

Likewise, consecutive loops are connected by an additional edge (vY’, u} +1) for all 1.

In order to ensure that the resulting path selects the same variable assignment in the top set
and the mirrored set, for each variable i, we construct an obstacle that has risk of colliding with the
true path in both versions, and another obstacle that has a risk of colliding with the false path in

both versions. These obstacles are given by
V(ay,a")
V(by",by).
Because the collision risks are correlated, selecting the same value in the bottom gadget as in the

top gadget will incur no additional risk of colliding with the corresponding obstacle, but selecting a

different value will incur the additional risk of colliding with the other obstacle.

2.5.5 Clause Gadgets

There are three types of clause gadgets, each of which will need to be handled separately: single
literals, each with only a single positive or negative literal, positive-negative clauses, each with one

positive literal and one negative literal, and negative-negative clauses, each with two negative literals.

Single Literal

This first case is the simplest, as there is no choice to make about which literal to satisfy, so we

do not need to add any additional components to the graph. For each single-literal clause j, let ¢}
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start

’ +/- clauses

Figure 2.5: The variable gadget loops (solid lines) and obstacles (gradient-shaded rectangles). A
path assigns a true or false value to each variable by selecting a branch through the variable gadget
loop to traverse. It must also select the same variable assignment in the mirrored gadgets at the
bottom in order to avoid additional collision risk. Notice that only high-risk obstacles are used in
these gadgets, as they are constructed with the V' template. There are two mirrored copies of each
loop, with the positive-negative clause (or +/— clause) gadgets in the center. The positive-negative
clause cadeets will be constructed in Section [2.5.51 Also notice how loops closer to the center have
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start

Figure 2.6: An example of a trajectory corresponding to X; = T, Xo = T. Note that the top and
bottom clauses match, otherwise excessive risk would be incurred.
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denote the variable specified by the literal. Then we construct obstacles such that setting variable
c; to the opposite value in the variable assignment gadgets will incur additional risk. For a positive

literal, the obstacles are constructed as

C(a%, u§§+1)

B(b‘c,§7 ]-)

and for a negative literal, the obstacles are constructed as

Notice that each path through the variable gadget loop will incur risk of colliding with one of these
obstacles, but at the end of the loop it will pass near the same obstacle that is near the branch
corresponding to a satisfying assignment. Therefore selecting a variable assignment that satisfies
this clause will risk collision with only one of these obstacles, whereas selecting a variable assignment

that does not satisfy this clause will risk collision with both obstacles.

Positive and Negative Literal

For each clause j with one positive literal and one negative literal, we construct a loop below the

top set of variable gadgets, with vertices

u; = (0,4n, + 3j)

ai = (—1,4n, +35+1)

(
(

bP = (1,4n, + 35 + 1)
(

vP = (0,4n, + 3j + 2)

and edges

As before, we also construct edges connecting consecutive loops (v{*,uf, ;) for all j, an edge from

the end of the last variable gadget in the top set to the first positive-negative clause loop (v, ,ug),

and an edge from the last positive-negative clause loop to the first variable gadget in the mirrored

set (Vv ,uy ).

n’ Ny

Each loop gives a planning algorithm two paths corresponding to two literals to try to satisfy.
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start

Figure 2.7: An example positive-negative clause gadget, for X; V =X, illustrating the variable
gadget loops (obstacles not shown) and positive-negative clause gadget loops and obstacles. A path
assigns a true or false value to each variable by selecting a branch through the variable gadget loop,
thereby risking collision with an obstacle. Then, there is no additional risk for taking the branch
through the positive-negative clause gadget loop that corresponds to a satisfied literal. Notice that
only low-risk obstacles are used in this gadget. For clarity, we have drawn the B-template obstacles
along the edge of the branch rather than at the corner of the branch, as it is constructed in the
template.
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Arbitrarily, for each such positive-negative clause j, let the left path correspond to the positive
literal c’;p and the right path correspond to the negative literal cfn For each one, we construct two
obstacles, each near one of the two paths of the corresponding variable gadget loop. However, for
the obstacle near the path corresponding to assigning a value to the variable that satisfies the literal,

we extend it to also be near the path for this literal in this clause gadget loop.

¢ (a3,
¢ (b,57)

B ( ZF’ 71)
ip
B (aZp ,_1)
in
Therefore, taking a path corresponding to a satisfied literal risks collision with just that one obstacle,
whereas a path corresponding to a non-satisfied literal risks collision with both obstacles.

Two Negative Literals

For each clause j with two negative literals, we construct a loop to the side of the other gadgets,

with vertices

uJ? = (2n, + 3n, — 35, 4n,)
= (20, +3n, —3j ~ Ldn, + 1)
b = (2n, + 3n, — 3j — 1,4n, — 1)
Vi = (2n, + 3ns — 3] — 2,4n,)
and edges

(uf’,af)

(uf, b7)

(a?, vP)

(bf)v Vf))

We construct edges connecting consecutive loops (v{

7uip+1) for all j. We also construct an interme-
diate vertex d = (2n, + 3ns, 7n, + 3n, + 2) to connect the last variable gadget in the mirrored set
to the first negative-negative clause loop with two edges (v§,d) and (d, u).

Each loop gives a planning algorithm two paths corresponding to two literals to try to satisfy. For
each such negative-negative clause j, let c/; denote the variable specified by the first literal and 7,
denote the variable specified by the second literal. For each literal, we construct two obstacles, each
near one of the two paths of the corresponding variable gadget loop (for the literal corresponding to

the top path of the negative-negative clause loop, we will use the top set of variable gadgets, and
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+/- clauses

Figure 2.8: An example negative-negative clause gadget, for =X; V = X5, illustrating the variable
gadget loops and obstacles (blue) and negative-negative clause gadget loops and obstacles (green).
A path assigns a true or false value to each variable by selecting a branch through the variable
gadget loop. It must also select the same variable assignment in the mirrored gadgets at the bottom
in order to avoid additional collision risk. Then, there is no additional risk for taking the branch
through the negative-negative clause gadget loop that corresponds to a satisfied literal.
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for the literal corresponding to the bottom path of the negative-negative clause loop, we will use
the mirrored set of variable gadgets). However, for the obstacle near the path corresponding to a
negative assignment assigning (which satisfies the literal), we extend it to also be near the path for

this literal in this clause gadget loop.

n .
.17 J

(bl . a7)
C(bP,a%h)

lg(ac;‘1 ’ 71)
v/
B(acjf‘z’ 1)

Therefore, taking a path corresponding to a satisfied literal risks collision with just that one obstacle,

whereas a path corresponding to a non-satisfied literal risks collision with both obstacles.

2.5.6 Path Risk Encoding MAXQHORNSAT

We define the (1 + «)-approximate safe graph search problem as ¢(G, O, s, t), where G is the set of
vertices and edges constructed in the variable and clause gadgets above, O is the set of obstacles

constructed in the variable and clause gadgets above, and

N 74
s =1uy

_ n
t=v,. .

G and O were constructed such that there will exist a gap between the risk of a path corre-
sponding to an optimal assignment and a path corresponding to a suboptimal assignment. Each
variable gadget loop in the top set passes near a single high-risk obstacle, and there will exist a path
through the mirrored set that does not pass near any additional high-risk obstacles, and passing
near an additional high-risk obstacle incurs more risk than passing near every low-risk obstacle, so
a minimum-risk path will pass near exactly n, high-risk obstacles. Any path must also pass near
at least one obstacle for each clause gadget, and it will pass near an additional obstacle for each
unsatisfied clause, so a minimum-risk path will pass near (ns+n,+n, +J) low-risk obstacles, where
¢ is the minimum number of unsatisfied clauses. Recall that there exists a gap between the induced
risk close to an obstacle 7. and far away from the obstacle r; (or ryv. and ry s in the case of high-risk
obstacles). Then a path corresponding to an optimal solution to the MAXQHORNSAT problem
will incur risk at most

NpTve + Nty + (Ne + 0)re + (3ne — )1y

and a path corresponding to a suboptimal solution to the MAXQHORNSAT problem will incur risk
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at least
nv’r(/c + nvﬂ/f + (Tlc +0+ 1)7“/0 + (Bnc —5— 1)7"}

This allows us to compute a lower bound on the ratio of the risks between a suboptimal solution

and an optimal solution as

Ny + oty p 4 (e + 6 + 1)l + (3ne — 6 — 1)1
NoTve + Nurv g + (e + 0)re + (3ne — 0)ry
S NyTre + (Me + 6+ 1)1,
T nyTve + nyTv + (e + 0)1e + (3ne — 61y
B Snenyrl + (ne + 6 + 1)r,
 BnenyTe + 5nengry 4+ (ne + 8)re + (3ne — 8)ry

/ rr‘/ T/
> C C C
- (rc + 20ncnvrc> + 20n.n,7e
1
SITEN
n

if we set the obstacle constants such that 20n.n, + 8 > 20n.n, 3, where g =1+ 3%

Each gadget can be constructed in polynomial time, and the number of gadgets is polynomial,
so this reduction can be constructed in polynomial time. Thus, any algorithm that can approximate
the minimum-risk planning problem in a graph to a factor better than 1 + ©(-%;) can also solve

n2
MAXQHORNSAT with polynomial overhead. [

2.5.7 Hardness of Continuous Planning Problem

We prove Theorem [3| by extending the above reduction to still apply even without the graph restric-
tion (thereby reducing to (1 + «)-approximate minimum-risk planning). Given the graph G and set
of obstacles O constructed above, we surround G with additional obstacles such that a path cannot
deviate from G by more than 2¢p, for some small constant ep. We divide the space of R? into a
grid with cells of size ep X ep and construct a square obstacle in every cell that does not intersect

with the graph and is within a window containing all of the gadgets.

x € R?
Cij = x |iep <e1Tx < (i+ 1)ep
jep < e’ x < (j+1)ep

foralli,j € Z

i,j €7
1 1
O'=0U Cij | ——2n, <i,j < —(8n, +4n,)
€Ep Ep

CijﬂG:(Z)
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Note that there are a polynomial number of such obstacles, so if €p is sufficiently small, the solution
to the resulting (1+«)-approximate minimum-risk planning problem or lack thereof is approximately
equivalent to that for the original (1 + «)-approximate safe graph search problem, and so (1 + «)-

approximate minimum-risk planning is also NP-hard. [

2.6 Hardness with Constraints on Overlapping Obstacles

Hauser observed that his 3D MCR reduction as well as the 2D MCR reduction presented in [64]
required that each obstacle be allowed to overlap with O(n) other obstacles [78]. Similarly, we
note that the reduction we present above for 2D motion planning under obstacle uncertainty also
requires that each obstacle overlap with O(n) other obstacles. This is a relatively unnatural problem
instance, as most real-world problems will not have this degree of overlap. In this section, we show
that the problem remains hard in 3D even when each obstacle only overlaps with a constant number

of other obstacles.

2.6.1 3SAT

3SAT is an NP-complete problem that is commonly used to prove the hardness of other problems
[121]. The problem input is a Boolean formula given in conjunctive normal form, where each clause
consists of three literals, or in other words, it is of the form ((zgV —x1 Vo) A(x1 V23V zg) AL L).
The algorithm must then decide whether there exists any variable assignment that satisfies the
formula. We will consider a 3SAT problem with k variables xg,z1,... and m clauses, where each

clause j is of the form (z;, V —z;, V xj, ).

2.6.2 Proof Outline

We prove Theorem [4] using a reduction from 3SAT. Given a 3SAT instance, we construct a k-overlap

(1 + a)-approximate minimum-risk planning problem as follows.

1. Construct a set of variable assignment layers where each branch corresponds to a variable

assignment.
2. Construct a set of clause layers where each branch corresponds to selecting a literal to satisfy.

3. For each variable assignment layer, construct a pair of obstacles for each variable that will
encode whether the variable is set to true or false. There will be additional collision risk for a
path that selects different values in each variable assignment layer, as well as for a path that
selects a literal that is not satisfied by the value selected in the preceding variable assignment

layer.
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Figure 2.9: A path through this gadget must go near either the true or false obstacle for each
variable, thereby selecting a variable assignment.

The solution to the planning problem can then be transformed into a solution to the 3SAT instance
in polynomial time, demonstrating that the x-overlap (1 4+ «)-approximate minimum-risk planning
problem is at least as hard as 3SAT.

2.6.3 Proof
Variable Gadgets

First, we will construct a variable assignment layer for each clause j. A variable assignment layer
consists of two PGDF obstacles for each variable ¢ in the 3SAT problem.
Note that we define a PGDF obstacle as the intersection of halfspaces of the form o’z < 0 for

a normally distributed and x represented in homogeneous coordinates. Here we will work with just
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one face and standard coordinates for convenience. That is, each obstacle i will be defined as
0= {x | aitx < 1,04 N./\/'(ui,Ei)} )
For obstacle i, the true obstacle will be defined as the intersection of

OéiTX <1

i<exTx<i+1

3 3
2j— = <eg’x<2j+=
JT 5 <es XS J+2

where a; ~ N (2e1,e1e1”). The “negative” obstacle will similarly be defined with

Bfx <1

i<exTx<i+1

3 3
2j — -~ <eg’Tx<2j+ =
J—5<es x<2+g

where (3 ~ N(—2ey,ejer?).

Intuitively the covariance ere; T

means that «; has variance 1 in the direction of the normal
of the face. This is important because it means that there is no variance in the orientation of the
face. Also note that each obstacle overlaps with the corresponding obstacle in the layer below and
the layer above, which we will later show to be important in ensuring that variable assignments are
consistent across layers.

Then we will construct the variable assignment graph, as illustrated in figure Said formally,

indexing over the variable with index ¢, we embed nodes in locations

(25 — 1)eg + ieq

(2j —Des + (i + %)e2 +e;

(27 — leg + (i + 1)ea.
We then draw edges from (2j — 1)es + iea to both of (2j — 1)es + (i + 1)e2 + e1, and from both of
(2j — 1)esg + (i + 3)ez £ e1 to (25 — 1)eg + (i + 1)es.
Clause Gadgets

For each clause j we will construct an additional graph “layer” in between consecutive pairs of
variable layers that lets the algorithm choose which literal to satisfy, as illustrated in figure [2:10]
Recall that each clause j is of the form x;, V—x,Vz,,. Without loss of generality, let j, < j, < juw.
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Indexing over j, construct nodes at
. ‘ o1
2]9372393"_ ]u+§ €2
o1 ) 1
2]+§ est (Jut g ez fep
25 + 2 + | Jut+ L
—Je vt = |e
J 3 3 J 9 2
25 + 2
- e
J 3)©s

drawing edges between consecutive nodes, and letting ‘%’ represent ‘-’ if x;, is given in negated form

and ‘4’ otherwise. Then construct nodes at

2jes + (ju + - e

N = |-

2jes + (jv + )
<2j+1) es + <]v+1) ez e
3 2
<2j + 2) es + (jv + 1) e
3 2
<2j+2) es + (ju+1> e
3 2

(the first and last were already constructed previously), drawing edges between consecutive nodes,

and similarly setting ‘+’ based on the negation of literal =;, . Then construct nodes at

€2

, |
2]63 + <]v + 2) €2
. . 1
2jes + ]w+§ €2
2+~ ) es+ (utz)east
J 3 €3 Jw B €2 T €1
.2 ) 1
2]—’_5 es + ]w+§ €2
2+ 2 )es+ (4o + 2
J 3 €3 Jv 9 €2

(the first and last were already constructed previously), drawing edges between consecutive nodes,
and similarly setting ‘+’ based on the negation of literal x; . Intuitively, this creates three possible

routes through the graph, each going near the obstacle corresponding to a particular value assigned

to a variable.
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2jes + (juw + 5)ez (2 + 2)es + (juw + 3)e2

\

(2j + 3)es + (juw + 5)ez T e1

2jes + (jo + 3)e2 (2 + 2)es + (jo + 3)e2
\ /
(2 + 5)es + (ju + 3)ez L e
2jes + (ju + 1)ez (27 + 2)es + (ju + 3)e2
\ /

(2 + 3)es + (ju+ 3)ez T eq

2jes (2 + 2)es

Figure 2.10: A path through this gadget must select one of three paths to go through, each going
near the obstacle for the corresponding literal.

A path through this gadget must pick one of the literals in the clause to satisfy and pass near
the obstacle that corresponds to that variable and the value the literal requires it to have. In doing
S0, it may incur risk of intersecting with the obstacle. If this variable was assigned to the value
the literal specifies, then the path would have already gone near this obstacle so no further risk is
incurred. However, if the literal contradicts the variable assignment, the path will incur additional

risk for going near this obstacle.

Full Reduction

Now we combine the variable and clause gadgets, as seen in figure 2.11] As in Section 2.5.7 we
construct a grid of deterministic obstacles to force the path to remain near the graph. Given the
graph G and set of obstacles O constructed above, we surround G with additional obstacles such
that a path cannot deviate from G by more than 2e¢p, for some small constant ep. We divide the

space of R” into a grid with cells of size ep X €p X €p and construct a cubic obstacle in every cell
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Figure 2.11: The bottom layer is the first variable assignment layer. The top layer is the first clause
gadget. There would usually be many more clause gadgets stacked on top with additional variable
gadget layers in between.
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that does not intersect with the graph and is within a window containing all of the gadgets.

x € R?

ziep < x; < (ZZ + 1)Ep Vie {1,2,3}

C, = x

for all z € Z3

Path Risk Encoding 3SAT

This graph was constructed such that there will exist a gap between the risk of a satisfying assignment
and of a non-satisfying assignment. First we note that for the PGDF obstacle model as well as most
reasonable alternative formulations, there exists a gap between the induced risk close to the obstacle
and far away from the obstacle. In particular, there is some r. that lower-bounds the risk computed
from the shadow approximation for the closer points and r that upper-bounds the computed risk
for the further point. A path through the variable assignment portion of the graph will go near km
obstacles for the k variable assignments it makes, each repeated m times. Then it will be “close” to
km obstacles and “far” from the other km obstacles. Therefore, it will incur risk kmr. + kmry.

If a path through the variable assignment portion encodes a satisfying assignment to the 3SAT
problem, there will exist a path through the remainder of the graph that will not incur any additional
cost. If there is no satisfying assignment, then any path through the remaining portion must go
near an obstacle that it did not go near in the variable assignment portion, so for some variable
i, the optimal path must go close to both the true and false obstacles, incurring cost at least

(km +1)rc + (km — 1)ry. This allows us to compute a lower bound on ratio between the two risks:

(km+ 1)re + (km — 1)ry
kmr. 4+ kmry

_kmrc +kmry+re—ry

kmre + kmry

Te 77”f
=14 < J
+ kmre + kmry

1

We note that each obstacle only overlaps with at most a constant number of other obstacles. In
particular, each obstacle will overlap with the two corresponding obstacles in the layer above and
the layer below, as well as the constant number of deterministic obstacles forming dividers between

layers.
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Each gadget can be constructed in polynomial time, and the number of gadgets is polynomial,
so this reduction can be constructed in polynomial time. Thus any algorithm that can approximate
the k-overlap (1 4+ «)-approximate minimum-risk planning problem (regardless of whether a graph
containing the solution is provided) to a factor better than 1+ © (ﬁ) can also solve 3SAT with

polynomial overhead. [

Extension for Minimum Constraint Removal

This reduction can also be extended to apply to the Minimum Constraint Removal (MCR) Problem,
proving Theorem [5| and answering the question posed by Hauser[78]. We replace each uncertain
obstacle in the e-safe planning problem with an MCR obstacle covering the r.-shadow of the obstacle.
As before, a path corresponding to a satisfying assignment will collide with km obstacles, whereas a
path corresponding to a nonsatisfying assignment must collide with at least km + 1 obstacles. Then

the ratio between the costs of a nonsatisfying path and a satisfying path is lower bounded by

il (L),

km km

Therefore, MCR remains NP-hard even when each obstacle is connected and intersects no more than

K obstacles (k held constant).

2.7 Conclusions and future work

We have shown that the minimum-risk planning problem on graphs is NP-hard, even in two dimen-
sions. Furthermore, the fact that it remains hard after restriction to a small graph indicates that
exact algorithms reducing to a graph search are likely to be impractical in the uncertain domain.
However, barring stronger hardness-of-approximation results, it is possible that there is a practical
approximation algorithm for solving the minimum-risk planning problem on graphs. There is also
the potential for algorithms that demonstrate fixed parameter tractability.

There is also the related direction of investigating models of uncertainty over obstacles. We focus
on the PGDF model in this work because it captures certain desirable characteristics and has been
used in prior work. However, the PGDF model has certain surprising characteristics, particularly
near the tails of the distribution [J]. Perhaps there is a model that is a better fit for obstacle estimates
in practice, that also permits efficient algorithms. In exploring this direction, it is important to note

that we do not strongly invoke the structure of PGDF obstacles.



Chapter 3

Feasible Minimum Risk Motion

Planning

3.1 Introduction

Planning in an uncertain environment is one of the fundamental problems facing autonomous sys-
tems. Drones and autonomous cars, for example, must all navigate environments that are not known
a priori. Even after they are able to observe the environment, observations are often noisy and in-
complete. Unfortunately, motion planning in this context is especially difficult when one wants to
guarantee a low collision probability. One must reconstruct a model of the environment from sensor
observations, quantify uncertainty in this estimation process, and then compute a path that ensures
a low collision probability. For the rest of the paper, the term safe is used to refer to a trajectory
with low collision probability over the randomness of the uncertain environment. Then the goal of
Minimum Risk Motion Planning (MRMP) is to find such a safe trajectory. Note that this differs
from many other works in planning under uncertainty which focus on uncertainty in estimation of
the robot position, orientation or ability to execute a trajectory precisely.

In this paper we build on previous work characterizing collision probabilities and focus on devel-
oping methods for computing safe trajectories. Unfortunately, since many instances of this problem
are NP hard, we cannot hope to find a provably efficient algorithm that works in general. Instead we
identify a parameter that controls long range correlations between collision probabilities, and in turn,
the hardness of the planning problem. When this parameter is a small constant, we demonstrate a
provably efficient, optimal, algorithm with rigorous guarantees. Fortunately, this parameter seems
to be small for many practical instances. When the parameter cannot be controlled, we demonstrate
a tradeoff between computation time and the suboptimality of the result. The key contributions of

this paper are twofold:

38
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1. Defining a parameter that controls the hardness of MRMP and allows us to identify solvable
MRMP problems. We demonstrate experimentally that this parameter is small for certain

problems of interest.

2. Describing an algorithm that efficiently solves MRMP when the parameter is small. When the

parameter is large, the algorithm allows trading off runtime and optimality.

In particular, this represents a different paradigm of working with computational complexity
in robotics. Many works in robotics can be divided into two categories based on the hardness of
the problem they are trying to solve: (a) the problem is efficiently (polynomial-time) solvable and
the work presents an algorithm that guarantees an efficient runtime and optimal solution (b) the
problem is provably computationally difficult so the work presents an algorithm that depends on
heuristics and may only sometimes be efficient and/or produce an optimal solution. This paper
takes a more fine grained approach. By identifying a parameter that quantifies how hard a problem
instance, we can understand the exact tradeoff between runtime and solution quality. As a result,
we are able to present an algorithm with strong theoretical guarantees that is, as demonstrated in
the experimental section, also practical and efficient at solving instances which could not be solved

by prior approaches.

3.1.1 Approximations in Planning with Environment Uncertainty

The hardness of planning with environmental uncertainty has led to various approximations to make
the problem more computationally feasible. One line of work models this uncertainty as a partially
observable Markov decision problem (POMDP) [32]. Unfortunately, solving POMDPs is PSPACE-
hard, implying that an efficient, general algorithm does not exist [105]. Furthermore, even solving
POMDPs in practice has proven difficult for complicated problems, despite advances in approximate
POMDP solvers [01], 122].

However, there are many works that suggest that navigation among uncertain obstacles is an
easier problem than solving general POMDPs. There is a long line of work that approaches this
problem, trading off performance, safety guarantees, completeness, and limitations of the model
[25] [83], [95], [811, 124}, [T06], 107, 56} [66]. One way to avoid making these tradeoffs is to find a restricted
setting where the problem is easier to solve. Unfortunately, positive results in this area are sparse.
Consider the following two negative results for context. The first is that planning on a graph with
uncertain obstacles remains hard, even in two dimensions and even if obstacles are guaranteed to
not overlap with more than a fixed number of other obstacles [120]. The second concerns the related
minimum constraint removal problem. Finding the minimal set of obstacles to remove to make
travel between two points feasible remains NP-hard even if (a) the obstacles are constrained to be
axis-aligned rectangles or (b) obstacles are line segments such that no three intersect at one point

[63]. In contrast to this prior work, this paper will present conditions under which the problem is
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Figure 3.1: Estimating the risk by summing the risk of individual waypoints can overestimate the
risk since the collision probability of adjacent waypoints is often correlated in practice. In the above
cartoon, we can see that if a draw contains one waypoint, it is likely to contain many. Even though
the collision risk of the trajectory is 20%, the sum of the risks of the waypoints is greater than 100%.

efficiently solvable.

In this paper, we focus on navigation among uncertain obstacles drawn from known distributions.
In the scenario we examine, the robot first fixes a trajectory based on a known obstacle distribution.
Then obstacles are drawn exactly once from the distribution and the robot executes the plan. The
risk of the plan is defined as the probability that the trajectory collides with an obstacle. Ideally,
an algorithm would always efficiently find the least-risk solution and never return a solution that is
less safe than advertised.

There are several straightforward approaches to this problem, that while efficient, do not neces-
sarily yield solutions that meet practical needs. The first would be to penalize each waypoint along
a discretized path with its [unconditional] likelihood of collision. This approach corresponds to the
assumption that collision probabilities at different waypoints are independent. The sum of the in-
dividual risks can be taken as a proxy for the total risk. Unfortunately, this has several undesirable
properties. It is sensitive to the coarseness of the waypoint discretization. Taking a trajectory and
discretizing more finely increases the computed risk bound even though the real risk does not change.
At one extreme, using this calculation would show that a robot that does not change position is
certain to collide! In reality, one expects collision probabilities at different points of a trajectory to
potentially have significant correlations, making a union bound a poor strategy by which to bound
the collision probability. This issue is illustrated in Figure

This dependence on the discretization can be remedied by using the concept of a shadow. For

every obstacle, a “shadow” (depicted in Figure [3.2) is a volume that contains the obstacle with
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Figure 3.2: When the true position of the blue square is unknown, we can identify the orange
”shadow” as a region that contains the blue square with some probability [10].

a fixed probability. As long as the robot follows a trajectory that avoids the shadows, the risk
of the trajectory is at most the sum of the probabilities that each shadow contains its obstacle.
If one can decide the probabilities corresponding to each shadow ahead of time, MRMP becomes
identical to a standard motion planning problem. Shadows effectively capture the notion that
collision probabilities are strongly correlated between points that are close together. Unfortunately,
choosing these probabilities a priori is crucial for the reduction to the standard motion planning
problem. If it is not known a priori which obstacles the optimal trajectory must pass near, the
shadows must be chosen conservatively in a way that can have many undesired consequences. For
example, even obstacles far away from the final trajectory which do not have a sizeable effect on the
true collision probability may end up affecting the choice of trajectory and computed risk bound.
The incompleteness resulting from allowing equal risk for every obstacle is illustrated in Figure [3.3
Unfortunately, planning without fixed shadows is harder than deterministic motion planning, even
when allowing for certain approximations. FEven when the obstacles are polytopes composed of
Gaussian-distributed faces (defined in [10]), with paths restricted to a small graph and with a point
robot in a low dimensional space, the problem is NP-hard [120].

In this work we identify a parameter that determines the hardness of such problems. When this
parameter is small, we compute an optimal solution efficiently. We believe this parameter is small

for most practical instances of planning among uncertain obstacles.
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Figure 3.3: Planning a safe trajectory requires deciding how to balance the risk among the possible
obstacles. In the first image, an equal risk is assigned to both obstacles and no path between the
diamond and the star exists. In the second, more risk is assigned to the upper obstacle and less to
the lower one creating a passage for the robot.

3.1.2 Related Work

Since planning under uncertainty is both ubiquitous and provably hard, many works rely on heuris-
tics, rarely providing formal guarantees for both solution quality and runtime.

One line of work focuses on uncertainty in the robot’s position. Here the model of the robot
itself is “inflated” before the collision checking, ensuring that any slight inaccuracy in the position
estimate or tracking of the trajectory does not result in a collision. Work that focuses on uncertainty
in the environment sometimes does the mirror image. They often inflate the occupied volume of
the obstacle with a “shadow” and ensure that any planned trajectory avoids the shadow [7], 83], 95].
Both of these approaches work well when the obstacles are spaced out because there is still room
to pass between them, but they become incomplete in more crowded domains when a trajectory
must reason about which objects force the robot to incur more risk. The planner does not know
beforehand how much it can expand each shadow while still allowing a feasible trajectory.

A more general approach that handles either or both of localization and obstacle uncertainty is
belief-space planning. Belief space is the set of all possible beliefs about or probability distributions
over the current state. Belief-space planning converts the uncertain domain in state space to belief
space, then plans in belief space using trees [109, [25] or control systems [I08]. However, the dimen-
sionality of the belief space can become quite large in domains with many uncertain variables such
as obstacles.

Another line of work uses synthesis techniques to construct trajectories safe by construction. If
the system is modeled as a Markov decision process with discrete states, a safe plan can be found

using techniques from formal verification [50] [66]. Other authors have used techniques from Signal
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Temporal Logic combined with an explicitly modeled uncertainty to generate plans that are safe
[114], though the € in said paper does not correspond to the notion of safety used in this paper.

Recent work by Hauser applies an approximate minimum constraint removal algorithm to motion
planning under obstacle uncertainty by randomly sampling many draws for each obstacle and finding
the path that intersects with the fewest samples [78]. With this approach, he demonstrates low
runtime and suboptimality on average although with poor worst case performance. He notes that
his greedy minimum constraint removal algorithm is optimal when the optimal plan does not require
entering an obstacle multiple times, and similarly his solution for motion planning under uncertainty
is optimal when it is not required to risk collision with an obstacle multiple times.

Building on previous works using “shadows”, earlier work formalized the notion of a shadow in a
way that allowed the construction of an efficient algorithm to bound the probability that a trajectory
will collide with the estimated obstacles [10]. However, the proposed RRT-based planning method
making use of this algorithm does not return a solution with probability approaching 1 as the
number of iterations approaches infinity (i.e. it lacks probablistic completeness). This is because
this problem lacks optimal substructure: subpaths of an optimal path are not necessarily optimal,
since the collision risk at different points along a trajectory can be highly correlated if it passes near
the same obstacle multiple times.

Other earlier work showed that planning in this domain is NP-hard in fixed dimension, and
that even the problem of searching a graph for a safe path is NP-hard [120]. The reduction they
construct forces the planner to solve MAXQHORNSAT by encoding variable assignment and clause
satisfaction into collision risks for the different obstacles, taking advantage of the fact that collisions
can be correlated even between distant portions of a trajectory. Hence, this suggests that the

hardness of the problem stems from long-distance dependencies between potential collisions.

3.1.3 Summary of Formal and Experimental Results

As mentioned in section[3.1.2} planning under obstacle uncertainty is hard because the risk of collision
at potentially distant segments of a trajectory can be correlated. However, in many domains, these
correlated risks tend to be somewhat localized to nearby portions of the trajectory. In this paper we
identify a parameter that controls this, the collision horizon. It functions as a measure of how far
apart these correlated collisions are in terms of the number of obstacle shadows entered in between
them. Intuitively, the collision horizon captures the number of obstacles that are interacting with
each other in such a way that a planner must reason about their collision risks jointly; or alternatively,
how much collision history is needed to define a Markov state, that is, one that fully determines the
marginal risk at future states.

We present a parameterized polynomial-time algorithm Mj,, for finding the mininum risk path in
a graph, for which the following informal theorems hold (the formal statements are presented later

in the paper):
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Theorem 6. On problems with collision horizon at most h, My returns the minimal collision risk

plan.

Theorem 7. On problems with collision horizon h', where h' > h, M, produces a solution that
is suboptimal at most by the risk incurred by correlated collisions in the optimal trajectory that are

separated by more than h other collisions.

We also show that minimum constraint removal, the problem of finding trajectories with the

fewest collisions, is also solved by our algorithm with the same guarantees.

Theorem 8. The greedy and exact algorithms presented by [7§] are equivalent to My and My,
respectively, applied to MCR.

Hence, M), can be seen as interpolating between the greedy and exact algorithms on MCR
problems (but not on minimum-risk planning).

These definitions and theorems are stated formally in sections and

We demonstrate M} on a manipulation domain and an autonomous driving domain. We find
that M is near-optimal and that M is optimal on all problem instances, indicating that the collision

horizon tends to be small in these domains. We find similarly on an MCR manipulation domain.

3.2 Theoretical Guarantees for Motion Planning

Before we present a solution to minimum risk motion planning, it is helpful to understand the
conditions under which we are able to effectively solve motion planning with known obstacle ocations
and extents. While motion planning has been shown to be PSPACE-hard, the community has
developed algorithms which are able to solve many practical motion planning problems [I12]. Even
though we cannot guarantee that any algorithm is both efficient (polynomial time) and complete
(guaranteed to find a solution), we can provide lighter guarantees. The goal of this section is to
provide background on different theoretical guarantees relevant to motion planning with obstacle

uncertainty.

3.2.1 Completeness

An algorithm is said to be complete if it is always able to find a solution if one exists. Unfortunately,
many algorithms which depend on heuristics are not complete and can fail in certain scenarios. For
example, optimization based motion planners can fail to find a solution if they are not initialized
with a trajectory whose homotopy class contains a valid trajectory.

When working with sampling based motion planners, we work with a criteria known as proba-
bilistic completness, a property introduced with the RRT algorithm [94]. While we cannot guarantee
that any algorithm efficiently returns a valid solution if one exists, we can ensure the algorithm is

probabilistically complete.
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Definition 14 (Probabilistically Complete Motion Planning Algorithm). A motion planning algo-
rithm takes a set of obstacles, a start state s, and a goal state t as input and generates a trajectory
that does not intersect any obstacle as output. A planning algorithm is probabilistically complete if,

with n samples, the probability that it finds a safe trajectory approaches 1 as n approaches oo.

Probabilistic completeness essentially means the algorithm will eventually find a solution if one
exists.

Many sampling based algorithms, including RRTs, guarantee probabilistic completeness as long
as there exists a solution that meets certain conditions. In particular, RRTs and many other sampling
based motion planners are only probabilistically complete if there exists a solution trajectory in the
topological interior of free configuration space. Since a similar condition is necessary for the algorithm
presented in this paper, we develop this condition without explicitly relying on topology below.

This condition can be articulated as the existence of a path in the J-interior of the free space

Xfree where Xyco is a bounded subset of R™.

Definition 15 (d-interior [86]). A state © € X free is in the d-interior of X tree if the closed ball of

radius 6 around x lies entirely in X free.

A sampling based algorithm can only succeed if it always has a non-zero probability of sampling
a waypoint leading to more progress. One way to ensure this is requiring the existence of a solution
where every waypoint has a ball of nonzero diameter around it, guaranteeing that said ball has
non-zero measure and the algorithm will eventually draw a sample in said ball.

When there exists a path in the J-interior of free space for some ¢ > 0, many sampling based
motion planners are probabilistically complete. However this formulation does not extend well to
the domain with uncertain obstacles; there is no concept of “free space” because the locations of
the obstacles are not known. Instead we will use the equivalent view of inflating the path instead of
shrinking the free space.

Definition 16 (d-inflation). The d-inflation of the set X is the setY = |J {y | d(x,y) < §}, where
zeX
d(z,y) is any distance metric.

We note that in the deterministic setting, if a trajectory is in the d-interior of X f,¢c, then the 4-

inflation of the trajectory is entirely in X ¢¢.. This allows us to consider problems with the following

regularity condition: there exists a d-inflated trajectory that has a low risk of collision.

Definition 17 (e-safe d-inflated trajectory). A trajectory T is an e-safe d-inflated trajectory if its

d-inflation intersects an obstacle with probability at most €.

While the standard RRT requires the existence of a trajectory in the interior of free space in
order to be probabilistically complete, the algorithm in this paper requires the existence of an e—safe

d—inflated trajectory in order to be probabilistically complete.



CHAPTER 3. FEASIBLE MINIMUM RISK MOTION PLANNING 46

3.2.2 Graph Restriction Hardness

When solving motion planning without uncertainty, once the algorithm has identified a graph that
contains a solution, the problem is essentially solved. Algorithms like Djikstra’s algorithm and A*
can be applied out of the box to find the minimum cost path within said graph.

We refer to the hardness of finding a solution restricted to a graph the graph restriction complezity
of a problem. Since we can apply Djikstra’s algorithm to solve motion planning without uncertainty,
the graph restriction complexity is P. This is crucial to enabling the fast solving of motion planning
in practice. Sampling based planners tackle the problem in two [sometimes alternating] phases. The
first phase involves sampling a graph. The second involves checking if the graph contains a solution,
and finding the lowest cost one if it does. Motion planning problems that are “easy” for sampling
based planners are ones where the first phase is easy. The hardness of the second phase is exactly
the graph restriction complexity.

One could hope that with the right approximations, a similar pattern could work for motion
planning with obstacle uncertainty. In [10], the authors develop a notion of confidence intervals
around obstacles with the aim of using them as an approximation enabling efficient planning. Un-
fortunately, the graph restriction complexity of planning with obstacle uncertainty with shadows is
still NP-hard, even in two dimensions [120]. In other words, even if you are able to efficiently identify
a graph containing the solution, it is not easy to find the solution in this graph unless P=NP.

This paper presents an algorithm that shows that the graph-restriction complexity of MRMP is
P when the collision horizon is constant. Under these conditions, the same paradigm as for standard
motion planning applies. One can sample a graph in configuration space just like with a standard
sampling based motion planner and then use the presented graph search algorithm in order to solve
MRMP. This allows us to adapt the standard sampling based motion planners to be able to solve
MRMP.

3.3 Definitions

3.3.1 Formal Problem Definition
Random Obstacle Model

Up until this point, we have been talking about uncertain obstacles in general. In this section, we
define the abstraction we use to work with uncertain obstacles. Note that we are not working with
uncertainty in the robot pose, only in the environment. Further, we will be restricting our discussion
to methods that first construct a graph embedded in configuration space, such as a PRM [87] or
RRG [85], then search the graph for safe plans.

A useful reference here are the shadows defined by [10]. The paper defined shadows controlled
by a single parameter (the probability that the shadow contains the obstacle). Shadows more likely
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to contain the obstacle strictly contain shadows less likely to contain the obstacle. The algorithm in
this paper works with the monotone risk model, which includes the shadows used in [I0]. Under this
model, every node in the planning graph is assigned a risk for each obstacle. For a given path and
particular obstacle, the risk of any node colliding with the obstacle is bounded by a weakly monotone
submodular function over the nodes in the path. When using shadows, this function becomes simply
the maximum over the risks for each individual node being in collision with that obstacle. Note that
it does not matter if risks are associated with nodes or edges since a graph with risks at edges may

be transformed to one with risks at nodes by constructing a node for every edge.

Definition 18 (Monotone Risk Model). Given a graph G = (V, E) (with edges E and vertices V),
a function f: P(E) — L (with P denoting the power set, and L C R is a finite set over which the
risk is discretized) is a Monotone Risk Model if f is a weakly monotone submodular set function
or f is a weakly monotone accumulation of Monotone Risk Models, i.e. f(E') = g(f1(E"), f2(E’)),
where f1, fa are Monotone Risk Models and g is weakly monotone, that is, g(w,z) > g(y, 2) if w >y
and x > z. Typically, each f;(E") would represent the risk that a given path, represented as a set of
edges E' C E, is in collision with obstacle i. Then the overall risk of the path can be obtained by

combining the risk for each obstacle in some monotonic manner.

A natural monotone accumulation would be the OR operation, treating the inputs as collision
probabilities for independent events (i.e. g(x,y) = z+y—zy). In practice —and in our experiments
—a union-bound accumulation, that is, summation over probabilities (g(x,y) = = + y), is often
preferred for its simplicity. We note that our theorems and algorithms apply to both of these, as
well as any other monotone accumulation model. Henceforth we let R[zUy] denote this accumulation
over the risks of events x and y.

Furthermore, the discrete minimum constraint removal problem (MCR), can also be expressed
as a minimization of a monotone risk model. Each obstacle ¢ corresponds to a monotone risk model
fi such that f;(E’) = 1 if any edge e € E’ is in collision with obstacle 4, and f;(E’) = 0 otherwise.
Then the sum of the risk models for all obstacles, which corresponds exactly to the cost function
defined in the MCR problem, is also a monotone risk model.

In the deterministic case, an obstacle is typically a set of points in task space that the robot would
like to avoid. A useful abstraction is to define for each obstacle a mapping from robot trajectories
to 1 or 0, indicating whether the swept volume of a robot executing that trajectory collides with the
obstacle or not. We extend this notion to the uncertain case, defining a random obstacle and then

constructing a mapping instead from robot trajectories to collision probabilities.

Definition 19 (Obstacle). An obstacle is defined as a random volume in task space (usually R3)
drawn from a known distribution. We note that an obstacle also corresponds to a random volume
in configuration space (all configurations that result in the robot colliding with the obstacle). Fach
obstacle o is associated with a mapping f, : P(E) — [0,00), where f, is a Monotone Risk Model
denoting the risk of a path colliding with obstacle o.
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There are many ways to describe the risk of collision with a given obstacle as a weakly monotone
submodular set function over edges, but just as an example, under the model presented in [I0], the
risk for a given edge corresponds to the risk of the minimal shadow that intersects with the edge.
Then the risk of an entire path, or the risk of the minimal shadow that intersects with the path,
is equal to the maximum over the risks for the individual edges. In this paper, we will be working
with a discrete set of shadows for each obstacle. Then we define a risk level as the risk associated

with a particular shadow.

Definition 20 (Risk Level). A risk level I} is the probability that obstacle o is not fully contained

within its i’th shadow.

Informally, the shadows for a set of risk levels can be thought of as regions enclosed by contour
lines encircling an obstacle, with higher risk levels associated with smaller shadows of higher risk.
We note this model is not limited to the shadows constructed in [I0]. For example, it applies to
shadows computed for different distributions using a similar technique.

It is convenient to work with trajectories as swept volumes in task space (i.e. the space that
a robot moves through when following a given trajectory). For a given set of distributions over
obstacles, the risk of a trajectory is the probability that the trajectory intersects any obstacle.
We frequently abuse notation, representing trajectories either in configuration space, task space, or

nodes and edges in a graph. We now define an e—safe trajectory.

Definition 21 (e-safe trajectory). Given a joint distribution over random obstacles O, a trajectory
T is e-safe if, for any sample s1...8, ~ O, R[TNs; # @V i] <e. That is, a trajectory is e-safe if the
probability that it collides with any obstacle is less than €.

Note that for obstacles 05 ...0,, the probability of collision is bounded by the sum of the individual
collision probabilities. Thus if > f,,(7) <€, 7 is e— safe. This allows us to quantify the safety of a

trajectory by using a monotone risk model.

Algorithmic Question

This leads to the following algorithmic question, of finding safe plans for a known distribution of

obstacles.

Problem 3 (e-safe Planning Problem). Given the obstacle distributions O and initial and end points

s, t in configuration space, find an e-safe trajectory from s to t if one exists, otherwise FAIL.

While the problem is known in general to be intractable [120], and risk-constrained extensions
to practical sampling-based motion planning algorithms that build up a tree lack probabilistic com-
pleteness [10], [8] proposed a risk-constrained extension to the RRG algorithm [85] which is prob-
abilistically complete. Unfortunately, that algorithm requires executing a risk-constrained graph

search, which is also known to be intractable if completeness is required [120]. (The conditions and
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guarantees for probabilistic completeness of the algorithm presented in this paper are discussed in
detail in section [3.2)). Nevertheless, we would still like to find a practical algorithm that can solve
this problem.

Definition 22 (minimum-risk graph-search algorithm). A minimum-risk graph-search algorithm is
a procedure ¢(G, O, s,t), where G is a graph, O is a set of obstacles, and s and t are the start and
end nodes in G, respectively. It returns an e.-safe trajectory in G, where €, is the minimum € for

which an e-safe d-inflated trajectory exists.

The §-inflation condition informally means that there must be a nonzero probability of eventually
sampling a satisfying trajectory, and is more formally discussed in section [3.2f above. We note that
an algorithm optimizing risk can be directly used in place of an algorithm satisfying bounded risk.

Simply run the risk-minimizing algorithm and do not return the solution if the risk is too high.

3.3.2 Formal Definition of Collision Horizon

Because the minimum-risk graph-search problem is intractable, we would now like to define a pa-
rameterized version of the problem that is tractable when the parameter is fixed. We identify a
parameter that drives the hardness of the minimum-risk graph-search problem. More specifically,
we define the collision horizon which, loosely speaking, captures the length of dependencies between
obstacles.

We first define the collision coverage, illustrated in Figure [3.4] which describes the distance

between correlated collisions for a single obstacle.

Definition 23 (collision coverage). The collision coverage HéT) for a given trajectory T and ob-
stacle o € O in minimum-risk graph-search problem instance (G,O,s,t) is the number of obsta-
cles (including o itself) for which T enters a higher-risk shadow between the first time it enters a
giwen shadow of o and the last time. More formally, treating T as a sequence of edges, let C(()/T)

denote the set of indices t for edges for which 7(t) enters a higher-risk shadow of obstacle o, i.e.
6 =1t ] for(r(8) > fo(7(t = 1))}. Then
H( = Z 1(3t e C(E,T) s.t. min¢{” <t < max (7).
<o
This leads us to define the collision horizon for the overall problem instance.
Definition 24 (collision horizon). The collision horizon h of a given minimum-risk graph-search
problem instance (G,O,s,t) is the mazimum collision coverage of any obstacle of a minimum-risk

trajectory, or more formally, h = min,cr, Maxe,co HéT), where Ty is the set of minimal-risk trajec-

tories from s to t.
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Figure 3.4: In the upper half of the figure the path does not return to any obstacles and has a
collision coverage of 0. The second path returns to the first obstacle after going through the second,
leading to a coverage of 1.

Definition 25 (h-horizon minimum-risk graph-search algorithm). A h-horizon minimum-risk graph-
search algorithm is a procedure ¢(G, O, s,t), where G is a graph, O is a set of obstacles, and s and t
are the start and end nodes in G, respectively. When the collision horizon of the problem is at most
h, it returns an e.-safe trajectory in G, where €, is the minimum € for which an e-safe d-inflated

trajectory exists.

We will now present such an algorithm.

3.4 Algorithm

In this section, we present a polynomial-time h-horizon minimum-risk graph-search algorithm. The
algorithm is based on Dijkstra’s algorithm minimizing the collision risk, but instead of nodes corre-
sponding to robot configurations, nodes correspond to a robot configuration and a risk-level memory
limited to h obstacles. The other differentiator between our algorithm and a standard graph search
is an update rule that takes advantage of the structure of shadows to expand multiple nodes simul-
taneously.

Recall that shadows are split up into risk levels. Once the robot enters a higher risk-level shadow
for a particular obstacle, it does not incur any additional risk for time spent in lower risk-level
shadows for that same obstacle. The risk memory keeps track of the maximum risk-level shadow
entered for each of some number of obstacles. Then we define a state as a pair (u,C), where u is
a robot configuration and C is a risk memory with |C| < h. Suppose edge (u,Vv) in the original
graph enters some set C’ of shadows. Then the augmented graph will have a corresponding set of
edges ((u,C), (v,C")) for each C of size at most h, and for each C” that can be obtained from
C by adding (i.e. memorizing) the additional shadows in C’ then removing (i.e. forgetting) some
number of remembered shadows such that the resulting |C”| < h. Each of these edges would have a

cost equal to the marginal risk of entering the shadows in C’ conditioned on having already entered
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the shadows in C. This allows the cost function to only increase when the search enters a higher
risk-level shadow than those which have been recently visited.

We note that standard Dijkstra’s algorithm with this graph augmentation on its own would be
sufficient for our theoretical results below to hold, but the large branching factor stemming from the
choice of which collision to forget causes a substantial, albeit still polynomial, increase in runtime.
Instead, we introduce an optimization via an extension to the expansion rule that takes advantage
of the structure imposed by shadows. In order to define the expansion rule we use the term “open”
to refer to a node which is in the queue to be expanded, and “closed” to refer to nodes which have
already been expanded. While the search must retain multiple paths to each robot configuration,
potentially with different risks, not all paths are useful. Consider the situation where we already
have a path to configuration u with computed risk 0.5 with a 0.2 risk shadow for obstacle one and 0.2
risk for obstacle two. The next node to be expanded reaches the same configuration with computed
risk 0.5 with a 0.1 risk for obstacle one and a 0.1 risk for obstacle two. The computed risk for any
path going through this new node is either worse or unchanged relative to if it had instead went
through the first node, since any future marginal cost would be at least as high for the new node
as for the first one. Then even though the new node technically has a different state, we don’t have
to expand it since it will not lead to any paths that are better than those that go through the first
node.

We formally encode this idea by defining a partial ordering between risk memories such that
C < C' iff, for every obstacle o that is represented in C, the risk level for o in C is at most the risk
level for o in C’ (defaulting to false if o is not represented in C’). Then when deciding whether to
expand a state (u, ('), instead of just checking whether the exact state is closed, we check for every
subset M < C where |M| < h, whether any closed state at vertex u has a risk memory that M
precedes. This works because C' < C' implies that any future marginal cost starting from (u,C)
would be at least the future marginal cost starting from (u,C’). This is effectively treating each
state as a collection of all states for that vertex with a preceding risk memory. Pseudocode for this
algorithm is provided in Algorithm [2]

With k obstacles, L risk levels, and E edges, it can visit at most (kL)" unique states for each ver-
tex (since there are (kL)" potential memories of size h, and each additional visited state corresponds
to at least one new memory of size h that precedes the state’s memory but none of the prior states’
memories), so it can query at most E(kL)" edges. Since each edge can take O ((Z) (kL)hh) to check
whether it can be skipped (for each subset of size h, check against the memory for each visited state
at that vertex, which requires comparing h risk levels for each check), the overall algorithm runs in
time O ((Z) (kL)*"h?Elog VkL), which is polynomial when h is fixed.

This algorithm correctly computes the cost of any trajectory segment that does not incur corre-
lated collision risk at points separated by more than h other obstacles. Thus, the following theorem

bounding the suboptimality of the algorithm holds.
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Algorithm 2 MEMORY _SEARCH (M)

Input: Graph G = (V, E), obstacles O, end points s, t, and collision horizon h.
Output: A trajectory from s to t through G.
1: closed = {}
2: open = PriorityQueue({(s, [|,{})})
3: while not open.empty() do
// u is the configuration
// T is the trajectory that reaches u
// C is the risk memory
// i.e. (obstacle, collision level) pairs
u, 7,C = open.pop()
if u=t then
10: return 7 // Reached goal
11:  end if
12:  // Check whether any closed state’s
13:  // memory precedes C, or every
14: // subset of C of size at most h
15:  // precedes the memory of some
16:  // closed state
17: if (P(w,C") € closeds.t.w = u,C" < C) and (3M < C s.t. (|M| < h and B (w,0") €
closed s.t. w=u,M < (")) then

18: closed.insert(u, C')
19: // Add each outgoing edge to open
20: for v € E[u] do
21: C' = {(o,max(C[o], fo((u,v)))
for each o € O}
22: open.insert () .o C’[0], (v,7 + (u,v),C"))
23: end for
24:  end if

25: end while

Theorem 9. Let € be the associated cost of the trajectory generated by My (G, O,s,t) and let 7. be

any optimal trajectory, with associated cost €,. Then

e< Y folm) et D (IS5 = 1) foln)

0€0,7;€85™) 0€0

where S(ET*) 1s the trajectory T, split into the fewest segments such that for each T; € S(ET*), HS”) < h.

The proof for Theorem [J] is in section And the following corollary holds when the collision

horizon is fixed.

Theorem 10. M}, returns an optimal trajectory when the collision horizon of the problem is less
than h.

Thus, the problem is tractable when the collision horizon is small, and when it is unbounded,
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Figure 3.5: An example where M, is optimal (left) and one where it is suboptimal (right). The
shading indicates the obstacle shadows, so the probability a trajectory collides with a given obstacle
is given by the darkness of the maximally shaded point it goes through. In both cases the optimal
trajectory is the solid black line, which risks collision with the long obstacle at the bottom —even
though the trajectory on the right risks collision with the bottom obstacle twice, these collisions
are correlated (if the first “dip” is in collision, then so is the second, and vice versa), so the overall
collision risk is the same as on the left. However, in the suboptimal case, My will instead pick the
dotted subtrajectory, because by itself it is safer than the corresponding subpath of the optimal
trajectory. Hence, this problem instance has collision horizon 1, and so M; will solve it correctly.

we have an algorithm that produces a solution whose suboptimality is limited by how much the
optimal trajectory exceeds a collision horizon of h. This bound is especially helpful for domains
where obstacle extents (i.e. the distribution over the obstacle boundaries) have infinite support,
because while the collision horizon of these problems are large due to significant overlap of shadows,
they impact the quality of the solution only by the amount of change in risk level over the areas
that interact with more than h other obstacles, which is typically only the large, low-risk shadows.
Hence, we can still find a near-optimal solution. Some examples of the behavior of this algorithm

on different kinds of problems are in Figure [3.5

3.4.1 Application to MCR

We would now like to consider the related problem of minimum constraint remowval, or the problem
of finding a plan that collides with the smallest number of obstacles. This problem was studied
by Hauser, who presented two algorithms for solving it [78]. The first is an exact solver, which
retains the set of past collisions in the state space of the search, leading to optimal solutions but
a potentially exponentially large search space. The other algorithm is a greedy solver, which is
restricted to visiting each vertex at most once. As a result, the greedy method is faster, but can be
suboptimal in certain cases.

We so far have described an algorithm for planning under obstacle uncertainty. However, as
noted by [78] and by [120], there appear to be strong connections between planning under obstacle
uncertainty and minimum constraint removal. In fact, a minimum constraint removal problem can
be described as a planning under obstacle uncertainty problem, where each obstacle only has a
single shadow and a fixed cost for colliding with it. Intuitively, this can be thought of as treating
the objective of minimizing collisions as equivalent to the objective of minimizing collision risk when

each obstacle has some fixed probability of existing.
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As such, our algorithm can also be used to solve minimum constraint removal problems. More-
over, My is equivalent to the greedy algorithm proposed by [78], and M is equivalent to his exact
algorithm. Thus, the collision horizon parameter of our algorithm can be seen as interpolating be-
tween the greedy and exact algorithms, providing a tradeoff between optimality and runtime based

on the application.

3.5 Proofs

Proof of Theorem

Proof. Let € be the associated cost of the trajectory generated by M, (G, O,s,t) and let 7, be any
optimal trajectory, with associated cost €,. Because each obstacle is distributed independently from
other obstacles, we begin by considering the risk incurred by each one separately. For a given obstacle
0, suppose SéT*) is the trajectory 7, split into the fewest segments such that for each 7; € S((,T*),
HS™ < h. For each time 7; enters an obstacle level with edge (u,v), the planning tree generated
by M} must contain a state 3, at vertex u with memory containing the preceding h collisions in 7;
since such a state is reachable (given that 7; reaches it) and would not be skipped unless another
previously closed state at u already contained the preceding h collisions. Because H(E”) < h, we
know that the preceding h collisions are sufficient to determine the marginal risk of each collision.
Then M), will at some point expand edge (5., §,), where §, is the state at vertex v still with memory
containing the preceding h collisions in 7; and with cost from o no more than f,(7;). Hence, My
computes the marginal risk of this obstacle for this subtrajectory correctly. Then the total computed

risk from obstacle o for trajectory 7, is at most
> folm)
TiGSgT*)
Hence, the algorithm would assign the overall risk of trajectory 7, as at most
RS DA
060,7’1‘,63((,7-*)

Because M), greedily expands nodes in order of computed cost, it would only select a different
trajectory if its computed cost é < €. We know that M} can only overestimate the cost of a
trajectory (due to not taking into account the optimal set of past collisions), not underestimate, so

the cost of the trajectory it returns is at most €. Finally, since fo(7.) = max__g fo(7i) and

€x = Z fo('r*) = Z max ; fO(Ti)

0€0 oeoﬂ'esy*
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Figure 3.6: The robot is tasked to pick up the red box and carry it out of the room through the
hallway at the top. The green boxes (of which there are between 8 and 24) are obstacles with known
position but Gaussian distributed extents. This is then discretized into shadows for 3 risk levels.

we are left with the following bound:

e<é<é<e+y (IS0
0€O

- 1)fo(7—*)

3.6 Empirical Results

In this section we compare our algorithm to various baselines and illustrate how the collision horizon
parameter infuences behavior. We consider two baselines: First, we implemented the naive and
commonly used approach of setting all the shadows to be equal, often referred to as constructing
buffers, and then we ran a normal motion planner on it. Our implementation iteratively adapts
the buffer size to select the smallest risk level that allows a solution. Second, we compare to a
method proposed by [78] which samples obstacle instances from the distribution and then uses an
approximate minimum constraint removal planner to find the path that collides with the fewest
sampled obstacles. Note that avoiding 90% of samples does not guarantee a collision rate of less
than 10%. In fact, the number of samples required for such an empirical collision rate estimate to
be useful is quite large and depends on the dimension of the space. As such, we slightly modify it
to construct each shadow as an individual obstacle rather than sampling actual obstacle instances.
This ensures the soundness of the algorithm while also reducing the runtime due to needing fewer

obstacles.
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3.6.1 Moving Boxes Domain

Our first domain is a pick-and-place motion planning problem among uncertain obstacles. An
example problem instance is depicted in Figure [3.6] We sample approximately 600 robot base poses
and draw edges to form a graph embedded in the configuration space of the robot base. We then
sample up to 4 feasible grasps, each of which creates an edge to a copy of the original graph (a copy
is necessary because the collisions at each node are different based on whether the robot is holding a
box and how it is grasping it). The performance of each method on this domain is compared in Figure

We also measured the effect of the collision horizon on these performance metrics, depicted in
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Figure 3.7: The optimality rate (percent of problem instances where the algorithm returns an optimal
solution), runtime, and planning risk of each method. Runtime and cost are depicted as the difference
compared to the optimal planner M4 to control for the variance in difficulty of different problem
instances. Note that the Equal Buffers algorithm, which assigns equal risk to every obstacle, was
not able to find the optimal solution in any problem instance.

Figure [3.88 We find that our algorithm is already near-optimal at h = 0, and the gap becomes
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Figure 3.8: The optimality, runtime, and planning risk of M} for each collision horizon. Runtime
and cost are depicted as the difference compared to the optimal planner My, to control for the
variance in difficulty of different problem instances. Increasing the collision horizon past 6 up to 24
shows no noticeable change in behavior, so we have cropped the graphs for clarity.

entirely closed with h = 1. This suggests that this domain tends to have a very small collision
horizon. The obstacle-sampling approach behaves similarly to My, which is unsurprising since the
minimum constraint removal planner used is equivalent to My. The MCR algorithm runs slower,

however, because it cannot take advantage of the fact that the obstacles correspond to quantile
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Figure 3.9: The robot (blue trapezoidal vehicle) making an unprotected left turn along the dotted
white curve. Each obstacle (red rounded vehicles) exists in space-time and has uncertain speed.
There is cross traffic going to the right blocking the robot’s path before entering the intersection,
oncoming traffic going downwards blocking the robot’s path before exiting the intersection, and an
obstacle vehicle in front. The robot must choose when it is safest to cut between vehicles, keeping
in mind that going too fast risks collision with the front vehicle. There are a total of 12 obstacle
vehicles.

shadows. Setting the shadows to be equal is a fast solution, but is very suboptimal. Overall, M;
appears to be the most generally attractive, as it is optimal in every instance and slightly faster
than the exact search. We also notice that the runtime did not increase as much as we would expect

as h increased.

3.6.2 Driving Domain

We also evaluate our method on a driving domain. In this problem, the vehicle is attempting to
make an unprotected left turn, and there is both cross and oncoming traffic. An example of this
domain is depicted in Figure [3.9

The geometric curve the vehicle will follow is fixed, but the vehicle has the option to proceed
forward or wait at each timestep. Hence, the graph is a 2D lattice where one dimension is progress
along the curve (40 steps) and the other dimension is time (100 timesteps). This graph is fed as
input to the graph search algorithms, each of which returns a trajectory that indicates when the
robot should be moving and when it should be stopping. Practically speaking, a solution trajectory
makes two choices: which vehicles to cut between when entering the intersection, and which vehicles
to cut between when leaving the intersection. The performance of these methods are compared

in Figure We also measured the effect of the collision horizon on these performance metrics,
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Figure 3.10: The optimality rate (percent of problem instances where the algorithm returns an
optimal solution), runtime, and planning risk of each method. Runtime and cost are depicted as

the difference compared to the optimal planner M, to control for the variance between problem
instances.
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Figure 3.11: The optimality and planning risk of Mj;, for each collision horizon. Cost is depicted as
the percent difference compared to the optimal planner Mi5 to control for the variance in difficulty
between problem instances. There was no significant difference in runtime across different values
of h, so the runtime graph is omitted. Increasing the collision horizon past 6 shows no noticeable
change in behavior, so we have cropped the graphs for clarity.

depicted in Figure 311} We find that Mj and running MCR on sampled obstacles produce plans
of similar quality, although M, is significantly faster. As before, setting the shadows to be equal
is suboptimal in nearly all of the problems in this domain because there are too many obstacles,
so it must choose an overly conservative shadow for each one. Overall, M; appears to be the most
generally attractive option, as it is optimal in every instance, although in this domain increasing the

collision horizon does not appear to increase runtime significantly.

3.6.3 Minimum Constraint Removal for Manipulation Planning

We also evaluate our algorithm as a minimum constraint removal planner. Our experimental domain
is identical to the one in Section [3.6.1] but the obstacles are deterministic and the task is instead
to find the path with the fewest collisions. This task is very practically relevant in manipulation

planning domains to determine which obstacles must be moved out of the way in order to perform
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Figure 3.12: The optimality, runtime, and planning risk of Mj, for each collision horizon. Runtime
and cost are depicted as the difference compared to the optimal planner Msy to control for the
variance in difficulty of different problem instances. Increasing the collision horizon past 6 up to 24
shows no noticeable change in behavior, so we have cropped the graphs for clarity.

a given operation.

As described before, Hauser presented two algorithms, a greedy planner and an exact planner,
which are equivalent to My and May, respectively (note that May is equivalent to M, when there are
at most 24 obstacles) [78]. Our algorithm is compared for different settings of the collision horizon
in Figure

Similar to minimum-risk planning, we find that M, is already near optimal, and that M; closes
the gap. As a result, it is unclear whether the collision horizon is bounded for this domain, or if it
is just highly likely to be small. As before, M; strikes a good balance of optimal performance and

quick runtime.

3.7 Conclusion and Future Work

We have shown that while searching a graph for minimal risk plans is NP-hard, it becomes tractable
when the collision horizon is bounded. Furthermore, we present a practical algorithm that efficiently
finds optimal plans for fixed collision horizon and finds approximately-optimal plans with a natural
suboptimality bound when the collision horizon is higher. This demonstrates that approximate
planning under obstacle uncertainty is tractable in practical domains, which can lead to improved
robustness in many robotic planning domains. Furthermore, it shows that the collision horizon is the
source of the hardness of the problem, suggesting that the field should look towards this parameter
to find further improvements and applications.

One caveat is that the runtime of the algorithm scales poorly with the collision horizon, although
well with general problem size in domains with limited collision horizon. A potential direction for
future work would be to further explore the relationship between the collision horizon and the
hardness of the problem. In particular, our result provides a runtime with n in the base of the
exponential dependency on the collision horizon, placing it in the complexity class XP instead of

FPT (fixed-parameter tractability), which would require a runtime of the form f(h)poly(n). Either
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finding more efficient algorithms that reduce the exponential runtime to one with a fixed base, ideally
something like 2" rather than the n" our algorithm has, or showing that such an algorithm does not
exist would be a significant step in understanding the nature of these problems.

Another limitation is that our algorithm operates on problems with discrete risk levels. In
practice, this is reasonable because the obstacle shadows can be discretized based on the precision
that is required. However, the number of risk levels has a substantial effect on runtime especially
with higher collision horizons. A line of future work would be to generalize this approach to a
continuous notion of risk levels.

Finally, we have shown that some realistic domains tend to have small collision horizons. An
interesting open question is what determines this, and whether we can define special classes of

problems that have provably fixed collision horizon.



Chapter 4

Log-Concave Maximum Likelihood

4.1 Introduction

A distribution on R? is log-concave if the logarithm of its probability density function is concave:

Definition 26 (Log-concave Density). A probability density function f : R — Ry, d € Z,, is
called log-concave if there exists an upper semi-continuous concave function ¢ : R* — [—00, 00) such
that f(x) = e?®) for allz € RY. We will denote by F4 the set of upper semi-continuous, log-concave

densities with respect to the Lebesgue measure on RY.

Log-concave densities form a broad nonparametric family encompassing a wide range of funda-
mental distributions, including the uniform, normal, exponential, logistic, extreme value, Laplace,
Weibull, Gamma, Chi and Chi-Squared, and Beta distributions (see, e.g., [11]). Log-concave prob-
ability measures have been extensively investigated in several scientific disciplines, including eco-
nomics, probability theory and statistics, computer science, and geometry (see, e.g., [123] 5l 100,
132, [118]). The problem of density estimation for log-concave distributions is of central impor-
tance in the area of non-parametric estimation (see, e.g., [I32, TI8| [117]) and has received sig-
nificant attention during the past decade in statistics [41l, B9, 57, B8, 88, 12l [75] and computer
science [34] [35] 2], 28] [49] 53], 31].

One reason the class of log-concave distributions has attracted this attention, both from the
theoretical and practical communities, is that log-concavity is a very natural “shape constraint,”
which places significantly fewer assumptions on the distribution in question than most parameterized
classes of distributions. In extremely high-dimensional settings when the amount of available data
is not too much larger than the dimensionality, fitting a multivariate Gaussian (or some other
parametric distribution) to the data might be all one can hope to do. For many practical settings,
however, the dimensionality is modest (e.g., 5-20) and the amount of data is significantly larger (e.g.,

hundreds of thousands or millions). In such settings, making a strong assumption on the parametric

61
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form of the underlying distribution is unnecessary—there is sufficient data to fit a significantly
broader class of distributions, and log-concave distributions are one of the most natural such classes.
From a practical perspective, even in the univariate setting, computing the log-concave density that
maximizes the likelihood of the available data is a useful primitive, with the R implementation of
Rufibach and Duembgen having over 39,000 downloads [60]. As we discuss below, the amount of
data required to learn a log-concave distribution scales exponentially in the dimension, in contrast to
most parametric classes of distributions. Nevertheless, for the many practical settings with modest
dimensionality and large amounts of data, there is sufficient data to learn. The question now
is computational: how does one compute the best-fit log-concave distribution? We focus on this

algorithmic question:
Is there an efficient algorithm to compute the log-concave MLE for datapoints in R??

Obtaining an understanding of the above algorithmic question is of interest for a number of reasons.
First, the log-concave MLE is the prototypical statistical estimator for the class, is fully automatic (in
contrast to kernel-based estimators, for example), and was very recently shown to achieve the mini-
max optimal sample complexity for the task of learning a log-concave distribution (up to logarithmic
factors) [31), [42]. The log-concave MLE also has an intriguing geometry that is of interest from a
purely theoretical standpoint [41], 113]. Developing an efficient algorithm for computing the log-
concave MLE is of significant theoretical interest, and would also allow this general non-parametric
class of distributions to be leveraged in the many practical settings where the dimensionality is
moderate and the amount of data is large. We refer the reader to the recent survey [I17] for a more

thorough justification for why the log-concave MLE is a desirable distribution to compute.

4.1.1 Our Results and Techniques

The main result of this paper is the first efficient algorithm to compute the multivariate log-concave

MLE. For concreteness, we formally define the log-concave MLE:

Definition 27 (Log-concave MLE). Let X1, ..., X,, € R, The log-concave MLE, fn, = fn(X1,...,Xn),
is the density J/‘\n € Fq which maximizes the log-likelihood £(f) def S In(f(X;)) over f € Fq.

As shown in [41], the log-concave MLE Jn exists and is unique. Our main result is the first efficient

algorithm to compute it up to any desired accuracy.

Theorem 11 (Main Result). Fiz d € Z; and 0 < e,7 < 1. There is an algorithm that, on input
any set of points X1,..., X, inR%, and 0 < ¢, 7 < 1, runs in poly(n, d, 1/e,log(1/7)) time and with
probability at least 1 — 7 outputs a succinct description of a log-concave density h* € F; such that

UR*) > U(fa) — €

Our algorithm does not require that the input points Xi,...,X, in R? are ii.d. samples from

a log-concave density, i.e., it efficiently solves the MLE optimization problem for any input set of



CHAPTER 4. LOG-CONCAVE MAXIMUM LIKELIHOOD 63

points. We also note that the succinct output description of A* allows for both efficient evaluation
and efficient sampling. That is, we can efficiently approximate the density at a given point (within
multiplicative accuracy), and efficient sample from a distribution that is close in total variation
distance.

Recent work [31], [42] has shown that the log-concave MLE is minimax optimal, within a log-
arithmic factor, with respect to squared Hellinger distance. In particular, the minimax rate of
convergence with n samples is ©4 (nfz/ (d“)). Combining this sample complexity bound with our
Theorem we obtain the first sample near-optimal and computationally efficient proper learning

algorithm for multivariate log-concave densities. See Theorem [15]in section

Technical Overview Here we provide an overview of our algorithmic approach. Notably, our
algorithm does not require the assumption that the input points are samples from a log-concave
distribution. It runs in poly(n,d,1/¢) on any set of input points and outputs an e-accurate solution
to the log-concve MLE. Our algorithm proceeds by convex optimization: We formulate the problem
of computing the log-concave MLE of a set of n points in R? as a convex optimization problem that
we solve via an appropriate first-order method. It should be emphasized that one needs to overcome
several non-trivial technical challenges to implement this plan.

The first difficulty lies in choosing the right (convex) formulation. Previous work [41] considered
a convex formulation of the problem, though that formulation seems to inherently lead to an ex-
ponential time algorithm. Given our convex formulation, a second difficulty arises: we do not have
direct access to the (sub-)gradients of the objective function and the naive algorithm to compute
a subgradient at a point takes exponential time. Hence, a second challenge is how to obtain an
efficient algorithm for this task. One of our main contributions is a randomized polynomial time
algorithm to approximately compute a subgradient of the objective function. Our algorithm for this
task leverages structural results on log-concave densities established in [3I] combined with classical
algorithmic results on approximating the volume of convex bodies and uniformly sampling from
convex sets [84] 99, [97].

We now proceed to explain our convex optimization formulation. Our starting point is a key
structural property of the log-concave MLE, shown in [41]: The logarithm of the log-concave MLE
In fn, is a “tent” function, whose parameters are the values y1,...,y, of the log density at the
n input points (), ..., 2" and whose log-likelihoods correspond to polyhedra. Our conceptual
contribution lies in observing that while tent distributions are not an exponential family, they “lo-
cally” retain many properties of exponential families (Definition . This high-level similarity can
be leveraged to obtain a convex formulation of the log-concave MLE that is similar in spirit to the
standard convex formulation of the exponential family MLE [I30]. Specifically, we seek to maximize
the log-likelihood of the probability density function obtained by normalizing the log-concave func-
tion whose logarithm is the convex hull of the log densities at the samples. This objective function is

a concave function of the parameters, so we end up with a (non-differentiable) convex optimization
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problem. The crucial observation is that the subgradient of this objective at a given point y is given
by an expectation under the current hypothesis density at y.

Given our convex formulation, we would like to use a first-order method to efficiently find an e-
approximate optimum. We note that the objective function is not differentiable everywhere, hence we
need to work with subgradients. We show that the subgradient of the objective function is bounded
in fo-norm at each point, i.e., the objective function is Lipschitz. Another important structural
result (Lemma allows us to essentially restrict the domain of our optimization problem to a
compact convex set of appropriately bounded diameter D = poly(n,d). This is crucial for us, as the
diameter bound implies an upper bound on the number of iterations of a first-order method. Given
the above, we can in principle use a projected subgradient method to find an approximate optimum
to our optimization problem, i.e., find a log-concave density whose log-likelihood is e-optimal.

It remains to describe how we can efficiently compute a subgradient of our objective function.
Note that the log density of our hypothesis can be considered as an unbounded convex polytope. The
previous approach to calculate the subgradient in [41] relied on decomposing this polytope into faces
and obtaining a closed form for the underlying integral over these faces (that gives their contribution
to the subgradient). However, this convex polytope is given by n vertices in d dimensions, and
therefore the number of its faces can be n®(#) . So, such an algorithm cannot run in polynomial time.

Instead, we note that we can use a linear program (see proof of Lemma to evaluate a function
proportional to the hypothesis density at a point in time polynomial in n and d. To use this oracle
for the density in order to produce samples from the hypothesis density, we use Markov Chain
Monte Carlo (MCMC) methods. In particular, we use MCMC to draw samples from the uniform
distribution on super-level sets and estimate their volumes. With appropriate rejection sampling, we
can use these samples to obtain samples from a distribution that is close to the hypothesis density.
See Lemma (We note that it does not suffice to simply run a standard log-concave density
sampling technique such as hit-and-run [97]. These random walks require a hot start which is no
easier than the sampling technique we propose.)

Since the subgradient of the objective can be expressed as an expectation over this density, we
can use these samples to sample from a distribution whose expectation is close to a subgradient.
We then use stochastic subgradient descent to find an approximately optimal solution to the convex
optimization problem. The hypothesis density this method outputs has log-likelihood close to the

maximum.

4.1.2 Related Work

There are two main strands of research in density estimation. The first one concerns the learnability
of high-dimensional parametric distributions, e.g., mixtures of Gaussians. The sample complexity
of learning parametric families is typically polynomial in the dimension and the challenge is to

design computationally efficient algorithms. The second research strand — which is the focus of this
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paper — considers the problem of learning a probability distribution under various non-parametric
assumptions on the shape of the underlying density, typically focusing on the univariate or small
constant dimensional regime. There has been a long line of work in this vein within statistics since
the 1950s, dating back to the pioneering work of [72] who analyzed the MLE of a univariate monotone
density. Since then, shape constrained density estimation has been an active research area with a
rich literature in mathematical statistics and, more recently, in computer science. The reader is
referred to [16] for a summary of the early work and to [74] for a recent book on the subject.

The standard method used in statistics for density estimation problems of this form is the MLE.
See [24), 110}, 134, [76, (73}, 2T, 22 67, B3], 14, 80, (59} 13} 69, 15}, 90l 132, B8], 88, 12, [75], B3] for a partial
list of works analyzing the MLE for various distribution families. During the past decade, there has
been a body of algorithmic work on shape constrained density estimation in computer science with a
focus on both sample and computational efficiency [45], [46], [44), 34], 35, 36}, [T 2, 5T, (2] 43, 50} 53], H4].
The majority of this literature has studied the univariate (one-dimensional) setting which is by now
fairly well-understood for a wide range of distributions. On the other hand, the multivariate setting
is significantly more challenging and wide gaps in our understanding remain even for d = 2.

For the specific problem of learning a log-concave distribution, a line of work in statistics [41], [59]
57, B8, 12] has characterized the global consistency properties of the log-concave multivariate MLE.
Regarding finite sample bounds, [88] [42] gave a sample complexity lower bound of Qg4 ((1/6)<d+1)/2)
for d € Z, that holds for any estimator, and [88] gave a near-optimal sample complexity upper
bound for the log-concave MLE for d < 3. [53] established the first finite sample complexity upper
bound for learning multivariate log-concave densities under global loss functions. Their estimator
(which is different than the MLE and seems hard to compute in multiple dimensions) learns log-
concave densities on R? within squared Hellinger loss € with Oy ((1/€)(4+9/2) samples. [31] showed
a sample complexity upper bound of Oy ((1 / e)(‘”?’)/ 2) for the multivariate log-concave MLE with
respect to squared Hellinger loss, thus obtaining the first finite sample complexity upper bound
for this estimator in dimension d > 4. Building on their techniques, this bound was subsequently
improved in [42] to a near-minimax optimal bound of Oy ((1/€)(+1/2)." Alas, the computational
complexity of the log-concave MLE has remained open in the multivariate case. Finally, we note that
a recent work [47] obtained a non-proper estimator for multivariate log-concave densities with sample
complexity Oq((1/€)4t2) (i.e., at least quadratic in that of the MLE) and runtime Oy((1/€)24+2).

On the empirical side, recent work [ITI] proposed a non-convex optimization approach to the
problem of computing the log-concave MLE, which seems to exhibit superior performance in practice
in comparison to previous implementations (scaling to 6 or higher dimensions). Unfortunately, their
method is of a heuristic nature, in the sense that there is no guarantee that their solution will

converge to the log-concave MLE.
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4.2 Preliminaries

Notation. We denote by X7, ..., X,, € R? the sequence of samples. We denote by S,, = Conv({X;}™,)
the convex hull of X;,...,X,,, and by X the d x n matrix with columns vectors Xy,...,X,,. We
write 1 for the all-ones vector of the appropriate length. For a set Y C Z, 1y denotes the indicator

function for Y.

Tent Densities. We start by defining tent functions and tent densities:

Definition 28 (Tent Function). For y = (y1,...,y,) € R" and a set of points X1,..., X, in R?,
we define the tent function hx, : R? — R as follows:

max{z € R such that (z,z) € Conv({(X;,v:)}iq1)} ifx €S,
hxy(x) =

PN ife ¢S,

The points (X;,y;) are referred to as tent poles. See Figure for the graph of an example tent

function.

Figure 4.1: An example of a tent function and its corresponding regular subdivision. Notice that
the regular subdivision is not a regular triangulation.

Let px 4 (z) = cexp(hx,y(z)) with ¢ chosen such that px ,(x) integrates to one. We refer to px ,
as a tent density and the corresponding distribution as a tent distribution. Note that the support of
a tent distribution must be within the convex hull of X;,..., X,. For the remainder of the paper,
we choose a scaling such that 17y = 0. This scaling is arbitrary, and has no significant effect on
either the algorithm or its analysis.

Tent densities are notable because they contain solutions to the log-concave MLE [41]. The
solution to the log-concave MLE over Xj,...,X,, is always a tent density, because tent densities
with tent poles Xi,..., X, are the minimal log-concave functions with log densities y1,...,y, at

points Xq,..., X,.
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The algorithm which we present can be thought of as an optimization over tent functions. In
Section [£:4:2] we will show that tent distributions retain important properties of exponential families

which will be useful to establish the correctness of our algorithm.

Regular Subdivisions. Given a tent function hx, with hx ,(X;) = y;, its associated regular
subdivision Ax 4 of X is a collection of subsets of Xi,...,X,, € R? whose convex hulls are the regions
of linearity of hx ,. See Figure [£.1] for an illustration of a tent function and its regular subdivision.
We refer to these polytopes of linearity as cells. We say that Ax , is a regular triangulation of X if
every cell is a d—dimensional simplex.

It is helpful to think of regular subdivisions in the following way: Consider the hyperplane H in
R4 obtained by fixing the last coordinate. Consider the function h X,y as a polytope and project
each face onto H. Each cell is a projection of a face, and together the cells partition the convex hull
of X1,...,X,. Observe that regular subdivisions may vary with y. Figure provides one example

of how changing the y vector changes the regular subdivision.

Figure 4.2: Changing the height of the tent poles can change the induced regular subdivision (shown
in purple).

For a given regular triangulation A, the associated consistent neighborhood Na is the set of all
y € R", such that Ax , = A. That is, consistent neighborhoods are the sets of parameters where the
regular triangulation remains fixed. Note that these neighborhoods are open and their closures cover
the whole space. See Figure [£.2) for an example of how crossing between consistent neighborhoods
results in different subdivisions. We note that for fixed X, when y is chosen in general position,

Ax , is always a regular triangulation.
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4.3 Exponential Families

In this section, we give a brief overview of exponential families that covers just the material necessary
to appreciate the connection between exponential families and the log-concave maximum likelihood
problem. We refer to [130] for a more complete treatment of exponential families.

An exponential family parameterized by 8 € R™ with sufficient statistic T'(x), with carrier density

h measurable and non-negative is a family of probability distributions of the form
po(x) = exp((T(x),0) — A(0))h(x).

The log-partition function A(#) is defined to normalize the integral of the density

A(0) = log/exp(<T(x),9>)h(x)dx.

It makes sense to restrict our attention to values of € that give a valid probability density. The set
of Canonical Parameters © is defined such that © = {6 | A(0) < co}.

We say that an exponential family is minimal if 8, # 6, implies py, # pg,. This is necessary and
sufficient for statistical identifiability.

One reason exponential families are well studied is that we have an algorithm that computes the
maximum likelihood estimate via a convex program.

The maximum likelihood parameters 6* for a set of iid samples X, ..., X, are:

0" = arg;naXHpe(Xi) = arg;naxlognpa(Xi)
= arg;naxZ(T(Xi), 0) —nA(h) — Z log h(x;) = arg max <i Z T(X;), e> —A®)  (41)

We refer to the optimization in Equation as the exponential maximum likelihood optimization.
The last equation helps highlight why T'(x) is referred to as the sufficient statistic. No other infor-
mation is needed about the data points to compute both the likelihood and the maximum likelihood
estimator.

One reason why exponential families are important is that the geometry of the optimization in
Equation has several nice properties.
Fact 1. A(0) of exponential families satisfies the following properties: (a) A(6) € C*™ on ©. (b)
A(0) is convex. (c) AA(O) = Eqp(o)[T(x)]. (d) If the exponential family is minimal, A(0) is strictly
convex.

Note that properties (b), (¢) are very similar to the definition of locally exponential families. The
fact that tent distributions maintain some of these properties is exactly what enables the efficient

algorithm in this paper.
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4.4 Locally Exponential Convex Programs

In this section, we lay the foundations for the algorithm presented in the next section. We present
the “locally” exponential form of tent distributions and show it has the necessary properties to
enable efficient computation of the log-concave MLE. Though they form a broader class of distribu-
tions, “locally” exponential distributions share some important properties of exponential families.
Namely, the log-likelihood optimization is convex, and the expectation of the sufficient statistic is
a subgradient. This will allows us to formulate a convex program which we will be able to solve in

polynomial time.

Definition 29. Let T' be some function (possibly parametrized by y) and let ¢, = exp ((T'(z), y) — A(y))
be a family of probability densities parametrized by y with A(y) acting to normalize the density so it
integrates to 1. We say that the family {q,} is locally-exponential if the following hold: (1) A(y) is
convex in y, and (2) Eznq, [T(x)] € 0, A(y).

Note that the above definition differs from an exponential family in that for exponential families
T may not depend on .
In this section, we derive a sufficient statistic, the polyhedral statistic, that shows that tent

distributions are in fact locally exponential. More formally, we show:

Lemma 1. For tent poles Xi,...,X,, there exists a function Tx , : R? — R™ (the polyhedral
statistic) such that px ,(x) = exp ((I'x,y(z),y) — A(y)) corresponds to the family of tent-distributions

such that {px y} is locally exponential. Furthermore, Tx 4 is computable in time poly(n,d).

Since we know that the log-concave MLE is a tent distribution, and all tent-distributions are
log-concave, we know that the optimum of the maximum likelihood convex program in Equation
(4.2) corresponds to the log-concave MLE.

MLE of tents = hx ., (X;) —1 h dr = i — A 4.2
oftents = max 37y () ~10g [ exp oy @)de =mpx Dui-A) (1

Combining the above with the fact that the sufficient statistic allows us to compute the stochastic

subgradient suggests that Algorithm [3| can compute the log-concave MLE in polynomial time.
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Algorithm 3 ComputeLogConcaveMLE(Xq,..., X, €

Input: y < 0; ¢ + 8n2dlog(2nd); m + 2%22

Output: A set of log-likelihoods y that approximates the log-concave MLE.

—_

s

2: for i < 1,m do

3 nec/Vi

4: s~ px,y {Using Lemma (3]}

50y« y+n(L1—Txy(s)) {T computed via Lemma 11 follows from Equation (4.2))}
6: end for

7

: return y

Proving lemma (1| and highlighting the connection to exponential families will be the focus of
this section. Section will fill in the remaining details by establishing polynomial time methods
for sampling from tent distributions and bounding the number of iterations for stochastic gradient
descent to converge.

A reader familiar with exponential families may note that Equation and algorithm share
a superficial similarity with the exponential family maximum likelihood problem. We develop this
connection further in section generalizing some tools that were originally limited to exponential

families. Note this applies even though the log-concave MLE is a non-parametric statistics problem.

4.4.1 Analogy Between Log-Concave MLE and Exponential Family MLE

In the case of exponential families, at each time step, the algorithm maintains a distribution (from
the hypothesis class) and generates a single sample from this distribution. The sufficient statistic
of the exponential family can then be used to compute a subgradient. The computational efficiency
follows from the convexity of the log-likelihood function, and existence of efficient samplers and
procedures for computing the sufficient statistic. We portray this stochastic gradient method for

exponential families, together with the analogous form of our algorithm for log-concave distributions.
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Exponential Family MLE Log-Concave MLE
Optimization Formulation: Optimization Formulation:
mé}x(,u,y> — log/exp (T(x),y)) dx m;ix(]hy) - log/exp (Tx y(x),y)) dz

Algorithm 4 Compute Exp. Family MLE Algorithm 5 Compute Log-Concave MLE
Input: Points Xi,..X,, € R¢ whose likeli-Input: Points Xi,...X,, € R¢ whose likeli-

hood is to be maximized. hood is to be maximized.

Output: Parameter vector y for the expo-Output: Log-likelihood vector y for the tent

nential family that [approximately] maxi- function with poles at X7, ..., X,, that [ap-

mizes the likelihood of the dataset. proximately] maximizes their likelihood.
Y < Yinit y<<0
for all i € [m] do for all i + 1,m do
s ~ p(y) {sample} s ~p(X,y)
y <y +ni (. —T(s)) {subgradient} Yy y+m (L1, —Txy(s))
end for end for
return y return y

4.4.2 The Polyhedral Sufficient Statistic

Consider a regular triangulation A corresponding to tent distribution parametrized by X and y.

The polyhedral statistic is the function
Tx y(x): S, —[0,1]",

that expresses  as a convex combination of corners of the cell containing « in A,. That is z =
XTx y(x) where ||T,(z)|]y = 1 and Ty(z); = 0 if X, is not a corner of the cell containing z. The

polyhedral statistic gives an alternative way of writing tent functions and tent densities:

hxy(x) = (Ty(2), y) pxy(x) = exp((Ty(z),y)) -

If we restrict y such that Y y; = 0 and define A(y) = log [ px ,(x)dz, then we can see that for

7 x
every consistent neighborhood Na we have an exponential family of the form

exp ((Ty(z),0) — A(y)) for 8 € Na . (4.3)
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While Equation shows how subsets of tent distributions are exponential families, it also helps
highlight why tent distributions are not an exponential family. The sufficient statistic depends on y
through the regular subdivision. This means that tent distributions do not admit the same factorized
form as exponential families since the sufficient statistic depends on y.

Note that we can use any ordering of Xi,...,X, to define the polyhedral sufficient statistic
everywhere including on regular subdivisions that are not regular triangulations. Also note that,
assuming that no X; = Xj;,7 # j, eliminating the last coordinate using the constraint 176 = 0 makes
each exponential family minimal. In other words, over regions where the regular subdivision does
not change (for example the consistent neighborhoods), tent distributions are minimal exponential
families. This means the set of tent distribution can be seen as the finite union of a set of minimal

exponential families. We refer to Equation (4.4) as the exponential form for tent densities:

pxy(2) = exp ((Txy(2),y) — A(y)) Ls, (). (4.4)

Both the polyhedral statistic and tent density queries can be computed in polynomial time with
the packing linear program presented in Equation (4.5). For a point z, the value of y yields the

log-density and the vector a corresponds to polyhedral statistic.
maxy s.t. (z,y) = Zai(Xi,yiLZai =1,a;>0 (4.5)
i i

Note that the above combined with tent distributions being exponential families on consistent
neighborhoods gives us that the properties from Lemma [I| hold true on consistent neighborhoods.
We extend the proof to the full result below.

Proof. Convexity follows by iteratively applying known operations that preserve convexity of a
function. Since a sum of convex functions is convex (see, e.g., page 79 of [23]), it suffices to show
that the function G(y) = In([ exp(hx,,(x))dz) is convex. Since hx ,(z) is a convex function of y,
by definition, exp(hx,,(z)) is log-convex as a function of y. Since an integral of log-convex functions
is log-convex (see, e.g., page 106 of [23]), it follows that [ exp(h,(x))dz is log-convex. Therefore,
G is convex. We have therefore established that Equation is convex, as desired.

Ezrpy., [Tx.y(x)] € 0yA(y): Note that when y is in the interior of a consistent neighborhood, the
polyhedral statistic LP has a unique solution and E,~, , [T'(x)] € 0,A(y) (by Fact . When y is on
the boundary the solution set to the LP corresponds to the convex hull of solutions corresponding
to each adjacent consistent neighborhood. This corresponds to the convex hull of limiting gradients

from each neighboring consistent neighborhood and is the set of subgradients. O
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4.5 Algorithm and Analysis

Recall that we compute the log-concave MLE via a first-order method on the optimization formula-
tion presented in Equation . The complete method is presented in Algorithm |3} The algorithm
is based on the stochastic gradient computation presented in the previous section, a standard ap-
plication of the stochastic gradient method, and a sampler that we describe later in this section.
Theorem follows from bounding the rate of convergence of the stochastic subgradient method

and the efficiency of the sampling procedure. We outline these two components below.

4.5.1 The Stochastic Subgradient Method

Recall that algorithm [3]is simply applying the stochastic subgradient method to the following convex
program with 17y = 0: h(y) = <%]ln, y) — A(y). We require a slight strengthening of the following
standard result, see, e.g., Theorem 3.4.11 in [58]:

Fact 2. Let C be a compact convez set of diameter diam(C) < co. Suppose that the projections mc
are efficiently computable, and there exists M < oo such that for ally € C we have that ||g|l2 < M for
all stochastic subgradients. Then, after K = Q (M - diam(C) log(1/7)/€?) iterations of the projected
stochastic subgradient method (for appropriate step sizes), with probability at least 1 — 7, we have
that F (§5)) — minyec F(y) < e, where g% = (1/K) Zfil y@.

We note that Fact [2] assumes that, in each iteration, we can efficiently calculate an unbiased
stochastic subgradient, i.e., a vector g*) such that E[¢g(¥)] € ﬁyF(y(k)). Unfortunately, this is
not the case in our setting, because we can only approzimately sample from log-concave densities.
However, it is straightforward to verify that the conclusion of Fact [2| continues to hold if in each
iteration we can compute a random vector §g*) such that |[E[g¥)] — ¢ ||, < § e ¢/ (2diam(C)), for
some g(¥) ¢ Oy F (y*)). This slight generalization is the basic algorithm we use in our setting.

We now return to the problem at hand. We note that since T' represents the coefficients of a
convex combination ||T(x)|| < 1 for all z, bounding M by 1.

Lemmawill show that diam(C) = O(2n%dlog(2nd)). This implies that if we let ¢ = 8n2d log(2nd)
and run SGD for 26%2 iterations, the resulting point will have objective value within € of the log-

concave MLE.

Lemma 2. Let Xy,..., X, be a set of points in R? and f be the corresponding log-concave MLE.
Then, we have that Rao def %]J{((?)) < (2nd)?™?. Conwverting to an ly norm yields a bound on
mln,;e n] i
the diameter of C: diam(C) < 2n°dlog(2nd).
Let us briefly sketch the proof of Lemma The main idea is to show that if R, were too
high, then J/‘; would have a lower likelihood than the uniform distribution on the convex hull of the

samples S,,. More specifically, if the maximum value M of the density fn is large, then the volume
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of the set {z € R%: f,(z) > M/R} is small. For a fixed R, this set contains S, and thus R, must
be large compared to Mvol(S,,). Since fn has likelihood at least as high as the uniform distribution
over S, R must be small compared to Mvol(S,,). Combining these two observations yields a bound
on R.

We now proceed with the complete proof.

Proof of Lemma[3 Let V = vol(S,) be the volume of the convex hull of the sample points and
M = max, fn(x) be the maximum pdf value of the MLE. By basic properties of the log-concave
MLE (see, e.g., Theorem 2 of [41]), we have that fn(x) > 0 for all z € S, and j?n(x) = 0 for all
x ¢ S,. Moreover, by the definition of a tent function, it follows that fn attains its global maximum
value and its global non-zero positive value in one of the points Xj;.

We can assume without loss of generality that fn is not the uniform distribution on S,,, since
otherwise R, = 1 and the lemma follows. Under this assumption, we have that R, > 1 or
In Ro > 0, which implies that M > 1/V. The following fact bounds the volume of upper level sets

of any log-concave density:

Fact 3 (sce, e.g., Lemma 8 in [3I]). Let f € Fq with mazimum value My. Then for all w > 0, we
have vol(Ls(Mspe=")) < w?/Mjy.

By Fact [3{applied to the MLE f,, for w = In Ro., we get that vol(Lz (M/Rx)) < (In Roo)?/M.
Since the pdf value of f, at any point in the convex hull S, is at least that of the smallest sample point
X, ie., M/Ro, it follows that Sy, is contained in Lz (M/R). Therefore, V' < (In Roo)4/M. On the
other hand, the log-likelihood of f,, is at least the log-likelihood of the uniform distribution Ug, on S,.
Since at least one sample point X; has pdf value ﬁL(Xi) = M/R., and the other n — 1 sample points
have pdf value ﬁl(Xl) < M, we have that In(M/Rx)+ (n—1)In M > ofn) > L(Us,) =nln(1/V),
or nInM —InRy, > —nlnV, and therefore In(MV) > (In Rs)/n. This gives that RY™ < MV.
Combining this expression with V < (In Ry, )?/M from above yields that Re, < (In Ro)™?.

Since Inz < x, =z € R, setting x = Réﬁ gives that In R, < 2nd - Ré? or (In Ry)™ <
(2nd)™ - RrRY? . By the above, we deduce that R, < (2nd)™? - RY? or Ry < (2nd)?™? . This
completes the proof of Lemma [2] O

4.5.2 Efficient Sampling and Log-Partition Function Evaluation

In this section, we establish the following result, which gives an efficient algorithm for sampling from
the log-concave distribution computed by our algorithm. Before we present the complete algorithm,

we start with a sketch to orient the reader.
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Sketch of Efficient Sampling and Log-Partition Function Evalaution

Lemma 3 (Efficient Sampling). There exist algorithms A; and As satisfying the following: Let
5,7>0,let X =X1,...,X, €R?, let y € R be a parameter of a tent-density in exponential form.
Then the following conditions hold:

(1) On input X, y, §, and 7, algorithm A; outputs a random vector Z € RY, distributed accord-
ing to some probability distribution with density ¢, such that ||¢ — pxylli = O(9), in time
poly(n,d, ||y|ls, 1/9,1log(1/7)), with probability at least 1 — 7.

(2) On input X, y, §, and 7, algorithm Az outputs some v > 0, such that /(1 + O(9)) <
Jexp(hx,y(z))de <+ - (14 O(6)), in time poly(n,d, ||yl «, 1/8,1og(1/7)), with probability at

least 1 — 7.

The algorithm used to show lemma [3]is presented in algorithm [6]
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Algorithm 6 Algorithm to sample from px

Input: Sequence of points X = {X;}”; in R? vector y € R™, parameter 0 < § < 1.
Output: A random vector Z € R? sampled from a probability distribution with density function
¢, such that || — px |1 < 9.
1: Let m = [1 4 2[|y[loc |-
: Let M = max,cga exp(hx y(2)).
: for all i € [m] do
Let L; = {x € R : exp(hx,,(x)) > M - 27},
Compute an estimate vol(L;) of vol(L;) such that

vol(L;) /(1 + 8) < vol(L;) < vol(L;)(1+6).

: end for

: for i < 1,m do

= c/Vi

s ~ px .y {Using Lemma (3]}

10: y<y+n (%IL —Txy (s)) {T computed via Lemma %]l follows from Equation }
11:  Let u; be the uniform probability distribution on L;.

12:  Let u; be an efficiently samplable probability distribution such that
@i — willy < 6.

13: end for
14: Let ¢ = 37, 27vol(L;) 4+ 27™vol (L, ).
15: Let D be the probability distribution on [m] with

, vol(L;) - 271 /¢ ifie{l,...,m—1}
Pr, pll =i = ~ I
2-vol(Ly,)-27™/¢c ifi=m
16: Sample I ~ D and sample Z ~ uj.
17: For any x € R? let Gx () = M - 27 log2(M/ exp(hxy @)]
18: With probability 1 — exp(hx ,(Z))/Gx y(Z) return to line

19: return 2

Algorithm |§| operates in two stages (The formal analysis is presented in section ) First, it
slices the tent distribution into level sets and computes their volume. Properties of log-concave
distributions allow us to guarantee that we obtain a good approximation of the the density with

these slices. We then derive a linear program which can be used as a separation oracle for tent
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densities. This allows us to compute their volume using a classic result for volume estimation [84].
In the second stage we sample from the “sliced” distribution above. We first draw a single random
number to choose a level set, weighted by the volume computed in the first stage. We then draw a
sample uniformly at random from the corresponding level set and return that as our sample. Please

see section for a complete exposition, proof and pseudocode.

4.6 Sampling Algorithm

The algorithm used in the proof of Lemma [3[is concerned mainly with part (1) in its statement.
The pseudocode of this sampling procedure is given in Algorithm [6]

Using the notation from Algorithm @, part (2) is easier to describe and we thus omit the pseu-
docode. We note that the following exposition of Algorithm [6] assumes that the input vector y is
bounded. In the execution of Algorithm 3] ||y|lec is bounded linearly by the number of SGD iterates.
Thus, the dependence of the sampling runtime on ||y||~ increases the overall runtime by at most a
polynomial.

We now present the proof of Lemma [3] The pseudocode of the sampling procedure is given in
Algorithm[6] As stated in Section [£:5.2] Algorithm [6] uses subroutines for approximating the volume
of a convex body given by a membership oracle, and a procedure for sampling from the uniform
distribution supported on such a body. For these procedures we use the algorithms by [84], which
are summarized in Theorems [12] and [[3] respectively.

Theorem 12 ([84]). The volume of a convex body K in R?, given by a membership oracle, can be

approximated to within a relative error of & with probability 1 — T using

d° - poly(logd,1/d,log(1/1))
oracle calls.

Theorem 13 ([84]). Given a convex body K C R®, with oracle access, and some § > 0, we can
generate a random point u € K that is distributed according to a distribution that is at most 6 away

from uniform in total variation distance, using
d® - poly(logd, 1/6)

oracle calls.

For all X = X1,..., X, € R% y € R", and z € R, we use the notation Hx ,(x) = exp(hx,(z)).
In order to use the algorithms in Theorems[I2)and[I3]in our setting, we need a membership oracle

for the superlevel sets of the function Hx ,. Such an oracle can clearly be implemented using the
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LP (4.5). We also need a separation oracle for these superlevel sets, which is given in the following

lemma:

Lemma 4 (Efficient Separation). There exists a poly(n,d) time separation oracle for the superlevel
sets of Hx (x) = exp(hx y(x)).

Proof. To construct our separation oracle, we will rely on the covering LP that is dual to the packing
LP used to evaluate a tent function. The dual to the packing LP looks for the hyperplane that is
above all the (X;,y;) that has minimal y at . More specifically, it is the following LP:

minimize o + Y0, By

4.6
SUbjeCt to 6 € RdJrlaBO + Z?:l ﬂin,j > ylaZ € [Tl} ) ( )

where X ; is the j-th coordinate of the vector X;. Now suppose that we are interested in a super
level set L, ,(I). We can use the above LP to compute hx ,(z) (and thus Hx ,(z)) and check if it
is in the superlevel set. Suppose that it is not, then there will be a solution 5 € R%! whose value is
below Inl, say Inl — ¢ for some § > 0. Consider an 2’ in the halfspace 8y + Z‘;:l Bija <Inl—0/2
which has z in the interior. Since x does not appear in the objective, 3 is a feasible solution for the
dual LP with y,2’, and so hy(z’) < Inl — 6/2, which implies that &’ is not in the superlevel
set. Therefore, Sy + > ; ﬁjx; = Inl — §/2 is a separating hyperplane for x and the level set. This
completes the proof. O

Given all of the above ingredients, we are now ready to prove the main result of this section.

Proof of Lemma[3 We first prove part (1) of the assertion. To that end we analyze the sampling
procedure described in Algorithm [6] Recall that m = 1+ [|ly|lo], and for any i € [m], we define
the superlevel set

Li={zeR%: Hx ,(x) > My, -27"}.

For any = € R? recall that
Gxy(x) = MHX’y27[logz(l\/IHX)y/HX,y(m))J .

For any A C R?, let x4 : R? — {0,1} be the indicator function for A. It is immediate that for all
z € RY,

GX,y(f) = MHX,;/ Z 27iXth (l’)
i=1

m
= My, Z 24)(1;1, () +27"xp,(m) (since Hx ,(z) =0 for all = ¢ L,,)
i=1
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Let .
c= Z 27 vol(L;) + 27 ™vol(L,,).
i=1
We have
/Rd Gxy(x)de = My, , (i 27 vol(L;) + Q_mvol(Lm)> = My, ,c. (4.7)
i=1
Let

éX,y(ir) = GX,y(x)/(MHX,yC)'

It follows by (4.7) that G X,y is a probability density function.
Let D be the probability distribution on {1,...,m}, where

vol(L;) -27%/c ifie{l,...,m—1}

Priopll = i] =
ol =1 {2~V01(Lm)-2_m/c if i =m

For any i € [m], let u; be the uniform probability density function on L;. To sample from Gy, we
can first sample I ~ D, and then sample Z ~ uj.

Recall that px  : R? — R>¢ is the probability density function obtained by normalizing Hx y;
that is, for all z € R? we have

Pxy(7) = Hxy(2)/d,

where

d = Hx,y(z)dz.
Rd

Consider the following random experiment: first sample Z ~ (A?y, and then accept with probability
Hx ,(Z)/Gx.,,(Z); conditioning on accepting, the resulting random variable Z € R? is distributed
according to f[x,y. Note that since for all z € RY, Gx ,(z)/2 < Hx ,(z) < Gx 4(z), it follows that
we always accept with probability at least 1/2. Let « be the probability of accepting. Then

a= | Gxy@)(Hx,(2)/Gxy(@))da,

and thus

Hx y(r)dz = / Gy (@) (Hx,y(1)/Gxy(2))dz
Rd Rd

—Miry,e [ Goeo)(Hiy (0)/ Gy

= Mgy ca. (4.8)
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By Theorem for each i € [m], we compute an estimate, \70/1(L¢), to vol(L;), to within relative
error §, using poly(d, 1/6,log(1/7")) oracle calls, with probability at least 7/, where 7/ = 7/n®, for
some constant b > 0 to be determined; moreover, by Theorem we can efficiently sample, using
poly(d, 1/6) oracle calls, from a probability distribution @; with ||u; — u;|] < d. Each of these oracle
calls is a membership query in some superlevel set of Hx ,. This membership query can clearly be
implemented if we can compute that value H, at the desired query point x, which can be done in
time poly(n, d) using LP (.5)). Thus, each oracle call takes time poly(n, d). Let

i2 Vol )+ 27 mvol(L ). (4.9)

Since for all ¢ € [m], vol(L;)/(1 + ) < \JA(;I(Li) < wvol(L;)(1 + ), it is immediate that
c/(1+60)<c<c(l+59).
Recall that Algorithm |§| uses the probability distribution D on [m], where

vol(L;) - 271/¢ ifie{l,...,m—1}

Pr, [ =i]= s
ol =1) {2.V01(Lm).2m/’5 if i =m

Consider the following random experiment, which corresponds to Step 5 of Algorithm [6f We first
sample I ~ 15, and then we sample Z ~ %;. The resulting random vector Z € R¢ is distributed

according to
Gxy(x <Z2 vol(Ly)ii;(x) + 27 mvol(Lm)am(x)> .

Next, consider the following random experiment, which captures Steps 5-7 of Algorithm [} We
sample Z ~ éx,y, and we accept with probability Hx ,(Z)/Gx 4(Z). Let PNIX’y be the resulting
probability density function supported on R? obtained by conditioning the above random experiment

on accepting. Let a be the acceptance probability. We have

i = [ (xy@)/Gxy ) Gl
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We have

-1

3

vol(L;) vol(L;)

c

vol(Ly)  vol(Ly)

C C

27t

ID; — Dslx = +2.277.

i

L |vol(Ly) vol(Ly)(1+6) o |VOl(L)  vOl(Ly)(1 + 6)
= Z 9-t. — +9.97m. _
— ¢ c/(1+96) ¢ c/(1+96)
m—1
< 2—l’M35+2 . QMM&;
=1 C C
— 36.

It follows that
IGxy — Gxyll < 1D — Dyl + max lu; — Wil < 36 + 6 < 46,
and so

la—al < /Rd m ‘éxy(x) - éxy(a:)‘ dz < /

X Rd

Gixy () = Gy ()] do < |Gy =Gy 1 < 4.

Note that px ., (z)/a = Gx.,(x) gzzgg and Hx ())& = Gx ,(x) gizgg and so

1y = pxylls < o (1 xy/a = pxy/al + Ipxy/@ = pxu/al) (by the triangle inequality)
= a (| Hxy/a = pxy/ali +11/a — 1/a])
= a [ (1 @)/Gxy @)|Gx &) = pxy (o) + o =/

< Ipx.y — Gxyll + 2l — &
< 126,

which establishes that the random vector Z that Algorithm [6] outputs is distributed according to a
probability distribution ;5 such that ||£5 — px,yll1 < 104, as required.

In order to bound the running time, we observe that all the steps of the algorithm can be
implemented in time poly(n, d, ||y|/c, 1/0,10g(1/7)). The most expensive operation is approximating
the volume of a superlevel set L; and sampling for L;, using Theorems [12] and [I3] By the above
discussion, using LP and Lemma [4] each of these operations can be implemented in time
poly(n,d, 1/5,1og(1/7)). The algorithm succeeds if all the invocations of the algorithm of Theorem
are successful; by the union bound, this happens with probability at least 1 — 7'poly(n) =
1 — 7/n’poly(n) > 1 — 7, where the inequality follows by choosing some sufficiently large constant
b > 0. This establishes part (1) of the Lemma.
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It remains to prove part (2). By we have that v = My, ca. Algorithm Ay proceeds
as follows. First, we compute My, . By the convexity of hx ,, it follows that the maximum
value of My, , is attained on some sample point z;; that is, My, , = max;c(,) Hx,y(2;). Since we
can evaluate Hy in polynomial time using LP , it follows that we can also compute Mg, , in
polynomial time. Next, we compute ¢ using formula Arguing as in part (1), this can be done
in time poly(n,1/d,log(1/7)), and with probability at least 1 — 7/2. Finally, we estimate &. The
value of « is precisely the acceptance probability of the random experiment described in Steps 5-7
of Algorithm [6] Since o > 1/2, and |a — &| < 49, it follows that for § < 1/16, we can compute
an estimate @& of the value of &, to within error 1 + O(d), with probability at least 1 — 7/2, after

O(log(1/7)) repetitions of the random experiment. The output of algorithm Ay is 7/ = My,  ca.
We obtain that, with probability at least 1 — 7, we have

Y = My éa < My, ,c(1 4 8)a(l+0(5)) = y(1 + 0(8)) ,

and
v = Mpuy ca > My, ,(c/(1+0))(a/(1+0())) =~/(1+0()) ,

which concludes the proof. O

4.7 Learning Multivariate Log-Concave Densities

In this section, we combine our Theorem with known sample complexity bounds to give the
first computationally efficient and sample near-optimal proper learner for multivariate log-concave
densities.

Recall that the squared Hellinger loss between two distributions with densities f,g : R? — R
is h2(f,g9) = (1/2) - fRd(\/m — \/9(x))?dz. Combined with the known rate of convergence of
the log-concave MLE with respect to the squared Hellinger loss [31} [42], Theorem implies the

following:

(d+1)/2. There is an

Theorem 14. Fiz d € Z; and 0 < e,7 < 1. Let n = Q((d?/e)In(1/7)))
algorithm that, given n iid samples from an unknown log-concave density fo € Fq, runs in poly(n)
time and outputs a log-concave density h* € Fy such that with probability at least 1 — 7, we have

that h2(h*, fo) < e.

We note that Theorem yields the first efficient proper learning algorithm for multivariate
log-concave densities under a global loss function. The proof follows by combining Theorem [11] with

the following lemma:

Lemma 5. Let n = Q4 ((1/€) ln(l/(eT)))(d+1)/2. Let f, be the MLE of n samples drawn from
fo € Fq. Let h* be a log-concave density that is supported on the convex hull of the samples with
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O(h*) > U(f,) — €/16 . Then with probability at least 1 — 7 over the samples, h2(h*, fo) < €.

We write f, for the empirical density over the samples X1, ..., X,. The proof is a minor modi-

fication of the arguments in Section 3 of [31], using the following lemma [42]:

Lemma 6 (Theorem 4 from [42]). For any t > 0, we have except with probability 2 exp(—2t?) that

for any convex set C,

|£n(C) = fo(O)] < Oag(n™2/@+V) 1t/ \/n .

Proof. The proof follows Section 3 of [31], except that we need to replace Lemma 10 of that paper
with Lemma |8 and that we use h* in place of fn We will sketch the proof here and highlight the
modified components of that proof.

Lemma 10 of [31] had that, except with probability 7/3, for all convex sets C, | f,(C) — fo(C)| <
€/321n(100n*/72). We take n = Qg ((1/€) ln(l/(ET))(dH)/2 and t = /In(6/7)/2 in Lemma
and so n~2/ (@) = O,(e/In(1/er)) = Oule/In(n/7) and t/\/n < /In(7)(e/(In(er)))~(4+D/2 <
O(e/In(n/7)) for d > 2. With a sufficiently large constant in the 4, we obtain that | f,,(C)— fo(C)| <
¢/K In(100n*/72) except with probability 7/3 where K is a constant large enough to make the sub-
sequent proof work.

This gives the improved sample complexity. We now need to argue that replacing fn with h*
does not affect the proof.

Corollary 9 of [3I] gave that except with probability 7/10, all samples lie in a set S, which is
the set where fo(x) > pmin for pmin = Mjy,/(n*100/7%), where we use the notation M, for the
maximum value of a density f.. When this holds both fn and h* are supported on S. Examination
of the proof of Lemma 18 from [3I] shows that we can relax the inequality £(f) < £(fo) to £(f) <
U(fo) — €/16 for any f with maximum value My has My = Q(In(100n*/72)). In partuclar, since
(h*) > é(fn)) —€/16 > U(fy) — €/16, we have M- = O(In(100n*/72)).

Then we define gj,(x) supported on S as the normalisation of max{pmin, h*(z)} for x € S. The
proof of Lemma 17 in [3I] required only that fn is supported on S and so we can obtain the same
result for g, and h*(x)} i.e. that gn(z) = o max{pmin, h*(x)} for 1 —¢/32 < a < 1 and that the
total variation distance is small,

drv (gn, h™) < 3¢/64 . (4.10)

Note that since the superlevel sets of In max{pmin, h*(x)} are convex, we can use our application

of Lemma [8| to bound the error in it’s expectation as

[Exn g [Ls n(max{A*(X), pmin})] = Exnr, [Ls In(max{h*(X), pmin})]| < (Mn — pmin)e/ K In(100n" /7°)
<e/4 (4.11)

for large enough K.



CHAPTER 4. LOG-CONCAVE MAXIMUM LIKELIHOOD 84

We now follow the proof of Lemma 19 in [31]. We have that

Ex~folngn(X)] = Exn gy [1s(2) In(omax{pmin, h* (2)})]
> Ex~[ls(z) In max{pmin, A" (x)}]—€/16 (since a > 1 —€/32)
> Exngy[ls In(max{h"(X), pmin})]—€/16
> Exn~ g, [Ls In(max{R"(X), pmin })]—3¢/16 by
1

Vv
\
=
)
>
|
)
~
Ny

vV
\

S fo(Xi) /4
> Exn~gln fo(X)]—3¢/8. (using Lemma 14 of [31]) (4.12)

Thus, we obtain that

KL(follg) = Ex~ o [In fo(X)] = Exn o [In gn(X)] < 3¢/8. (4.13)

For the next derivation, we use that the Hellinger distance is related to the total variation distance
and the Kullback-Leibler divergence in the following way: For probability functions k1, ks : R — R,
we have that h2(k1, ko) < dry (k1, ko) and h2(ky, ko) < KL(k1||k2). Therefore, we have that

h(fo, ) < h(fo, gn) + hlgn, h*)
< KL(follgn)'/? + drv (gn, h*)'/?
= (3¢/8)"/% + (3¢/64)/ (by @T7) and ([@T4))

<e?,

concluding the proof. O

4.8 Learning Multivariate Log-Concave Densities

In this section, we combine our Theorem with known sample complexity bounds to give the
first computationally efficient and sample near-optimal proper learner for multivariate log-concave
densities. In essence, we show that the approximation found by our algorithm also approximates
the true log-concave MLE in an information theoretic distance in the parameter range of interest.
Recall that the squared Hellinger loss between two distributions with densities f,g : R? — R
is h2(f,9) = (1/2) - fRd(m — \/9(x))?dz. Combined with the known rate of convergence of
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the log-concave MLE with respect to the squared Hellinger loss [31] [42], Theorem implies the

following:

Theorem 15. Fiz d € Z, and 0 < e,7 < 1. Let n = Q ((d%/e) ln(l/T)))(dH)/Z. There is an
algorithm that, given n iid samples from an unknown log-concave density fo € Fq, runs in poly(n)
time and outputs a log-concave density h* € Fyq such that with probability at least 1 — 7, we have
that h2(h*, fo) < e.

We note that Theorem yields the first efficient proper learning algorithm for multivariate
log-concave densities under a global loss function. The proof follows by combining Theorem [I1] with

the following lemma.;:

Lemma 7. Let n = Q4((1/¢) ln(l/(eT)))(dH)/Q. Let f, be the MLE of n samples drawn from
fo € Fq. Let h* be a log-concave density that is supported on the convex hull of the samples with
Lh*) > E(fn) — €/16 . Then with probability at least 1 — 7 over the samples, h*(h*, fo) < €.

We write f, for the empirical density over the samples X1, ..., X,,. The proof is a minor modi-

fication of the arguments in Section 3 of [31], using the following lemma [42]:

Lemma 8 (Theorem 4 from [42]). For any t > 0, we have except with probability 2 exp(—2t?) that

for any convex set C,

|£2(C) = fo(C)| < Oa(n™ 21"V ¢/ /n .

Proof. The proof follows Section 3 of [31], except that we need to replace Lemma 10 of that paper
with Lemma |8 and that we use h* in place of ﬁl We will sketch the proof here and highlight the
modified components of that proof.

Lemma 10 of [31] had that, except with probability 7/3, for all convex sets C, | f,(C) — fo(C)| <
€/32In(100n*/72). We take n = Qg ((1/¢) 1I1(1/(€7’))<d+1)/2 and t = /In(6/7)/2 in Lemma
and so =@+ = O,(e/In(1/er)) = Oule/In(n/7) and t/\/n < /In(7)(¢/(In(er)))~(4+1D/2 <
O(e/In(n/7)) for d > 2. With a sufficiently large constant in the Qg4, we obtain that | f,,(C)— fo(C)| <
/K In(100n*/72%) except with probability 7/3 where K is a constant large enough to make the sub-
sequent proof work.

This gives the improved sample complexity. We now need to argue that replacing fn with h*
does not affect the proof.

Corollary 9 of [31] gave us that, except with probability 7/10, all samples lie in a set .S, which
is the set where fo(2) > Pmin fOr Pmin = My, /(n*100/7%), where we use the notation My for the
maximum value of a density f.. When this holds both fn and h* are supported on S. Examination
of the proof of Lemma 18 from [3I] shows that we can relax the inequality £(f) < £(fo) to £(f) <
((fo) — €/16 for any f with maximum value M; has M; = Q(In(100n*/72?)). In partuclar, since
U(h*) > 6(]n)) — €/16 > €(fo) — €/16, we have M- = O(In(100n*/72)).
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Then we define g (z) supported on S as the normalisation of max{pmin, h*(x)} for z € S. The
proof of Lemma 17 in [3I] required only that fn is supported on S and so we can obtain the same
result for g, and h*(x)} i.e. that gn(r) = o max{pmin, h*(x)} for 1 —¢/32 < a < 1 and that the
total variation distance is small,

drv(gn, h") < 3¢/64 . (4.14)

Note that since the superlevel sets of In max{pmin, h*(2)} are convex, we can use our application

of Lemma [8| to bound the error in it’s expectation as

[Ex~ s, [1s In(max{h*(X), pmin})] = Ex~r, [1s In(max{h*(X), pmin})]| < (Mp+ — prain)e/ K In(100n* /7%)

<e/d (4.15)
for large enough K.
We now follow the proof of Lemma 19 in [31]. We have that
Ex~folngn(X)] = Exn gy [ls(2) In(emax{pmin, h* (2)})]
> Ex~[ls(z) nmax{pmin, h*(z)}]—€/16 (since a > 1 —€/32)
> Ex~g,[ls In(max{h*(X), Pmin})|—€/16
> Ex~y, [1s In(max{h*(X), pmin})]—3¢/16 by (.15
1
> — % Inh"(X;)—3¢/1
> Zl: nh*(X;)—3¢/16
1 ~
> — 1 X;)—e/4
= Xl: nfn( z) 6/
> = "In fo(Xi)—€/4
> Exn~fln fo(X)]—3¢/8. (using Lemma 14 of [31])  (4.16)
Thus, we obtain that
KL(follg) = Ex~ o [In fo(X)] = Exn o [In gn(X)] < 3¢/8. (4.17)

For the next derivation, we use that the Hellinger distance is related to the total variation distance

and the Kullback-Leibler divergence in the following way: For probability functions kq, ks : R — R,
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we have that h2(k1, ko) < dry (k1, ko) and h2(ky, ko) < KL(k1||k2). Therefore, we have that

h(an h*) S h(angh) + h(gha h*)
< KL(follgn)"/? + drv (gn, h*)*/?
= (3¢/8)Y/% 4 (3¢/64)1/? (by and (£.14))

<€lf?)

concluding the proof. O

4.9 Conclusions

This chapter presents a different way of looking at tent distributions, a class of distributions that
arise during log-concave maximum likelihood estimation. We define the polyhedral statistic in order
to draw a connection to exponential families.

While tent distributions with this statistic do not form an exponential family, in general position
in parameter space, there always exists a sufficiently small neighborhood for which the contained
distributions do form an exponential family. In fact, for a set of fixed tent poles, the corresponding
tent distributions form a union of a finite number of exponential families. It turns out this prop-
erty with the polyhedral statistic suffices for us to use the textbook exponential family maximum
likelihood maximum likelihood algorithm, albeit with slightly slower convergence rate.

This comparison to exponential families also gives us a bit more insight into the log-concave MLE
problem. For example, it gives us the natural characterization of the solution to the log-concave
MLE as the distribution which has uniform expected polyhedral statistic.

The work does leave a question open, beyond the obvious one of improving the exact obtained
polynomial. Does this locally-exponential property enable efficient solutions to other problems of

interest?



Chapter 5

Sample Amplification

5.1 Learning, Testing, and Sample Amplification

How much do you need to know about a distribution, D, in order to produce a dataset of size m
that is indistinguishable from a set of independent draws from D? Do you need to learn D, to
nontrivial accuracy in some natural metric, or does it suffice to have access to a smaller dataset of
size n < m drawn from D, and then “amplify” this dataset to create one of size m? In this work we
formalize this question, and show that for two natural classes of distribution, discrete distributions
with bounded support, and d-dimensional Gaussians, non-trivial data “amplification” is possible
even in the regime in which you are given too few samples to learn.

From a theoretical perspective, this question is related to the meta-question underlying work
on distributional property testing and estimation: To answer basic hypothesis testing or property
estimation questions regarding o distribution D, to what extent must one first learn D, and can
such questions be reliably answered given a relatively modest amount of data drawn from D¢ Much
of the excitement surrounding distributional property testing and estimation stems from the fact
that, for many such testing and estimation questions, a surprisingly small set of samples from D
suffices—significantly fewer samples than would be required to learn D. These surprising answers
have been revealed over the past two decades. The question posed in our work fits with this body
of work, though instead of asking how much data is required to perform a hypothesis test, we are
asking how much data is required to fool an optimal hypothesis test—in this case an “identity tester”
which knows D and is trying to distinguish a set of m independent samples drawn from D, versus
m datapoints constructed in some other fashion.

From a more practical perspective, the question we consider also seems timely. Deep neural net-
work based systems, trained on a set of samples, can be designed to perform many tasks, including
testing whether a given input was drawn from a distribution in question (i.e. “discrimination”), as

well as sampling (often via the popular Generative Adversarial Network (GAN) approach). There

88
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are many relevant questions regarding the extent to which current systems are successful in accom-
plishing these tasks, and the question of how to quantify the performance of these systems is still
largely open. In this work, however, we ask a different question: Suppose a system can accomplish
such a task—what would that actually mean? If a system can produce a dataset that is indistin-
guishable from a set of m independent draws from a distribution, D, does that mean the system

knows D, or are there other ways of accomplishing this task?

5.1.1 Formal Problem Definition

We begin by formally stating two essentially equivalent definitions of sample amplification and then
provide an illustrative example. Our first definition states that a function f mapping a set of n
datapoints to a set of m datapoints is a valid amplification procedure for a class of distributions C,
if for all D € C, letting X,, denote the random variable corresponding to n independent draws from
D, the distribution of f(X,) has small total variation distancd| to the distribution defined by m

independent draws from D.

Definition 30. A class C of distributions over domain S admits an (n, m) amplification procedure
if there exists a (possibly randomized) function fc nm @ S™ — S™, mapping a dataset of size n to a

dataset of size m, such that for every distribution D € C,

DTV (fC,n,m(Xn)7Dm> < 1/37

where X, is the random variable denoting n independent draws from D, and D™ denotes the dis-
tribution of m independent draws from D. If no such function fc nm exists, we say that C does not

admit an (n,m) amplification scheme.

Crucially, in the above definition we are considering the random variable f(X,,) whose random-
ness comes from the randomness of X,,, as well as any randomness in the function f itself. For
example, every class of distributions admits an (n,n) amplification procedure, corresponding to
taking the function f to be the identity function. If, instead, our definition had required that the
conditional distribution of f(X,) given X,, be close to D™, then the above definition would simply
correspond to asking how well we can learn D, given the n samples denoted by X,,.

Definition [30|is also equivalent, up to the choice of constant 1/3 in the bound on total variation
distance, to the following intuitive formulation of sample amplification as a game between two parties:
the “amplifier” who will produce a dataset of size m, and a “verifier” who knows D and will either
accept or reject that dataset. The verifier’s protocol, however, must satisfy the condition that given
m independent draws from the true distribution in question, the verifier must accept with probability

at least 3/4, where the probability is with respect to both the randomness of the set of samples,

IWe overload the notation D7y (-,-) for total variation distance, and also use it when the argument is a random
variable instead of the distribution of the random variable, whenever convenient.
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and any internal randomness of the verifier. We briefly describe this formulation, as it parallels the
pseudo-randomness framework, and a number of natural directions for future work—such as if the
verifier is computationally bounded, or only has sample access to D—are easier to articulate in this

setting.

Definition 31. The sample amplification game consists of two parties, an amplifier corresponding
to a function fp m : S™ — S™ which maps a set of n datapoints in domain S to a set of m datapoints,
and a verifier corresponding to a function v : S™ — {ACCEPT, REJECT?}. We say that a verifier
v s valid for distribution D if, when given as input a set of m independent draws from D, the
verifier accepts with probability at least 3/4, where the probability is over both the randomness of the

draws and any internal randomness of v:
Prx, « pm[v(Xy) = ACCEPT] > 3/4.

A class C of distributions over domain S admits an (n,m) amplification procedure if, and only if,
there is an amplifier function fc n . that, for every D € C, can “win” the game with probability at

least 2/3; namely, such that for every D € C and valid verifier vp for D
Pan<—D" [UD(fC,n,m(Xn)) = ACOEPT] > 2/37

where the probability is with respect to the randomness of the choice of the n samples, X,,, and any

internal randomness in the amplifier and verifier, f and v.

As was the case in Definition in the above definition it is essential that the verifier only ob-
serves the output f(X,,) produced by the amplifier. If the verifier sees both the amplified samples,
f(X,,) in addition to the original data, X,,, then the above definition also becomes equivalent to

asking how well the class of distributions in question can be learned given n samples.

Example 1. Consider the class of distributions C corresponding to i.i.d. flips of a coin with unknown
bias p. We claim that there are constants ¢ > ¢ > 0 such that (n,n + cn) sample amplification is
possible, but (n,n+c'n) amplification is not possible. To see this, consider the amplification strategy
corresponding to returning a random permutation of the original samples together with cn additional
tosses of a coin with bias p, where p is the empirical bias of the n original samples. Because of the
random permutation, the total variation distance between these samples and n + cn i.i.d. tosses of
the p-biased coin is a function of only the distribution of the total number of heads. Hence this is
equivalent to the distance between Binomial(n + cn,p), and the distribution corresponding to first
drawing h < Binomial(n,p), and then returning h+ Binomial(cn, h/n). It is not hard to show that
the total variation distance between these two can be bounded by any small constant by taking c to

be a sufficiently small constant. Intuitively, this is because both distributions have the same mean,
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Amplifier Verifier

Input: 7 i.i.d. samples from D Output: m > n data points Input: m datapoints,
3 . & | Output: ACCEPT or REJECT

Requirement:
If m datapoints drawn i.i.d. from D,
must ACCEPT with probability > 2/3.

Figure 5.1: Sample amplification can be viewed as a game between an “amplifier” that obtains n
independent draws from an unknown distribution D and must output a set of m > n samples, and a
“verifier” that receives the m samples and must ACCEPT or REJECT. The verifier knows the true
distribution D and is computationally unbounded but does not know the amplifier’s training set (the
set of n input samples). An amplification scheme is successful if, for every verifier, with probability
at least 2/3 the verifier will accept the output of the amplifier. [In the setting illustrated above,
observant readers might recognize that one of the images in the “Output” set is a painting which
was sold in October, 2018 for over $400k by Christie’s auction house, and which was “painted” by
a Generative Adversarial Network (GAN) [40]].

they are both unimodal, and have variances that differ by a small constant factor for small constant
c. For the lower bound, to see that amplification by more than a constant factor is impossible, note
that if it were possible, then one could learn p to error o(1/y/n), with small constant probability of
failure, by first amplifying the original samples and then returning the empirical estimate of p based
on the amplified samples.

In the above setting, this constant factor amplification is not surprising, since the amplifier
can learn the distribution to non-trivial accuracy. It is worth observing, however, that the above
amplification scheme corresponding to a (n,n+ 1) amplifier will return a set of n+1 samples, whose
total variation distance from n + 1 i.i.d. samples is only O(1/n); this is despite the fact that the

amplifier can only learn the distribution to total variation distance ©(1/y/n).

5.1.2 Summary of Results

Our main results provide tight bounds on the extent to which sample amplification is possible for
two fundamental settings, unstructured discrete distributions, and d-dimensional Gaussians with
unknown mean and fixed covariance. Our first result is for discrete distributions with support size
at most k. In this case, we show that sample amplification is possible given only O(\/E) samples
from the distribution, and tightly characterize the extent to which amplification is possibleEI Note

that learning the distribution to small total variation distance requires ©(k) samples in this case.

Theorem 16. Let C denote the class of discrete distributions with support size at most k. For

sufficiently large k, and m =n + O (%) , C admits an (n,m) amplification procedure.

2This addresses a variant of an open problem posed in the Frontiers in Distribution Testing workshop at FOCS
2017 (https://sublinear.info/index.php?title=0pen_Problems:85).
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This bound is tight up to constants, i.e., there is a constant c, such that for every sufficiently

large k, C does not admit an (n, n—+ %) amplification procedure.

Our amplification procedure for discrete distributions is extremely simple: roughly, we generate
additional samples from the empirical distribution of the initial set of n samples, and then randomly
shuffle together the original and the new samples. For technical reasons, we do not exactly sample
from the empirical distribution but from a suitable modification which facilitates the analysis.

Our second result concerns d-dimensional Gaussian distributions with unknown mean and fixed
covariance. We show that we can amplify even with only O(\/E) samples from the distribution.
In contrast, learning to small constant total variation distance requires ©(d) samples. Unlike the
discrete setting, however, we do not get optimal amplification in this setting by generating additional
samples from the empirical distribution of the initial set of n samples, and then randomly shuffling
together the original and new samples. Moreover, we show a lower bound proving that, for n =
o(d/logd) there is no (n,n + 1) amplification procedure which always returns a superset of the
original n samples. Curiously, however, the procedure that generates new samples from the empirical
distribution, and then randomly shuffles together the new and old samples, is able to amplify at

n = Q(d/logd), even though learning is not possible until n = ©(d). Additionally, as n goes from

10102 - to 1000%, this amplification procedure goes from being unable to amplify at all, to being

able to amplify by nearly v/d samples. This is formalized in the following proposition.

Proposition 1. Let C denote the class of d—dimensional Gaussian distributions with unknown mean

cd
logd’

there is no (n,n + 1) amplification procedure that always returns a superset of the original n points.

_d
elogd’

w and covariance ¥. There is an absolute constant, ¢, such that for sufficiently large d, if n <

On the other hand, there is a constant ¢ such that for any ¢, for n = and for sufficiently

large d, there is an (n,n—l—c’n%_gf) amplification protocol for C that returns a superset of the

original n samples.

The above proposition suggests that to be able to amplify at input size n = o(d/log d), one must
modify the input samples. A naive way to modify the input samples is to discard all the original
n samples and generate m new samples from the distribution N(f, X)), where [i is empirical mean
i of the original set X,,. However this does not even give an (n,n) amplification procedure for any
value of n. To achieve optimal amplification in the Gaussian case, the amplifier first computes the
empirical mean [i of the original set X,,, and then draws m — n new samples from N(ji, ). We
then shift the original n samples to “decorrelate” the original set and the new samples; intuitively,
this step hides the fact that the m — n new samples were generated based on the empirical mean
of the original samples. The final set of returned samples consists of the shifted versions of the n
original samples along with the m — n freshly generated ones. This procedure gives (n,n + O(%))

amplification, and we also show that this amplification is tight up to constant factors.
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Theorem 17. Let C denote the class of d—dimensional Gaussian distributions N (u, ) with un-
known mean p and fized covariance . For all d,n > 0 and m = n + O (%), C admits an (n,m)
amplification procedure.

This bound is tight up to constants, i.e., there is a fized constant ¢ such that for all d,n > 0, C

does not admit an (n,m) amplification procedure for m > n + C—T;.

5.1.3 Open Directions

From a technical perspective, there are a number of natural open directions for future work, in-
cluding establishing tight bounds on amplification for other natural distribution classes, such as
d dimensional Gaussians with unknown mean and covariance. More conceptually, it seems worth
getting a broader understanding of the range of potential amplification algorithms, and the settings

to which each can be applied.

Weaker or More Powerful Verifiers? Our results showing that non-trivial amplification is
possible even in the regime in which learning is not possible, rely on the modeling assumption that
the verifier gets no information about the amplifier’s training set, X,, (the set of n i.i.d. samples).
If this dataset is revealed to the verifier, then the question of amplification is equivalent to learning.
This prompts the question about a middle ground, where the verifier has some information about
the set X,,, but does not see the entire set; this middle ground also seems the most practically
relevant (e.g. how much do I need to know about a GAN’s training set to decide whether it actually

understands a distribution of images?).

How does the power of the amplifier vary depending on how much information the verifier
has about X,, ? If the verifier is given a uniformly random subsample of X,, of sizen’ < n,

how does the amount of possible amplification scale with n'?

Rather than considering how to increase the power of the verifier, as the above question asks, it
might also be worth considering the consequences of decreasing either the computational power, or

information theoretic power of the verifier.

If the verifier, instead of knowing distribution D, receives only a set of independent draws
from D, how much more power does this give the amplifier? Alternately, if the verifier is
constrained to be an efficiently computable function, does this provide additional power

to the amplifier in any natural settings?

Better Amplifiers in the Discrete Setting. In the discrete distribution setting, our amplifi-
cation results are tight (to constant factors) in a worst-case sense, and our amplifier essentially just
returns the original n samples, together with additional samples drawn from the empirical distri-

bution of those n samples, and then randomly permutes the order of these datapoints. This begs
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the question: In the case of discrete distributions, is there any benefit to considering more sophisti-
cated amplification schemes? Below we sketch one example motivating a more clever amplification

approach.

Example 2. Consider obtaining n samples corresponding to independent draws from a discrete
distribution that puts probability p > 1/n on a single domain element, and with probability 1 — p
draws a sample from the uniform distribution over some infinite discrete domain. If p < 2/3, then the
amplification approach that adds samples from the empirical distribution of the data to the original
set of samples, will fail. Indeed, with probability at least 1/3 it will introduce a second sample of one
of the “rare” elements, and such samples can be rejected by the verifier. For this setting, the optimal

amplifier would always introduce extra samples corresponding to the element of probability p.

The above example motivates a more sophisticated amplification strategy for the discrete dis-
tribution setting. Approaches such as Good-Turing frequency estimation, or more modern vari-
ants of it, adjust the empirical probabilities to more accurately reflect the true probabilities (see
e.g. [71, 102, 126]). Indeed, in a setting such as Example [2] based on the fact that only one domain
element is observed more than once, it is easy to conclude that the total probability mass of all the
elements observed just once, is likely at most O(1/n), which implies that a successful amplification
scheme cannot duplicate any of them. While inserting samples from a Good-Turing adjusted em-
pirical distribution will not improve the amplification in a worst-case sense for discrete distributions
with a bounded support size, such schemes seem strictly better than the schemes we currently an-
alyze. The following question outlines one potential avenue for quantifying this, along the lines of

the recent work on “instance optimal” distribution testing and estimation (see e.g. |3}, [T03] 126]):

Is there an “instance optimal” amplification scheme, which, for every distribution, D,
amplifies as well as could be hoped? Specifically, to what extent is there an amplification
scheme which performs nearly as well as a hypothetical optimal scheme that knows dis-

tribution D up to relabeling/permuting the domain?

Potential Applications of Sample Amplification. An interesting future direction is to exam-
ine if sample amplification is a useful primitive in settings where the samples are given as input
to downstream analysis. Amplification does not add any new information to the original data, but
it could still make the original information more easily accessible to certain types of algorithms
which interact with the data in limited ways. For example, many popular algorithms and heuristics
are not information theoretically optimal, despite their widespread use. It seems worth examining
if amplification schemes could improve the statistical efficiency of these commonly used methods.
Since the amplified samples are “good” in an information theoretic sense (they are indistinguishable
from true samples), the performance of downstream algorithms cannot be significantly hurt. Below,
we provide a toy example of a setting where amplification improves the accuracy of a standard

downstream estimator.
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Figure 5.2: Toy example illustrating potential benefit of feeding amplified samples into a commonly used
estimator. See Example [3| for a description of the specific setup.

Example 3. Given labeled examples, (x1,y1), ..., (Tn,yn) drawn from a distribution, D, with x; €
R? and y; € R, a natural quantity to estimate is the fraction of variance in y explainable as a linear

function of x:

. T 2
Olenﬂgd E(m,y)ND[(e T — y) ]

The standard unbiased estimator for this quantity is the training error of the least-squares linear
model, scaled by a factor of ﬁ. This scaling factor makes this estimate unbiased, although the
variance is large when n is not much larger than d. Figure[5.9 shows the expected squared error of
this estimator on raw samples, and on (n,n+2) amplified samples, in the case where x; ~ N(0, 1),
and y; = 0Tx; +n for some model ||0]| = 1 and independent noise n ~ N(0,1)—hence the true
value for the “unexplainable variance” is 1/4. Here, the amplification procedure draws two additional
datapoints, x from the isotropic Gaussian with mean equal to the empirical mean, and labels them
according to the learned least-squares regression model 6 with independent noise of variance 5/n

times the empirical estimate of the unexplained variance.

One potential limitation to applications of amplification is that our existing results show that it is
only possible to amplify the sample size by sub-constant factors (for the settings considered). If
the algorithm using the amplified data is limited, however, then we could hope for much larger

amplification factors. This is reminiscent of the open problem in the previous section on whether

larger amplification is possible against weaker classes of verifiers.

In practice, there is already growing interest in using generative models for data augmentation to
improve classification accuracy [0, [68] 133, [136]. Given our results which show that amplification is
significantly easier than learning, such pipelines might be more effective than one would initially
suspect. It is also worth thinking more generally about how to design modular data analysis or
learning pipelines, where a first component of the pipeline could be an amplifier tailored to the
specific data distribution, followed by more generic learning algorithms that do not attempt to
leverage structural properties of the data distribution. Such modular pipelines might prove to be

significantly easier to develop and maintain, in practice.
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Implications for Generative Modelling. The sample amplification framework has some
connections to generative modelling. Generative models such as GANs aim to produce new
samples from an unknown distribution D given a training set of size n drawn from D. It is

tempting to try to relate the amplification setting to GANs by viewing the amplifier and verifier as
analogs of the generator and discriminator, respectively. This is not an accurate correspondence:
For GANS, the discriminator typically evaluates examples individually (or in small batches), and
often has seen the same training set as the generator, whereas our verifier explicitly evaluates a full
set of samples without knowledge of the training samples. The samples generated by a generative
model are often evaluated by humans (either manually or algorithmically). This evaluation is
usually aimed at understanding the quality of output samples conditioned on the training data—if
some of the output samples are copies of the training set, this is not satisfactory—which again
corresponds to learning rather than sample amplification.

Despite these differences, some ways that generative models are actually used, do closely mirror
the amplification setting. For example, when generative models are used to augment a training set
that is used to learn a classifier, both the generated samples and the original dataset are fed into
the learning algorithm. The learning algorithm does not necessarily distinguish between “new” and

3

“old” samples. In this setting, it does make sense to evaluate the set of “new” and “old” samples
together, as a single set of “amplified” samples, rather than evaluating the “new” samples
conditioned on the “old” ones. This exactly corresponds to our amplification formulation. Given
that amplification is often easier than learning, it might be worthwhile trying to develop more
techniques that are explicitly trying to amplify, rather than learn.

A second, distinct connection between amplification and GANs, relates to the question of how
humans (or algorithms) can evaluate the samples produced by a GAN. The gap between learning
(evaluating the generated samples conditioned on the training set), and amplification (evaluating
the generated samples without knowledge of the training set), suggests that in order to truly
evaluate the samples produced by a GAN, we would need to closely inspect the training data used
by the GAN. This is obviously impractical in many settings, and motivates some of the questions
described above concerning how much access a verifier needs to the input examples in order for

there to be a gap between learning, and amplifying.

5.1.4 Related Work

The question of deciding whether a set of samples consists of independent draws from a specified
distribution is one of the fundamental problems at the core of distributional property testing.
Interest in this problem was sparked by the seminal work of Goldreich and Ron [70], who
considered the specific problem of determining whether a set of samples was drawn from a uniform
distribution of support size k. This sparked a line of work on the slightly more general problem of

“identity testing” whether a set of samples was drawn from a specified distribution, D, versus a
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distribution with distance at least e from D [I7], [104] (127, 55]. Beyond the specific question of
identity testing, there is an enormous body of work on other distributional property testing
questions, including the “tolerant” version of identity testing, as well as the multi-distribution
analogs (see e.g. [18] 128, 37, 103} 20 @6l 55]). In the majority of these works, the assumption is
that the given samples consist of independent draws from some fixed distribution, and the common
theme in these results is that such tests can typically be accomplished with far less data than
would be required to learn the distribution. While the identity testing problem is clearly related to
the amplification problem we consider, these appear to be quite distinct problems. In particular, in
the identity testing setting, the main technical challenge is understanding what statistics of a set of
i.i.d. samples are capable of distinguishing samples drawn from the prescribed distribution, versus
samples drawn from any distribution that is at least e-far from that distribution. In contrast, in
the amplification setting, the core question is how the amplifier can leverage a set of independent
samples from D to generate a larger set of (presumably) non-independent samples that can
successfully masquerade as a set of independent samples drawn from D; of course, the catch is that
the amplifier must do this in the data regime in which it is impossible for it to learn much about D.
Within this line of work on distributional property testing and estimation, there is also a recent
thread of work on designing estimators for specific properties (such as entropy, or distance to
uniformity), whose performance given n independent draws from the distribution in question is
comparable to the expected performance of a naive “plugin” estimator (which returns the property
value of the empirical distribution) based on m > n independent draws [126} [I35]. The term “data
amplification” has been applied to this line of work, although it is a different problem from the one
we consider. In particular, we are considering the extent to which the samples can be used to
create a larger set of samples; the work on property estimation is asking to what extent one can
craft superior estimators whose performance is comparable to the performance that a more basic
estimator would achieve with a larger sample size.

The recent work on sampling correctors [30] also considers the question of how to produce a
“good” set of draws from a given distribution. That work assumes access to independent draws
from a distribution, D, which is close to having some desired structural property, such as
monotonicity or uniformity, and considers how to “correct” or “improve” those samples to produce
a set of samples that appear to have been drawn from a different distribution D’ that possesses the
desired property (or is closer to possessing the property). Part of that work also considers the
question of whether such a protocol requires access to additional randomness.

Our formulation of sample amplification as a game between an amplifier and a verifier, closely
resembles the setup for pseudo-randomness (see [125] for a relatively recent survey). There, the
pseudo-random generator takes a set of n independent fair coin flips, and outputs a longer string of
m > n outcomes. The verifier’s job is to distinguish the output of the generator from a set of m

independent tosses of the fair coin (i.e. truly random bits). In contrast to our setting, in
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pseudo-randomness, both players know that the distribution in question is the uniform
distribution, the catch is that the generator does not have access to randomness, and the verifier is
computationally bounded. Beyond the superficial similarity in setup, we are not aware of any
deeper connections between our notion of amplification and pseudorandomness.

Finally, it is also worth mentioning the work of Viola on the complexity of sampling from
distributions [129]. That work also considers the challenge of generating samples from a specified
distribution, though the problem is posed as the computational challenge of producing samples
from a specified distribution, given access to uniformly random bits. One of the punchlines of that
work is that there are distributions, such as the distribution over pairs (z, y) where x is a uniformly
random length-n string, and y = parity(z), where small circuits can sample from the distribution,
yet no small circuit can compute y = parity(z) given x. A different way of phrasing that punchline
is that there are distributions that are easy to sample from, for which it is much harder to sample

from their conditional distributions (e.g. in the parity case, sampling (z,y) given x is hard).

5.2 Algorithms and Proof Overview

In this section, we describe our algorithms for data amplification for discrete and Gaussian

distributions. We also give an intuitive overview of the proofs of both the upper and lower bounds.

5.2.1 Discrete Distributions with Bounded Support

We begin by providing some intuition for amplification in the discrete distribution setting, by
considering the simple case where the distribution in question is a uniform distribution over an
unknown support. We then describe how our more general amplification algorithm extends this

intuition.

Intuition via the Uniform Distribution. Consider the problem of generating (n + 1) samples
from a uniform distribution over k£ unknown elements, given a set of n samples from the
distribution. Suppose n < vk. Then with high probability, no element appears more than once in
a set of (n + 1) samples. Therefore, as the amplifier only knows n elements of the support with n
samples, it cannot produce a set of (n 4+ 1) samples such that each element only appears once in
the set. Hence, no amplification is possible in this regime. Now consider the case when n = cvk
for a large constant ¢. By the birthday paradox, we now expect some elements to appear more
than once, and the number of elements appearing twice has expectation ~ % and standard
deviation ©(c). In light of this fact, consider an amplification procedure which takes any element
that appears only once in the set X,,, adds an additional copy it to the set X,,, and then randomly
shuffles these n + 1 samples to produce the final set Z,,;1. It is easy to verify that the distribution

of Z,4+1 will be close in total variation distance to a set X, 1 of (n + 1) i.i.d. samples drawn from
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the original uniform distribution. Since the standard deviation of the number of elements in X, 11
that appear twice is ©(c), intuitively, we should be able to amplify by an additional ©(c) samples,
by taking ©(c) elements which appear only once and repeating them, and then randomly
permuting these n + O(c) samples. Note that with high probability, most elements only appear
once in the set X,,, and hence the previous amplifier is almost equivalent to an amplifier which
generates new samples by sampling from the empirical distribution of the original n samples, and
then randomly shuffles them with the original samples. Our amplification procedure for general

discrete distributions is based on this sample-from-empirical procedure.

Algorithm and Upper Bound. To facilitate the analysis, our general amplification procedure
which applies to any discrete distribution D, deviates from the sample-from-empirical-then-shuffle
scheme in two ways. The modifications avoid two sources of dependencies in the
sample-from-empirical-then-shuffle schemes. First, we use the “Poissonization” trick and go from
working with the multinomial distribution to the Poisson distribution—making the element counts
independent for all < k elements. And second, note that the new samples are dependent on the old
samples if we generate the new samples from the empirical distribution. To leverage independence,
we instead (i) divide the input samples into two sets, (ii) use the first set to estimate the empirical
distribution, (iii) generate new samples using this empirical distribution, and (iv) randomly shuffle
these new samples with the samples in the second set. More precisely, we simulate two sets X,
and Xy,, of Poisson(n/4) samples from the distribution D, using the original set X,, of n samples
from D. This is straightforward to do, as a Poisson(n/4) random variable is < n/2 with high
probability. We then estimate the probabilities of the elements using the first set Xy, , and use
these estimated probabilities to generate R =~ m — n more samples from a Poisson distribution,
which are then randomly shuffled with the samples in Xy, to produce Zn,+r. Then the set of
output samples Z,, just consist of the samples in Xy, concatenated with those in Zn,1r. This
describes the main steps in the procedure, more technical details can be found in the full
description in the supplementary. We show that this procedure achieves (n,n + O (%))
amplification.

To prove this upper bound, first note that the counts of each element in a shuffled set Z,,, are a
sufficient statistics for the probability of observing Z,,, as the ordering of the elements is uniformly
random. Hence we only need to show that the distribution of the counts in the set Z,, is close in
total variation distance to the distribution of counts in a set X,, of m elements drawn i.i.d. from
D. Since the first set Xy, is independent of the second set Xy,, the additional samples added to
X, are independent of the samples originally in X ,, which avoids additional dependencies in the
analysis. Using this independence, we show a technical lemma that with high probability over the
first set Xu,, the KL-divergence between the distribution of the set Zn,1r and DN+E of Ny + R
i.i.d. samples from D is small. Then using Pinsker’s inequality, it follows that the total variation

distance is also small. The final result then follows by a coupling argument, and showing that the
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Poissonization steps are successful with high probability.

Lower Bound. We now describe the intuition for showing our lower bound that the class of
discrete distributions with support at most k does not admit an (n,m) amplification scheme for
m>n+ %, where c is a fixed constant. For n < % we show this lower bound for the class of
uniform distributions D = Unif[k] on some unknown k elements. In this case, a verifier can
distinguish between true samples from D and a set of amplified samples by counting the number of
unique samples in the set. Note that as the support of D is unknown, the number of unique
samples in the amplified set is at most the number of unique samples in the original set X,,, unless
the amplifier includes samples that are outside the support of D, in which case the verifier will
trivially reject this set. The expected number of unique samples in n and m draws from D differs
by %, for some fixed constant c¢;. We use a Doob martingale and martingale concentration
bounds to show that the number of unique samples in n samples from D concentrates within a %
margin of its expectation with high probability, for some fixed constant co < ¢;. This implies that
there will be a large gap between the number of unique samples in n and m draws from D. The
verifier uses this to distinguish between true samples from D and an amplified set, which cannot
have sufficiently many unique samples.

Finally, we show that for n > f a (n, n+ “,7%) amplification procedure for discrete distributions on
k elements implies a (%, % + ¢/v/k) amplification procedure for the uniform distribution on (k — 1)
elements, and for sufficiently large ¢’ this is a contradiction to the previous part. This reduction
follows by considering the distribution which has 1 — ﬁ mass on one element and ﬁ mass

uniformly distributed on the remaining (k — 1) elements. With sufficiently large probability, the

k

number of samples in the uniform section will be ~ 7, and hence we can apply the previous result.

5.2.2 Gaussian Distributions with Unknown Mean and Fixed

Covariance

Given the success of the simple sampling-from-empirical scheme for the discrete case, it is natural
to consider the analogous algorithm for d-dimensional Gaussian distributions. In this section, we
first show that this analogous procedure achieves non-trivial amplification for n = Q(d/logd). We
then describe the idea behind the lower bound that any procedure which does not modify the
input samples does not work for n = o(d/log d). Inspired by the insights from this lower bound, we
then discuss a more sophisticated procedure, which is optimal and achieves non-trivial
amplification for n = Q(v/d).

Upper Bound for Algorithm which Samples from the Empirical Distribution. Let i be
the empirical mean of the original set X,,. Consider the (n,m) amplification scheme which draws

(m —n) new samples from N (ji,X) and then randomly shuffles together the original samples and
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the new samples. We show that for any e, this procedure—with a small modification to facilitate
the analysis—achieves (n, n+ 0O (n%_9€)> amplification for n = ﬁ . This is despite the
empirical distribution N(fi, ¥) being 1 — o(1) far in total variation distance from the true
distribution N(u, %), for n = o(d).

We now provide the proof intuition for this result. First, note that it is sufficient to prove the
result for X = I. This is because all the operations performed by our amplification procedure are
invariant under linear transformations. The intuition for the result in the identity covariance case
is as follows. Consider n = O(d/logd). In this case, with high probability, the empirical mean fi

satisfies |pu — fi]| = O(Vlogd) < v/clogn for a fixed constant ¢. If we center and rotate the

coordinate system, such that fi has the coordinates (||u — fi]|,0,...,0), then the distribution of
samples from N (fi,I) and N(u,I) only differs along the first axis, and is independent across
different axes. Hence, with some technical work, our problem reduces to the following univariate
problem: what is the total variation distance between (n + 1) samples from the univariate
distributions N (0,1) and D, where D is a mixture distribution where each sample is drawn from
N(0,1) with probability 1 — ~25 and from N(y/clogn, 1) with probability —5? We show that the
total variation distance between these distributions is small, by bounding the squared Hellinger
distance between them. Intuitively, the reason for the total variation distance being small is that,
even though one sample from N(y/clogn, 1) is easy to distinguish from one sample from N (0, 1),
for sufficiently small ¢ it is difficult to distinguish between these two samples in the presence of n
other samples from N (0, 1). This is because for n draws from N(0,1), with high probability there
are O(n'~=¢) samples in a constant length interval around +/clogn, and hence it is difficult to

detect the presence or absence of one extra sample in this interval.

Algorithm 7 Sample Amplification for Gaussian with Unknown Mean and Fixed Covariance
Input: X, = (x1,22,...,2,), where x; + N (1, Xgxa)-
Output: Zm = (zf,2h,...,2),), such that Dpy (D™, Z,) < %, where D s
N(p, Baxa)

=300 w

€ < N(0,34xq), fori € {n+1,n+2,...,m} {Draw m — n i.i.d samples from N(0,3ixq)}

i =p+e,forie{n+1l,n+2,...,m}

i =

xh = — Z;.n:nH % forie{1,2,...,n} {Remove correlations between old and new samples}
return 7, := (2}, 25,...,20))

Lower Bound for any Procedure which Returns a Superset of the Input Samples. We

show that procedures which return a superset of the input samples are inherently limited in this

Gaussian setting, in the sense that they cannot achieve (n,n + 1) amplification for n < locgd -, Where

c is a fixed constant.
The idea behind the lower bound is as follows. If we consider any arbitrary direction and project a

true sample from N (u,I) along that direction, then with high probability, the projection lies close
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to the projection of the mean. However, for input set X,, with mean i, the projection of an extra

sample added by any amplification procedure along the direction u — i will be far from the

cd
logd

procedure will have high uncertainty about the location of p relative to ji. Based on this, we

projection of the mean . This is because after seeing just samples, any amplification

construct a verifier which can distinguish between a set of true samples and a set of amplified

cd
logd*

samples, for n <

More formally, Let z} be the i-th sample returned by the procedure, and let fi_; be the mean of all
except the i-th sample. Let “new” be the index of the additional point added by the amplifier to
the original set X,,, hence the amplifier returns the set {z},o,,, X»}. Note that i < N(u, L), hence

| — f)? ~ % with high probability. Suppose the verifier evaluates the following inner product for

/
new?’

the additional point =

/

<xnew - ﬂ*new7 H— ﬂfnew>~ (5].)

Note that {i_pew = [ as the amplifier has not modified any of the original samples in X,,. For a

/

! ow drawn from N (u,I), this inner product concentrates around || — ji||? ~ %. We now

point x
argue that if the true mean p is drawn from the distribution N (0, VdI ), then the above inner
product is much smaller than % with high probability over u. The reason for this is as follows.
After seeing the samples in X,,, the amplification algorithm knows that p lies in a ball of radius
~ \/% centered at fi, but p could lie along any direction in that ball. Formally, we can show that if
p is drawn from the distribution N(0,v/dI), then the posterior distribution of x| X,, is a Gaussian
N(i,ol) with g~ i and ¢ ~ % As p— fi is a random direction, for any 2/, that the algorithm

returns, the inner product in (5.1)) is & ||z].., — 2] ||t — £ <ﬁ) with high probability over the

new

randomness in y | X,,. The verifier checks and ensures that |2/, — fi—new|| = ||%ew — £l = Vd.

Hence for any (n,n + 1) amplification scheme, the inner product in is at most & \/% with
high probability over u | X,,. In contrast, we know that this inner product is % for a true sample
from N(p,I).

Finally, note that the algorithm can randomly shuffle the samples, and hence the verifier does the

above inner product test for every returned sample z, for a total of (n + 1) tests. If (n + 1) tests

dlogn
n

of %, even for (n + 1) true samples drawn for the distribution. But if n < %, then
\/g < % — 1/ dlo%, and hence any (n,n + 1) amplification scheme in this regime fails at least one
of the following tests with high probability over u: (1)
Vien+1],(x)—figp— ) > 2 — \/dk’%, and (2) Vi € [n+ 1], ||z} — fi_il| = Vd. As true
samples pass all the tests with high probability, this shows that (n,n 4+ 1) amplification without

are performed, then the inner product is expected to deviate by around its expected value

modifying the provided samples is impossible for n < &.
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Optimal Amplification Procedure for Gaussians: Algorithm and Upper Bound. The
above lower bound shows that it is necessary to modify the input samples X, to achieve
amplification for n = o(d/logd). What would be the most naive amplification scheme which does
not output a superset of the input samples? One candidate could be an amplifier which first
estimates the sample mean [i of X,,, and then just outputs m samples from N (ji, I). It is not hard
to see that this scheme does not even give a valid (n,n) amplification procedure. The verifier in
this case could check the distance between the true mean and the mean of the returned samples,
which would be significantly more than expected, with high probability.

How should one modify the input samples then? The above lower bound also shows what such an
amplification procedure must achieve—the inner product in should be driven towards its
expected value of % for a true sample drawn from the distribution. Note that the inner product is
too small for the algorithm which samples from the empirical distribution N (g, I) as the generated
point ], is too correlated with the mean fi_pew = fi of the remaining points. We can fix this by
shifting the original points in X,, themselves, to hide the correlation between z ., and the original
mean i of X,,. The full procedure is quite simple to state, and is described in Algorithm [7} Note
that unlike our other amplification procedures, this procedure does not involve any random
shuffling of the samples. We show that this procedure achieves (n,m) amplification for all d > 0
andmzn—i—()(%).

We now provide a brief proof sketch for this upper bound, for the case when m = n + 1. Note that
the returned samples in Z,,, can also be thought of as a single sample from a (m x d)-dimensional

Gaussian distribution N( (ty fby« oy 1), Emdxmd); as the returned samples are linear combinations
—_———

m times
of Gaussian random variables. Hence, it is sufficient to find their mean and covariance, and use

that to bound their total variation distance to true samples from the distribution (which can also
be though of as a single sample from a (d x m)-dimensional Gaussian distribution
N((u, Ly ey ), Idemd>). The TV distance between the two distributions is proportional to
Himdxmd — Lnmdxmd||F. Our modification procedure removes the correlations between the original
samples and the generated samples to ensure that the non-diagonal entries of Yondxma are small,

and hence the total variation distance is also small.

General Lower Bound for Gaussians. We show a lower bound that there is no (n,m)
amplification procedure for Gaussian distibutions with unknown mean for m > n + %7 where c is
a fixed constant. The intuition behind the lower bound is that any such amplification procedure
could be used to find the true mean p with much smaller error than what is possible with n
samples.

To show this formally, we define a verifier such that for u < N (0, VI ) and m > n + %, m true
samples from N (u,I) are accepted by the verifier with high probability over the randomness in the

samples, but m samples generated by any (n,m) amplification scheme are rejected by the verifier
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with high probability over the randomness in the samples and p. In this case, the verifier only
needs to evaluate the squared distance || — fi;,||? of the empirical mean fi,, of the returned
samples from the true mean p, and accept the samples if and only if this squared distance is less
than % + % for some fixed constant c¢;. It is not difficult to see why this test is sufficient. Note
that for m true samples drawn from N(, I), || — fim|[* = £ £ O (%) Also, the squared
distance || — f1||* of the mean ji of the original set X,, from the true mean p is concentrated

around % +0 (%) Using this, for m > n + %, we can show that no algorithm can find a fi,,
which satisfies ||p — i[> < £ £0 (%) with decent probability over y < N(0,/dI). This is

because the algorithm only knows p up to squared error % +0 ( %) based on the original set X,.

5.3 Proofs: Gaussian with Unknown Mean and Fixed

Covariance

5.3.1 Upper Bound

In this section, we prove the upper bound in Theorem [17] by showing that Algorithm [7] can be used

as a (n,n + %) amplification procedure.

First, note that it is sufficient to prove the theorem for the case when input samples come from an
identity covariance Gaussian. This is because, for the purpose of analysis we can transform our
samples to those coming from indentity covariance Gaussian, as our amplification procedure is

invariant to linear transformations to samples. In particular, let fs; denote our amplification
procedure for samples coming from N(u,X), and, Y, = (y1,¥2,- -, yn) denote the random variable
corresponding to n samples from N(u, ). Let X,, = (21, 22, ..., 2,) denote n samples from

N(p, 1), such that Yy, = %2 (X, — p) + = (D2 (21 — 1) + 1, D2 (29 — 1) + pty ..., D2 (2, — 1) + p).

Due to invariance of our amplification procedure to linear transformations, we get that
22 (f1(Xn) — ) + o is equal in distribution to fx (X2 (X, — p) 4+ p) = fx(Y,). This gives us

DTV(fE(Yn)a Ym) = DTV(fE(Z%(Xn - N) + :U’)a E%(Xm - :U) + :u)
= Drv (22 (fr(Xn) = ) + 1, 52 (X — 1) + 1)
< Drv(f1(Xn), Xom),

where the last inequality is true because the total variation distance between two distributions
can’t increase if we apply the same transformation to both the distributions. Hence, we can
conclude that it is sufficient to prove our results for identity covariance case. This is true for both
the amplification procedures for Gaussians that we have discussed. So in this whole section, we

will work with identity covariance Gaussian distributions.
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Proposition 2. Let C denote the class of d—dimensional Gaussian distributions N (p, I) with un-

known mean . For alld,n >0 and m=n+ O (%), C admits an (n,m) amplification procedure.

Proof. The amplification procedure consists of two parts. The first uses the provided samples to
learn the empirical mean [ and generate m — n new samples from N (fi, I). The second part adjusts
the first n samples to “hide” the correlations that would otherwise arise from using the empirical

mean to generate additional samples.

Let €,41,€n42,.-.,6m be m —n iid. samples generated from N (0,7), and let i = Z":le The
amplification procedure will return 2, ...,z with:
Z;n=n+1 €i .
r;— == 20 fori e {1,2,...,n
DL {1.2,...n} (5.2)
i+ €, forie{n+1,n+2,...,m}.

Z;n:n+1 €j
n

We will show later in this proof that subtracting will serve to decorrelate the first n samples
from the remaining samples.
Let fe.n,m : S™ — S™ be the random function denoting the map from X,, to Z,, as described above,

where S = R%. We need to show
DTV (Zm = fC,n,m (Xn) aXm) < 1/3>

where X,, and X,,, denote n and m independent samples from N (u, I) respectively.

For ease of understanding, we first prove this result for the univariate case, and then extend it to
the general setting.

So consider the setting where d = 1. In this case, X,,, corresponds to m i.i.d. samples from a Gaussian
with mean g, and variance 1. X, can also be thought of as a single sample from an m—dimensional
Gaussian N( (1, fhy e - 7M)7Ime)- Now, fc,n,m is a map that takes n i.i.d samples from N (u,1),

m times
m—n 1.i.d samples (¢;) from N (0, 1), and outputs m samples that are a linear combination of the m

input samples. So, fe.n.m (Xy) can be thought of as a m—dimensional random variable obtained by
applying a linear transformation to a sample drawn from N((,u7 yoooyi1,0,0,...,0 ) , Ime>. Asa
—_——— ——

n times m—n times
linear transformation applied to Gaussian random variable outputs a Gaussian random variable, we

get that Z,, = (¢}, 25,...,2,) is distributed according to N (fi, X, xm ), where fi and X, «,,, denote

the mean and covariance. Note that i = (u, p,...,u) as
T
2 nt1 6 .
Exi—E{A]: —0=u, forie{l,2,...,n
Elz] = i " g g ¢ J (5.3)
E[a] + Ele;] = p+ 0 =g, forie{n+1,n+2,...,m}.

Next, we compute the covariance matrix X, xm-
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For i = j, and i € {1,2,...,n}, we get
i = El(2} - 1)’]

=E[(zi - )| +E

(*5) ]

Fori=j,and i€ {n+1,n+2,...,n+m}, we get

Yy =E {(l"; - H)2]

=E[(i- '] +E[¢]

1
=— 41
n

Forie{1,2,...,n},je{n+1,n+2,...,n+m}, we get

Sij = E (27 = p) (2 = p)]
E{G%EEL”“ku>@%6juﬂ

n

[wrwnm—un—EKXﬁW“%)&{

n

|
=

3=

S 3

For i,j € {1,2,...,n},i # j, we get

Zij ZE[(%—M) (7 —M)}

-] (- Bt ) (o Theme )
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Fori,je{n+1,n+2,...,m},i# j, we get

Sij = El(@] — p) (¢ — )]
—E[(i+ e — 1) (i + ¢ — )]
R 2
=E [(u D) }
1
=
This gives us
'1 + mn—2n mn—Qn mn—Qn T
mnzn
mem 0 0 1+ 1 1
0 R S 1
1
1 1 1
L0 o o 0 1 L 1+4]

Now, finding Drv (Zm, X;n) reduces to computing Dy (N (i, Imxm) s N (it Zmxm)). From [48]
Theorem 1.1], we know that Dry (N (&, Imxm) , N (i Zimxm)) < min (1,% R I||F). This gives

us

Now, for d > 1, by a similar argument as above, X,, can be thought of as d independent samples

from the following d distributions: N( (B1y fo1y vy 1), Imxm), ce N( (tdy Pods - -+ 5 1hd), Imxm). Or
—_—— —_——
m times m times

equivalently, as a single sample from N((ul, LTy eey s oy fhdy Heds - - - 5 fhd ) , Imdxmd)- Similarly,

m times m times
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Zm can be thought of as d independent samples from N( (Lbiy My - ooy i), mem), or equivalently,
N———
m times

a single sample from N((ul,ul, ey My ey fhdy s - - - ,,ud),f)mdxmd) where imdxmd is a block

m times m times
diagonal matrix with block diagonal entries equal to X, %, (denoted as ¥ in the figure).

(s 0 ... ... 0]
b 0
S ndxmd = S0 .0
0o . 0
_O ’ ' O m

Similar to (5.4), we get

DTV(N(<,LL1),M1;"';Ml)'"nudvﬂ’dv"'7ﬂd);Idemd))N((ﬂlvﬂlv"‘,Mlv"'7ﬂdaud7"'7ﬂd)vimdxmd>)

m times m times m times m times

< min (Lglli—ﬂF)

()

V3d(m —n)

n

If we want the total variation distance to be less than §, we get m —n = O (\%) Setting § = %7

we get m=n+ 0O (%), which completes the proof. O

5.3.2 Lower Bound

In this section we prove the lower bound from Theorem [17] and show that it is impossible to
amplify beyond O (%) more samples. The intuition behind the lower bound is that any such
amplification procedure could be used to find the true mean g with much smaller error than what
is possible with n samples.

To show this formally, we define a verifier such that for p < N (0, VI ) and m > n + %, m true
samples from N(u,I) are accepted by the verifier with high probability over the randomness in the
samples, but m samples generated by any (n,m) amplification scheme are rejected by the verifier
with high probability over the randomness in the samples and p. In this case, the verifier only
needs to evaluate the squared distance ||y — ji,, ||* of the empirical mean fi,,, of the returned

samples from the true mean p, and accept the samples if and only if this squared distance is less
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than % + % for some fixed constant c¢;. It is not difficult to see why this test is sufficient. Note
that for m true samples drawn from N(u, 1), [|p — fm|? = £ £ 0O (%) Also, the squared
distance || — fi?|| of the mean fi of the original set X,, from the true mean p is concentrated

around % +0 (%) Using this, for m > n + %, we can show that no algorithm can find a fi,,
which satisfies || — fin[> < £ £ 0 (ﬁ) with decent probability over p < N(0,v/dI). This is

because the algorithm only knows p up to squared error % +0 (%) based on the original set X,,.

Proposition 3. Let C denote the class of d—dimensional Gaussian distributions N (p, I) with un-
known mean . There is a fized constant ¢ such that for all sufficiently large d,n > 0, C does not

admit an (n,m) amplification procedure for m > n + %.

Proof. Note that it is sufficient to prove the theorem for m = n+cn/ V/d for a fixed constant ¢, as an
amplification procedure for m > n + cn/ v/d implies an amplification procedure for m = n + en/Vd
by discarding the residual samples. To prove the theorem for m = n + cn/ Vd, we will define a
distribution D,, over p and a verifier v(Z,,) for the distribution N(u,I) which takes as input a set
Zm of m samples, such that: (i) for all u, the verifier v(Z,,) will accept with probability 1—1/e? when
given as input a set Z,, of m i.i.d. samples from N (u, I), (ii) but will reject any (n, m) amplification
procedure for m = n + cn/ V/d with probability 1 — 1 /e%, where the probability is with respect to
the randomness in p <— D,,, the set X,, and in any internal randomness of the amplifier. Note that
by Definition of an amplification procedure, this implies that there is no (n,m) amplification
procedure for m =n + cn//d.

We now define the distribution D, and the verifier v(Z,,). We choose D, to be N(0,v/dI). Let
fim be the mean of the samples Z,, returned by the amplification procedure. The verifier v(Z,,)

performs the following test, accepts if [i,, passes the test, and rejects otherwise—
liim = pl = dfm| < 10Vdfm. (55)

We first show that m i.i.d. samples from N(u,I) pass the above test with probability 1 —1/e%. We
will use the following concentration bounds for a x? random variable Z with d degrees of freedom
[92] [131],

Pr[Z—dzzmHt] <et, V>0, (5.6)
Pr[\z —d] > dt] < 2e7/3 Ve (0,1). (5.7)
Note that [, <+ N(y, %) for m ii.d. samples from N(u,I). Hence by using (5.7) and setting

t =10/V4d,

2

liim = pll* = dfm| > 10Vd/m] < 1/¢"
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Hence m i.i.d. samples from N (yu, I) pass the test with probability at least 1 —1/e?.

We now show that for y sampled from D, = N(0,/dI), the verifier rejects any (n, m) amplification
procedure for m = n + cn/ v/d with high probability over the randomness in p. Let D, x, be the
posterior distribution of p conditioned on the set X,,. We will show that for any set X,, received
by the amplifier, the amplified set Z,, is accepted by the verifier with probability at most 1/e? over
p < Dy, x, . This implies that with probability 1 — 1/ e? over the randomness in p < D, the set
X, and any internal randomness in the amplifier, the amplifier cannot output a set Z,, which is
accepted by the verifier, completing the proof of Proposition

To show the above claim, we first find the posterior distribution D, x, of u conditioned on the
amplifier’s set X,,. Let po be the mean of the set X,. By standard Bayesian analysis (see, for

instance, [I01]), the posterior distribution D, x, = N (i, o2I), where,

, 1

= 0 = —m8—.
a n+1/vd

n
n+1/\/g/1'07

We show that any set Z,, returned by the amplifier for m = n + 100n/+/d fails the test (5.5) with
probability 1 — 1/e? over the randomness in p | X,,. We expand ||fi, — p]? in the test as follows,

fim — pll? = [|fim — 7 — (0 — 1)

= lfm — l* = 2{fom — i o = ) + I — >
By using (5.7) and setting t = 10/+/d, with probability 1 — 1/e?,

d  10vVd
n+1/vVd n+1/Vd

(- -5
=d/n —Vd/n? —10Vd/n
> d/n —12Vd/n.

V

I — Al >

v

As | Xy, < N(f1,62), (fi — i, o — 1) is distributed as N (0, 52| fi,, — fi]|?). Hence with probability
1—1/€3, {fig — i, pt — i) < 10| iy — ll/A/ 7 + 1/3/d < 10||firn — fi]| /v/n. Therefore, with probability
1—2/e3,

lim = pl* = (| — 1 = (20/3/R) | o — i1l + d/n — 12V/d/n.

We claim that ||, —||?—20]| fm — fil|/v/7 > —100/n. To verify, note that ||fim, —i||*—20|| fim — &ll/v/n+
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100/n is a non-negative quadratic function in ||fi,, — fi||. Therefore, with probability at least 1—2/e3,
i — > = —100/n 4 d/n — Vd/n* — 10Vd/n > d/n — 20V/d/n.

To pass (5.5)), ||ftm —ul|?> < d/m+10v/d/m. Therefore, if an amplifier passes the test with probability
greater than 1 — 2/e3 over the randomness in p | X,, for m = n + 100n/v/d, then,

d/n—20Vd/n < ||fim — pu||* < d/m+10Vd/m,
— d/n—20Vd/n < d/m+10Vd/m,
— d/n—20Vd/n < d/(n + 100n/Vd) + 10V/d/(n + 100n/Vd),
— d/n —20Vd/n < d/n(1 +100/Vd)~" + 10vV/d/n(1 + 100/Vd)
= d/n —20Vd/n < d/n(1 — 50/Vd) + 10vV/d/n(1 — 50//d),
— —20Vd/n < —40V/d/n — 1000/n,
— —20Vd/n < —30Vd/n,

which is a contradiction. Hence for m = n + 100n/ Vd, every (n,m) amplifier is rejected by the

verifier with probability greater than 1 — 1/e? over the randommess in u, the set X,,, and any

internal randomness of the amplifier.
O

5.3.3 Upper Bound for Procedures which Returns a Superset of the
Input Samples

In this section we prove the upper bound in Proposition [I} The algorithm itself is presented in
Algorithm [8] Before we proceed with the proof we prove a brief lemma that will be useful for

bounding the total variation distance.

Lemma 9. Let X,Y1,Y5 be random wariables such that with probability at least 1 — € over X,
DTv(YllX,YvﬂX) < 6/, then DT\/((X, Yl), (X, Yg)) <e+¢€.

Proof. From the definition of total variation distance, we know
Dryv((X, Y1), (X,Y2)) Z [Pr((X, Y1) = (z,y)) = Pr((X,Y2) = (z,7)))]
*ZPY o) Pri=y| X =2)-Pr(Ya=y| X =uz)|
=ZPr(X=a:> §Z|Pr(Y1 =y|X=2)-Pr(Ya=y| X =2)|

—ZPr =2)dpy(V1 | X =2, | X =2).



CHAPTER 5. SAMPLE AMPLIFICATION 112

Since with probability (1 —€) over X, dry (Y1 | X, Y2 | X) is at most €, and total variation distance
is always bounded by 1, we get > Pr(X =xz)dry(Y1 | X =2,Y2 | X =2) < (1 —€)¢ +e <€ +e.
This same proof with summations appropriately replaced with integrals will go through when the

random variables in consideration are defined over continuous domains. O

Now we prove the upper bound from Proposition [I} As in Proposition [2] it is sufficient to prove
this bound only for the case of identity covariance gaussians as our algorithm in this case is also

invariant to linear transformation.

Proposition 4. Let C denote the class of d—dimensional Gaussian distributions N(u,I) with un-

known mean p. There is a constant ¢ such that for any €, and n = and for sufficiently large

d
elogd’
d, there is an (n, n+ c’n%*%) amplification protocol for C that returns a superset of the original n

samples.

Algorithm 8 Sample Amplification for Gaussian with Unknown Mean and Fixed Covariance With-
out Modifying Input Samples

Input: X, = (x1,22,...,2,), where x; + N (1, Xgxa)-
Output: Zm = (zf,2h,...,2),), such that Dry (D™, Z,) < %, where D s
N(ﬂ'a ded)
ri=m-—n
b=
rj =z, forie {1,2,...,5}
chmaining = (x%-i-la To42,. .. axn)
cfori=%5+1 to mdo
T + Bernoulli( frf 73) {Set T'=1 with probability rJrQTT/Q’ and 0 otherwise}
if T equals 1 then
:C; — N(ﬂv ded)
else
if X emaining is not empty then

x, := Random Element Drawn without Replacement from Xemaining
else
13: x} = x1 {H}appens with small probability
14: end if
15:  end if
16: end for
17 Zpy o= (2,2, ... 2))
18: return 72,

== =
M2

Proof. Let m =n + r ,where r = O (n%*%). We begin by describing the procedure to generate m

samples Z,, = (2}, zh,...,2},), given n i.i.d. samples X,, = (z1,22,...,2,) drawn from N (u,I).
Let o1 = ZZ’:/ ? nx/’é denote the mean of first § samples in X,,. For distributions P and @, let

(1 — a)P + o) denote the mixture distribution where (1 — «) and « are the respective mixture

weights.
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We first describe how to generate Z! = («f,z4,...,2!), given n i.id samples X,. For i €

rYm
{1,2,...,5}, we set 2 = x;. Fori € {§ + 1,5 4+2,...,m}, we set ] to a random indepen-

dent draw from the mixture distribution (1 - 1OT ) N(p, Lixa) + Tl_ETn N(fi, Lixa)-

Now, the construction of Z,, is very similar to Zm except that we don’t have access to N (i, Iixa)

to sample points from the mixture distribution. So, for Z,,, set 2j = x; for i € {1,2,...,5}. For

i€ {5+1,5+2,...,m}, we use samples from (rn 1,72 12,...,7,) instead of producing new samples

from N (p, Igxq). With probability (1 — 1OT ) we generate a random sample without replacement

from (x%H, Trio,..., xn), and with probablhty Tlfr)% we generate a sample from N (fi, I), and set

equal to that sample. As we sample from (.’I;%+1, Tuyg,... , Tn,) Without replacement, we can generate

only § samples this way. The expected number of samples needed is (5 +7)(1 — TI_EZ ) =5 —9r, and

with high probability, we won’t need more than & samples. If the total number of required samples

5, we set z; to an arbitrary d—dimensional

from (x%H,x%H, ey xn) turns out to be more than
vector (say x1) but this happens with low probability, leading to insignificant loss in total variation
distance.

Let X, denote the random variable corresponding to m ii.d. samples from N(u,I). We want
to show that Dry (X, Z,) is small. By triangle inequality, Drv (Xm, Zm) < Drv(Xm, Z),) +
Drv(Z..,, Zm).

We first bound Dpvy (Z,,, Z),). Let Y, Y’ < Binomial (r +5,1— 107 ) be random variables that

T3
1fr ) mixture component in Z,, and Z, respectively. Let

denotes the number of samples from (1 —

Q denote the sample space of Z,, and Z/,.
Drv (Zm, Z),) = max |Pr(Z,, € E) — Pr(Z, € E)|
— max |Pr(ZmeE|Y§ﬁ>Pr(Y ﬁ)+Pr(zmeE|Y>E>Pr(Y> E)
ECQ 2 2 2 2
fPr(Z;neE|Y/§g>Pr(Y gg)fPr<Z;neE|Y’>g)Pr(Y’>g>|

Since Y and Y’ have the same distribution, we have Pr (Y < %) =Pr (Y < %), and Pr (Y’ > %) =
Pr (Y > %) This gives us

DTV(Zm,Z;n):%lé%q|Pr<Zm€E|Y§%>Pr<Y§g)JrPr(Z cE|Y > )Pr<Y>g>
—Pr(Z,’neE|Y’§ﬁ)Pr(Yﬁ%)—Pr(Z;neE|Y’>§)Pr(Y>g)|
SrEnCaéPr(Y< )|Pr(Z eE|Y<2)—Pr(Z,’neE|Y’§g)\

+Pr(Y> )|Pr(ZmeE|Y> 2>—Pr(Z,’neE|Y’>g>|.

where the last inequality holds because of the triangle inequality. Now, note that Pr(Z,, € E|Y <
5)=Pr(Z], € E|Y' < %) for all E, and |Pr(Z,,, € E|Y > §)—Pr(Z], € E|Y’ > %)| < 1. This gives
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us
Dy (Zp, Z!,) < Pr (Y > g) .

T D
s St

We know E[Y] = % — 9r, and Var[Y] = (% +7r) (1 — 2 ) ( 10T) < 10r. Using Bernstein’s

inequality, we get

Pr [Y > ﬁ] = Pr(Y —E[Y] > 9r)

2

—81r
< .
<o (55" )
So we get Dpy (Zm, Z,) < exp (=5).
Next, we calculate Dy (X, Z,). We write X,,, = (X1, X2) and Z! = (2., Z2) where X} and

ZY denote the first 2 samples of X,, and Z/, , and X2, and Z2 denote rest of their samples. Since

X! and Z%; are drawn from the same distribution, H?ZlN(u, I), and Z},;, X1 X2 are independent,

we get (Z1', X2) and (X}, X2) are equal in distribution. This gives us
DTV(XWU Z1/n) = DTV((X’I%'L7X72YZ)’ (Z71r27 Z727;)) = DTV((Z717’Z7X7271)5 (Z#a Zv%;))

From Lemma@ we know that, if with probability at least 1—e, over ZY, Dy (X2 |ZL, 22| ZL) < e,
then Dy ((ZL, X2),(Z) Z2)) < €1 + €3. Here, Z} and X2, are independent, and the only depen-
dency between Z! and Z2 is via the mean i of the elements of Z1 . So Dpy(X2|ZL, Z2|ZY) =
Dyv (X2, Z2|f1). We will show that with high probability over fi, this total variation distance is
small.

We first estimate ||fi — pl|. Note that E . [[|4 — pl[?) = 2%, and 2| — pf|? is a x? random variable
with d degrees of freedom. To bound the deviation of ||z — p||? around it’s mean, we will use the
following concentration bound for a y? random variable R with d degrees of freedom [I31, Example

2.5).

Pr[|R — d| > di] < 2¢4/8, for all t € (0,1).

This gives us Pr(|%||& — pl|? — d| > 0.5d) < 2e~%32 that is, || — p| < /3¢ < /3elogd with

probability at least 1 — 2e~%/32,

X2 is distributed as the product of 2 +r gaussiaus H?:TN(M, Iivq) and Z2 |fi is distributed as the
. C . 5+ ~

product of § -+ 7 mixture distributions m2"(1— éTT)N(N»Idxd) + %N(Ml—dxd)- We evaluate

the total variation distance between these two distributions by bounding their squared Hellinger

distance, since squared Hellinger distance is easy to bound for product distributions and is within

a quadratic factor of the total variation distance for any distribution. By the subadditivity of the



CHAPTER 5. SAMPLE AMPLIFICATION 115

squared Hellinger distance, we get

24r 24r 107 0r 2
H (T N (i Loxa), T (1= 5 ) N (s Laxa) + 5N (i Lixa)
5+ 5+t
2 2 ) (5.8)
<(”+)H N Loea) s (1= 22 ) N (1, Taea) + =2 N (i, Tura)
Sy - .
=\ s Ldxd) %-’—'f’ My Ldxd %—f—?" My Ldxd
For sufficiently large d, r and n satisfy 7 < {¢, so we can use Lemma @ to get
107 0r 2 BT6r% g
H N(:uaIdXd)7 1- n N(:U7Id><d) + n N(:uvjdxd) < 726
5+ 5 +r n
2 2 (5.9)
57612d°¢
[ —
— n2 )

with probability at least 1 — 2e~%/32 over ji. From (5.8) and (5.9), we get that with probability at
least 1 — 2e=%/32 over [,

10r n

+7)

2

ny . g
H (Hi2_1 N(p, Laxa), 1122, (1 - n2

2
10r -
)N(M,Idxd) + % +rN(M’IdXd)> <(

n
2 +r 2

where the last inequality holds because r < 5. As the total variation distance between two distri-
butions is upper bounded by v/2 times their Hellinger distance, we get that with probability at least
1 — 2e=%32 over i,

oy oy, 10r 10r ~
Dry (Hffl N(u, Lixa), T2 <1 - ) N (pt, Tasea) + nN(u,Idm)

5T 7t T
24/2rd%/2  24+/2rn¢
< < ,
= Vn = n

where the last inequality is true because n > V/d.

Now, from Lemma@ we know that if with probability at least 1—e; over Z | Dpy (X2 |ZY, 22 |ZY) <
€2, then Dpy((Z),X2),(Z%,Z2)) < €1 + €. In this case, e; = 2932 and e, = %\/}Lnge, )
we get Dpy((ZY,X2),(ZY . 22)) = Dpy(Xom, Z),) < 2e7%/32 4 %. We also know that

Dry (Z, Z!) < e=817/26 Using triangle inequality, we get

24\/57"”96 + 6_81T/26.
n

7

DTV(Xma Z’m) S 26_d/32 +

1_9c
For 6 > 2(2e~%/32 4 ¢=817/26) "and for r < "4287\/955, we get Dry (Xom, Zm) < d. For d large enough,
n2_

144v/2

1_9c
b)

setting 0 = % and r <

we get the desired result. Note that we haven’t tried to optimize the

constants in this proof.

576r2d°¢ < 576r2d¢
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Lemma 10. Let P = N(0,Iixq) and Q = N(ji,Iixq) be d-dimensional gaussian distributions. For
n 107 107 24r sllall®
r< g H (P (1- 3% ) P4 Q) < 2re®is,

Proof. We work in the rotated basis where @ = N((||]],0,0,...,0), I4jxq) and P = N(0, Ijxq). Let
——

d—1 times
P, = N(0,1) and @, = N(||fz||, 1) denote the projection of P and @ along the first coordinate axis re-
spectively. Note that the mixture distribution in question is the product of ((1 — 10r ) 1+O’; Ql)

and N(0,14-1x4-1), and P is the product of P; and N(0,I4_1x4—1)- Since the squared Hellinger

distance is subadditive for product distributions, we get, H (P, (1 - TI_EQ) P+ Tlfﬁ )
2

n

2
2
107 107
:H<ph(1_ n)p1+ an) .
r—+ bl T+ bl
Therefore, to bound the required Hellinger distance, we just need to bound
H (Pl, (1 10 ) P+ 2 Q1>. Let p; and ¢; denote the probability densities of P; and ((1 - )
2
: 10r 10r _ [® 2

respectively. We get H (Pl7 (1 — TJF%) P+ @Ch) = f_oo (\/pT — \/qT) dx

2
10r 107
<H (Ph (1 - ) P+ s Ql) + H(N(0, Ig—1xa-1), N(0, Ig—1xa-1))*

+ 2
2

2

& 1 ) ( 10r ) 1 2 10r 1 _
e—a2/2 _ 1— — )= /2 4 = e (@=laD?/2 | dx
—o (\/\/QW 7r % V2T
2

Jr
_ /oo 1 e_mz/Q - J1— 107“n n 107‘n —Jal2+20a)s +2) il
—oo V2 rty rt3

We will evaluate this integral as a sum of integral in two regions.

1. From —oo to ||/ /2:

2

lall/2 _ _

/ p 1 e_x2/2 - 1- 107‘n n 107”n ew d <
— 00 \/ 27T T + 5 T + 5

2

al/2 ¢ 10

/ e 21— J1- Tn dx.
— 00 \Y4 2 r+ b}

Since r < {5, we get ;- 107 < 1. Using 1 —y < /T —y for 0 <y <1, we get

. 2 i 2
/|u|/2 (e U MR (VI /2 q ex2/2< 10r> "
Ceo V2T T+ T V21 T+

40072
< —

n

10r
+Z

)
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2
1 [ele] 1 _ 2 107 107 —llall2+2|allx
2. From@tooo,weget f\lﬂ\lﬂﬁe z”/2 <1—\/1—T+7§+T+7§e 2 ) dx.
o0 1 2 /9 10 —yan2+21a)= ’
g/ e v/ 1+ - 2 —11 d=z.
lal/2 V2 r+3
107 —lal?+2llalle > dor N . 1 <14Y
2 2 iyo ow, using /1 +y < +§7

r+4

This is because = > ||fi|| /2, and therefore

we get

2
—lal2+2)ale
e 2 — 1) dx

/°° 1 e 107

e 1+ -

lal/2 V27 rt+3
o0

7/ 1 €_I2/2 (1+ 57’n

r+ )

lal/2 V2T

< 10072 /OO 1
_— —e
I V2T

Lal2+2)al 2
—lla alle
e 2 — 1) dzx

—_nl2 P _ 2
AP +2llAllz ,—2% /2 g,

Tt a2
2
:%(lmnz/ L 2lille—a?/4¢=a/4 gy,
n lall/2 V2m

Since 2||afjx — 22 /4 < 4|4]|?, we get
L e_$2/4) dx

2
S 1007“ e3|m”2 /oo
lal/2 V2

2
1007% a2 /Oo 2lillz—a2/a_L_—a?/a) 4o
2 2
n llal/2 v2m n
2
< 100\/§T 63”[”‘2 / ]_ e_$2/4 d(I;
B n? C oo VAT

2
< 100\/§T 63”["”2
— n2 -

Adding the two integrals, we get
10r 10r 2400/ 100v/2r% 4002
H (Pl, (1 - ) P+ Ql) < + 2l
5 T4+ n?2 n2
2

< 57677 sjan?
Ny

107 ) P+ T}f; ) < 2;%63”’1”2/2 which completes the proof.

2

This gives us H(P, (1 —hz
2
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5.3.4 Lower Bound for Procedures which Return a Superset of the

Input Samples

In this section we prove the lower bound from Proposition

Proposition 5. Let C denote the class of d—dimensional Gaussian distributions N (p, I) with un-
known mean p. There is an absolute constant, ¢, such that for sufficiently large d, if n < ﬁ, there

is no (n,n + 1) amplification procedure that always returns a superset of the original n points.

Proof. The outline of the proof is very similar to the proof of Proposition As in the proof of
Proposition [3 we define a verifier v(Z,,+1) for the distribution N(u, I) which takes as input (n + 1)
samples {7} € R%,i € [n+1]}, and a distribution D,, over y, such that if n < O(d/log(d)); (i) for all
u, the verifier will accept with probability 1 — 1/e? when given as input a set Z, 1 of (n + 1) i.i.d.
samples from N (p, I), (ii) but will reject any (n, n+1) amplification procedure which does not modify
the input samples with probability 1 —1/e?, where the probability is with respect to the randomness
in pu < D, the set X,, and in any internal randomness of the amplifier. Note that by Definition
of an amplification procedure, this implies that there is no (n,n 4 1) amplification procedure which
does not modify the input samples for n < O(d/log(d)). We choose D,, to be N(0,v/dI). Let ji_;
be the mean of the all except the i-th sample returned by the amplification procedure. The verifier

performs the following tests, and accepts if all tests pass, and rejects otherwise—
1. Vi€ n+1],|z; — ul* < 15d.
2. Vi€ [+ 1], (& — fis,p— i) > df (4n).

We first show that for a sufficiently large constant C' and n < O(d/log(d)), (n + 1) i.i.d. samples
from N (p, I) pass the above tests with probability at least 1 — 1/e?. As ||z} — u||? is a x? random
variable with d degrees of freedom, by the concentration bound for a x? random variable , a true
sample x} passes the first test with failure probability e~3%. Hence by a union bound, all samples
{x;,i € [n+ 1]} pass the first test with probability at least 1 — de™3¢ > 1 — 1/e3. Let E denote the

following event,

Vit 1), -l > d/n— /B0dlogd/n > d/(2n),
Vi€ [n+1],|fin — pl* <d/n++/20dlogd/n < 2d/n.

Note that ji_; + N(u, %) Hence, by using (5.7) with ¢ = 204/ logd, and a union bound over all
i€n+1],

Pr[E] > 1—1/é".

Note that as ) «— N(u, I), for a fixed fi_;, (x} — fi_s, 0 — fi—;) < N(||i—i — pl|?, || i—i — p]|?). Hence
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conditioned on FE, by standard Gaussian tail bounds,

Pr[(a] = fis, = i) < d/(2n) — v/20dlog d/n| < 1/n?,
= Pr|(z] —ji_y,p— ;) < d/(4n)} <1/n?,

where in the last step we use the fact that n < ﬁgd for a large constant C'. Therefore, conditioned
on E, {z;,;i € [n+ 1]} pass the third test with probability at least 1 — 1/e3. Hence by a union
bound, (n + 1) samples drawn from N (p,I) will satisfy all 3 tests with failure probability at most
1/e2. Hence for any p, the verifier accepts n+ 1 i.i.d. samples from N(u,I) with probability at least
1—1/€2.

We now show that for n < ﬁgd and p sampled from D, = N(0, VI ), the verifier rejects any
(n,n + 1) amplification procedure which does not modify the input samples with high probability
over the randomness in p and the set X,,. Let D, x, be the posterior distribution of u conditioned
on the set X,,. As in Proposition |3, D, x, = N (i, o2I), where,

9 1
n41/vVd

,l_l, = o,

n
n+1/vd
We will show that with probability 1 — e~3? over the randomness in the set X,, received by the
amplifier and with probability 1—1/e? over u < D,,|x, and any internal randomness of the amplifier,
the amplifier cannot output a set Z,, 41 which contains the set X,, as a subset and which is accepted
by the verifier. To show this, we first claim that ||| < 30d%/* with probability 1 — e?. Note that
to < N(p, 1), where p + N(0,v/dI). By (5.6), with probability at least 1 — e3¢, ||p|| < 15d%/4
and || 1 — poll < 15v/d. Hence by the triangle inequality, ||uo|| < 30d%/* with probability at least
1 —e~34. We now show that for sets X,, such that ||| < 30d*/*, Z, 41 cannot pass the verifier with
probablhty more than 1 — e? over the randomness in u|X,,. The proof consists of two cases, and the
analysis of the cases is similar to the proof of Proposition [3] Without loss of generality, assume that
Zny1 = {27, X}, hence 2} is the only sample not present in the set. We will show that either

or fi_1 fail one of the three tests performed by the verifier with high probability.

Case 1: ||z} — f]|* > 100d.

We show that the first test is not satisfied with high probability in this case. As u|X, + N(i,5?),
hence by (5.6), || — f||* < 15d/n with probability 1 — e=34. Therefore, if ||z} — fi]|> > 100d, then

with probability e=3%,

2} — ul|? > (V100d — \/15d/n)* > 15d,
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in which case the first test is not satisfied. Hence in the first case, the amplifier succeeds with

probability at most e3¢,

Case 2: ||z} — f]|* < 100d.

Note that for the sample ], 1 = po as the last n samples are the same as the original set X,.

We now bound ||fi—1 — fi]| as follows,

" _ ol _ 30d"/*
1 - = _ < < .
llfi—1 — ] HMO et 1/\/8%“ S vl "

We now expand (2] — fi_1, & — fi—1) in the third test as follows,

(@) = fia,pp— fir) = (&) — o — 1) = (fioy — iy pp— 1) — (@) — i, ooy — 1) + | i1 — ],

IN

(@) = fopp— ) — (fimy — i, o — ) + |2y — allll =1 — Al + | a—r — Al

Note that (fi_1 — fi, u — ji) is distributed as N(0,52||fz_1 — j]|?) and hence with probability 1 —1/e3
it is at most 10[/i—1 — ji||//n. Similarly, with probability 1 — 1/e3, (2} — fi, u — 1) is at most
10|z} — fi||/v/n. Therefore, with probability 1 — 2/e3,

(@) = v, p = fim1) 10|25 — Al /v + 100 amy — All/v/n+ ) = Allla-r = Al + -1 — Al

d d3/4 d3/4 d
< 100\/74— 300—— + 300—— + 900£
n n?2 n n?

< 100\/E+ 150O£/A1
n n
52 ()

Hence for a sufficiently large constant C', n < ﬁgd and d sufficiently large, with probability 1—2/e3,

;. . d

(@1 = ot = 1) <

which implies that the second test is not satisfied. Hence the amplifier succeeds in this case with
probability at most 2/e3.

The overall success probability of the amplifier is the maximum success probability across the two
cases, hence for sets X,, such that the ||ug| < 30d3/%, the verifier accepts the amplified set Z,, 1
with probability at most 2/e3. As Pr {HHOH < 3Od3/4] > 1 — e~ 34, the overall success probability of
the amplifier over the randomness in p, X, and any internal randomness of the amplifier is at most

1/e2. O
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5.4 Proofs: Discrete Distributions with Bounded Support

5.4.1 Upper Bound

In this section we prove the upper bound from Theorem The algorithm itself is presented in

Algorithm [9] For clarity of writing, we assume that the number of input samples is 4n, instead of n.

Algorithm 9 Sample Amplification for Discrete Distributions

Input: Xy, = (21,22,...,%4y), where x; « D, for any discrete distribution D over [k].
Output: Zm = (b, ... ), such that Dry (D™, Z,) <
1
3
1: Ny, N3 < Poisson(n) {Draw two i.i.d samples Ny and Ny from Poisson(n)}
2: N := Nj + Ny
3: if N <4n then
4 Xpn, = (z1,29,...,2N,)
5 XN, = (TN, 41, TNy 42, - TN 4N, )
6: else
7. {Uninteresting case: happens with low probability}
8 Xn, = (z1,21,...,21)
N7 times
9 Xpn, = (r1,21,...,21)
N5 times
10: end if
11: r:=8(m —n)
12: (2,25, ..., 2%y p) = AmplifyDiscretePoissonized (X, , Xn,,7,n)

> Amplify first N3 + Ny samples to N7 + Ny + R samples, for R roughly distributed as Poisson(r)

13: Ry := maxz(R,r/8)
14: if R < r/8 then
15: > Uninteresting case: happens with low probability

/ / / O / !/ /
16:  (v7,2%,..., 2, g, ) = (T, T, ..., Ty gy T1, 21, .., 71)
—_——
g — R times
17: end if
. / / ’Y —
18: (mN+R1+17xN+R1+27 . ,Jj‘m) = (IN+1,.’L‘N+2, - ,J}4n,(31,§))

> Add the remaining samples to get 4n + r/8 samples in total

19: Zpy = (2,2, ..., 20)
20: return 2,

Proposition 6. Let C denote the class of discrete distributions with support size at most k. For

sufficiently large k, and m = 4n + O (%), C admits an (4n,m) amplification procedure.

Proof. To avoid dependencies between the count of different elements, we first prove our results in
a Poissonized setting, and then in lemma we describe how to use the amplifier for Poissonized
setting to get an amplifier for the original multinomial setting. Let D € C be an unknown probability

distribution over [k], and let p; denote the probability mass associated with i € [k]. Throughout
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Algorithm 10 AmplifyDiscretePoissonized

Input: Xy, Xn,, 7, n.
Output: Generates approximately Poisson(r) more samples given N1 + Ns input samples.
XN, = (x1,22, ..., 2Ny )y XNy = (TN, 41, TN 42,5 - -, TNy +N, ), and 7 = 8(m — n)
for all j € [k] do
count; := Ziill 1(xz; = j), for j € [k] > Find the count of each element in first N; samples

~ count; .

pj = = for j € [k]

%; < Poisson(p,r), for j € [k]
end for

ko

==
(@], 25, .. 2y ) = (21,22, TN,

/ / —
(TN, 415+ > TN, 4 Ny g) = RandomPermute((zn, 41, TN, 42, - - TNy 4N, L Lo Lo B K LK)

—_——— —_———
Z1 times Zp times
/ / /

return (7,25, , %N, Ny1R)

the proof, we use random variable X, to denote ¢ independent samples from D, where ¢ can also
be a random variable. Suppose we are given N = N; 4+ N5 independent samples from D, denoted
by Xn, and Xp,, where Ny and N3 are drawn from Poisson(n). We show how to amplify them to
M = N+R samples, denoted by Zyr, such that Dy (Z 5, Xar) is small, where M < Poisson(2n+r).
Our amplifying procedure involves estimating the probability of each element using Xy, , generating
R independent samples using these estimates, and randomly shuffling these samples with Xp,. Let
u; be the count of element ¢ in X, and y; be the count of ¢ in X, noting they are both distributed

as Poisson(np;). The amplification procedure proceeds through the following steps:

1. Estimate the frequency p; of each element using u;, that is, p; = 7*.

2. Draw 2; « Poisson(rp;) additional samples of element i for all i € [k].
3. Append these generated samples to Xy, to get Zn,+r.
4. Randomly permute the elements of Zn,; g, and append them to Xy, to get Z,;.

We first show that Z; is close in total variation distance, to Poisson(2n+1) samples generated from
D. We will prove this by showing that with high probability over the choice of Xy, , the distribution
of Zn,+r is close to Poisson(n + r) samples generated from D. After this, we can use lemma |§| to
show that appending Zn,+r to the samples in Xy, results in a sequence with low total variation
distance to Xjs. Since our amplification procedure randomly permutes the last Ny + R elements,
we can argue this using only the count of each element. Recall y; is the count of element ¢ in Xy,
and Z; is the number of additional samples of element i added by our amplification procedure. Let
z; < Poisson(rp;), and let v; = y; + 2; and 0; = y; + 2;. Here, v; denotes the count of element ¢ in

Poisson(n + r) samples drawn from D, and ©; denotes the corresponding count in samples generated
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using our amplification procedure. We use P, to denote the distribution associated with random

variable v.

Lemma 11. For r < ne'®/(4Vk), with probability 1 — ¢ over the randomness in {u;,i € [k]},

k k
dTV (HU@H@) S 6/2.

i=1  i=1
where [ refers to the product distribution.

Proof. We partition the support [k] into two sets. Let S = {i : p; > ¢/(2nk)} and S¢ = [k]\S. Let
|S| = k’. Without loss of generality, assume that S ={i:1<i<k'} and S°={i: k' +1<i <k}
We will separately bound the contribution of the variables in the set S and S¢ to the total vari-
ation distance. For the first set S, we will upper bound Zf;l Dy (v; || 9;), and use Pinsker’s
inequality to then bound the total variation distance. For the second set S¢, we will directly bound
Zf:k, 41 dpv (vi, 0;). All our bounds will be with high probability over the randomness in the first
set {u;, 1 € [k]}.

We first bound the total variation distance for the variables in the first set S. Note that because the
sum of two Poisson random variables is a Poisson random variable, v; is distributed as Poisson(np; +
rp;) and ©; is distributed as Poisson(np; + ru;/n). We will use the following expression for the

KL divergence D (P || Q) between two Poisson distributions P and @ with means A; and Ay

respectively—

A

Dgr(P || Q) = A1log (Al) + A2 — A1 (5.10)
2

Using this expression, we can write the KL divergence between the distributions of v; and v; as

follows,

pi(n+1)
pin + ru;/n

DKL(Uz’ || '[)z) zpi(n—H") IOg < > =+ (’I"Uz/n — rpi).

Let §; = u; — np;. We can rewrite the above expression as follows,

pi(n+r)
pi(n+71)+718/n
1
14+7r6;/(np;(n+ 1))

Dict(vr || 8) = pa(n + ) log ( ) o /m,

=pi(n+r) log< >—|—7’5¢/n.

Note that log(1 + z) > = — 222 for x > 0.8. As 6; > —np;, therefore r6;/(np;(n + 1)) > —0.8 for
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r < n. Therefore,

1 21262
i(n + 1) log < —réi/n 4
P 1+76;/(npi(n+1))) — n?p;(n+7)
27262
= D il 0) £ 5—F——,
el 0 = o )
K K
2r2 52
— Dgr(v; || 0;) < — L, 5.11
> Pt ) < 57 30 (5.11)

. K62
We will now bound ) L

i=1 np;

. As a Poisson(A) random variable has variance A and §; = u; — np;

where u; < Poisson(np;), therefore,

k!

E Z 5 =K.

no:
=1 P

Also, the fourth central moment of a Poisson(\) random variable is A(1 + 3\), hence

Var[s?] = E [64] - E [62]2,

npi(1+ 3np;) — (np;)® = npi(1 + 2np;),

o o 1%

= Var Z5i 22714_2?2%.

np; n
im P i=1 pi

As p; > €/(2nk) for i € S and k' < k, therefore,

k/
52
Var Z L §2k2/e+2k§4k2/e.

nn.
im1 P

Hence by Chebyshev’s inequality,

K’ |
02
Pr g — — kK > 4k/e| <e/4,
np;
i=1

K’ i

52
= Pr E n;) >4k/e| <e€/4. (5.12)
i=1 Tt

52 .
i < 4k/e. By (5.12)), Pr(E1) > 1 — ¢/4. Conditioned on the event

np; —

Let E; be the event that Zf;l
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E; and using (5.11}), we can bound the KL divergence as follows,

2
DKL(H Ui Hvz) = Dgr(vi | %) < 87:25'

i€S i€S i=1

Hence for 7 < ne'®/(4v/k) and conditioned on the event E,

DKL(H i Hu) < /2.
€S

€S

Hence using Pinsker’s inequality, conditioned on the event Ej,
drv (H Vg, H%) <e¢/2.
ieS €S

We will now bound the total variation distance for the variables in the set S¢. Let E5 be the event
that u; = 0, Vi € S¢. Note that as u; ~ Poisson(np;) where p; < €¢/(2nk), u; = 0 with probability
at least e~¢/(?*) hence Pr(FEy) > e~/2 > 1 — ¢/2. We now condition on the event E,. Recall that
v; = y; + 2;, where z; ~ Poisson(rp;) and 9; = y; + 2;, where 2; = 0 conditioned on E5. By a coupling
argument on y;, the total variation distance between the distributions of v; and 0; equals the total

variation distance between the distributions of z; and 2;. As Z; = 0, conditioned on the event Fs,

dpy (vi,8;) = Pr(z; #0] = 1 — e < 1— 77/
<

as r < n.

Hence conditioned on FEj,
k
drv (H vi [] @z> < Y drv (vi,1) < /2.
ieSe  ieSe i=k/+1

Hence conditioned on the events Fy and FEs,

k k

drv <H%Hﬁz> <drv (H UuH@) +drv (H Vg, H fh) <e.
i=1 =1 i€S  ieS i€eSe  ieSe

As Pr(Ey) > 1 —¢/4 and Pr(E3) > 1 —€¢/2, by a union bound Pr(E; U E;) > 1 — e. Hence with

probability 1 — e over the randomness in {u;,7 € [k]},

k k
drv (H UnH@‘) <e
=1 i=1
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O

Lemma [11] says that with high probability over the first N7 samples, the No + R samples are close
in total variation distance to Poisson(n + r) samples drawn from D. Using lemma [I1] and lemma [9)
we can conclude that for r < ne'®/(4Vk), Dpv(Xar, Z5;) < € +¢€/2 = 3¢/2.

Next, we show how to use the above amplification procedure to amplify samples in the non-
Poissonized setting. Given N = N7 + Ny samples from D, we have shown how to amplify them to
get M = N + R samples. Given such an amplifier as a black box, and 4n samples from D, one can
use the first IV samples to generate M samples. Then append these M samples with the remaining

4n — N samples to get an amplifier in our original non-Poissonized setting.

Lemma 12. Let N = Ny + Ny where Ny, No < Poisson(n), and let M <+ Poisson(2n+1). Suppose
we are given an (N, M) amplifier f (as described above) satisfying Dry (f(Xn), Xnm) < 25, for all
D € C. Then there exists an amplifier f' : [k]*" — [k]*"*5, such that Dry (f'(Xan), Xanyz) < B¢

= 9
for € > 2730 + e %, and for r < ne*5/(4VE).
Proof. We divide the proof into three steps:

e Step 1: f takes as input Xy, and Xy, samples of size N; and Ny drawn from D. To sim-
ulate these samples, we use the 4n samples available to us from D. We draw N{, Nj <
Poisson(n), and let N’ = Nj + Ny. If N’ < 4n, we set Xy; = (w1,%2,...,757) and

Xn; = (TNj41, TN 125+, 2Ny).  Otherwise, we set Xy = (71,21,...,21), and Xpy; =
—_— ——
N{ times
(x1,21,...,21), but this happens with very small probability leading to small total varia-
—_——
N/ times

tion distance between f(Xny,,Xn,) and f(Xn/, Xpz), and by triangle inequality, small TV
distance between f(Xy/, Xy;) and Xps. We denote (Xy,, Xn,) by Xy and (Xy;, Xn;) by
Xy

e Step 2: We would like to finally output g more samples. Let us denote the number of

samples in f(Xy/) by M'. If M' < N' + ¢,

(say x1) so that the total sample size is equal to N’ +g. If M' > N’ + g, we don’t do anything

we append N’ + ¢ — M’ arbitrary samples to it

in this step. Let t1(f(Xn/)) denote the samples outputted in this step. Since the number of
new samples added by f is roughly distributed as Poisson(r), the probability that the number
of new samples is less than r/8 is small, leading to small T’V distance between t1(f(Xn-)) and
f(Xn/), and by triangle inequality, small TV distance between ¢1(f (X)) and Xpy.

e Step 3: Let Mj denote the number of samples in ;(f(Xn-)), and let Q] = 4n + ¢ — M]
denote the number of extra samples needed to output 4n + g samples in total. If Q) > 0, we
append @ ii.d. samples from D to ¢1(f(Xn+)), and if @] < 0, we remove last |Q}| samples
from t1(f(Xn+)). We use ta(t1(f(Xn+))) to denote the output of this step. Step 2 ensures
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M > N’ + g, which implies Q) < 4n — N’. Let X4, n' = (TN/41,ZN/42,- .., T4,) denote
the leftover samples in Xy, after removing the first N’ samples. When @} > 0, we use the
first @) samples from Xy, n/ to simulate i.i.d. samples from D, that is, t2(t1(f(Xn/))) =
append(t1(f(Xn1)), (TN/+1, TN 42, -+, TN 1)) ta(ta(f(Xnv))) is the final output of our
amplifier f’.

Similarly, let Q1 = 4n + g — M denote the number of extra samples needed to be appended
to Xas to output 4n + g samples in total. If Q1 > 0, t2(Xys) correspond to appending (1
samples from D to X, and otherwise, it corresponds to removing last |Q;] samples from
Xpr. Since applying the same transformation to two random variables can’t increase their

total variation distance, and from step 2, we know that Dpy (t1(f(Xn-)), Xar) is small, we get
DTV (fg (tl (f(XN/))), tg (X]\/[)) is small.

As to(Xpr) corresponds to 4n + g ii.d. samples from D, DTV(X4n+§,t2(XM)) = 0. Using
triangle inequality, we get Dy (ta(t1(f(Xn+))); Xany r) is small which is the desired result.

Next, we prove that the total variation distances involved in each of these steps are small.

e Step 1: We first bound Dry (f(Xn), f(Xn1)).

Drv(f(Xn), f(Xn')) < Drv(Xn, Xnv)

1
=3 Z |[Pr(Xy =z) — Pr(Xn = z)|
xT
1
=3 > [Pr(Xy =z | N <4n)Pr(N < 4n) — Pr(Xys =z | N' < 4n)Pr(N' < 4n)
+Pr(Xy =z | N >4n)Pr(N > 4n) — Pr(Xn =2 | N > 4n)Pr(N' > 4n)|

where the first inequality holds as applying the same transformation to two random variables
can’t increase their total variation distance. Now, note that Xy and Xys have the same
distribution conditioned on N < 4n and N’ < 4n. Also, Pr(N < 4n) = Pr(N’ < 4n) and
Pr(N > 4n) = Pr(N’ > 4n), as both N and N’ are drawn from Poisson(2n) distribution. This

gives us

DTV(f(XN)7f(XN/)) = %Z PI"(N > 4n)|Pr(XN = | N > 4n) - PI‘(XN/ =X | N' > 4n)|

x

< Pr(N > 4n)

Using the triangle inequality, we get Dry (X, f(Xy)) < Pr(N > 4n) + 3¢/2. To bound
Pr(N > 4n), we use the following Poisson tail bound [29]: for X <« Poisson(}),

Pr[X > A+ 2], Pr[X < A —z] < exe. (5.13)
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As N is distributed as Poisson(2n), we get Pr(N > 4n) < e~", which implies Dry (X, f(X})) <
-n 3e

(& + 35 -

e Step 2: In this step, we need to show Dry (t1(f(Xn)), Xar) is small. Note that 1 (f(Xn/))
is equal to f(Xnv) except when M’ < N’ + ¢. From step 1, we know that Dry (f(Xn/), Xas)
is small. If we show Dpy (f(Xn/),t1(f(Xn+))) is small, then by triangle inequality, we get
Doy (X, t1(f(Xn))) is small. Let M’ = N’ 4+ R’ where R’ denote the number of new
samples added by the amplification procedure f to Xpy.

Dry (t1 (f (Xn1)), f (X))

_ %Z Pr(t (f (Xa0)) = 2) — Pr(f (Xnr) = )]

;Zﬂ; Pr (R’ < g) (Pr (tl (f(Xy)) =2 | R < g) —Pr (f(XN/) —z|R < g))
+Pr(R’2%) (Pr(tl(f(XN/)):z\R’zg)—Pr(f(XN/):a:\R’>T)>|
We know Pr (t1 (f (Xn/)) =2 | R > %) =Pr(f (Xn) = | R > %). This gives

Drv (t1 (f (Xnv)), f(XnN7))
= ;zw: |Pr(R' < g) (Pr (tl (f(Xn))=z| R < g) —Pr(f(XN/) —z|R < g))‘

r
<P(R’ 7)
< Pr <8

Now, we need to bound Pr (R’ < 7). From the description of f, we know that the number

8
of new copies of element i added by f is distributed as Poisson (rp;). Here, p; = % where u;

denotes the number of occurrences of element 7 in X ;. Since the total number of samples in

k ) ’
Xy is Ny, we get Zle Dy = Tim v % Note that R’ is equal to the sum of number of

n

new copies of each element, and as the sum of Poisson random variables is Poisson, we get R’
Cge . N/
is distributed as Poisson <r71)

Pr(R’<;):Pr<R’<;|N{>%)Pr<N{>?ZL>+Pr(R’<g|N{<?ZL>Pr<N{<?ZL>

§Pr(R’<;|N{>3n)+Pr<N{<SZ)
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Using Poisson tail bound (5.13)), we get

r 3n (5r/8)° _
P R/ - N/ > < _ — 251"/88
r( <3l 1-4)-“”( 3r/itor/8) ¢

’ 3n (’I’L/4)2 n/20
— < [ N S A— —
Pr (Nl < eTp n /4 e

This gives us Dy (f(Xn), t1(f(Xn))) < e=257/88 4 ¢=n/20 " By triangle inequality, we get
DT\/(XM, tl(f(XNl))) < % +e ™+ 6_25T/88 + €_n/20.

e Step 3: For this step, we need to show Dpy (t2(t1(f(Xn+))), t2(Xar)) is small. Since applying

the same transformation to two random variables doesn’t increase their TV distance, we get

Dry (ta2(t1 (f(Xn1))), t2(Xar)) < Dy (1 (f (X)), Xar)

§%+e—7l++e—25r/88+e—n/20

As Drv(Xantz,t2(Xn)) = 0, using triangle inequality, we get

3 =4
Dy (t2(t1 (f(Xn1)))s Xangz) < 56 LM g o257/88 | o=n/20

For € > 2e"/20 4 ¢=257/88 thig gives us DTV(f'(X4n),X4n+§) = DTV(tQ(t](f(XN’))),X4n+%)

5e
5 -

<
O
From lemma we get that for € > 2e="/204¢=257/88 "and for r < ne™>/(4v'k), Dry (f'(Xan), Xantz) <
%. We can assume n is at least vk, and r is at least 8, as otherwise the theorem is trivially true. So
for k large enough (implying large n), we can put € = %, to get Drv (t2(t1(f(Xn1))), Xan+z) < %,
which finishes the proof! O

5.4.2 Lower Bound

In this section we show that the above procedure is optimal, up to constant factors for amplifying
samples from discrete distributions. We first describe the intuition for showing our lower bound
that the class of discrete distributions with support at most & does not admit an (n,m)
amplification scheme for m >n + 07%’ where c is a fixed constant. For n < %, we show this lower
bound for the class of uniform distributions D = Unif[k] on some unknown k elements. In this
case, a verifier can distinguish between true samples from D and a set of amplified samples by
counting the number of unique samples in the set. Note that as the support of D is unknown, the
number of unique samples in the amplified set is at most the number of unique samples in the

original set X,,, unless the amplifier includes samples that are outside the support of D, in which
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case the verifier will trivially reject this set. The expected number of unique samples in n and m
draws from D differs by %, for some fixed constant ¢;. We use a Doob martingale and martingale
concentration bounds to show that the number of unique samples in n samples from D
concentrates within a % margin of its expectation with high probability, for some fixed constant
cg < ¢1. This implies that there will be a large gap between the number of unique samples in n
and m draws from D. The verifier uses this to distinguish between true samples from D and an
amplified set, which cannot have sufficiently many unique samples.

Finally, we show that for n > %, a (n, n+ 0/7’%) amplification procedure for discrete distributions on
k elements implies a (%, % + ¢/v/k) amplification procedure for the uniform distribution on (k — 1)
elements, and for sufficiently large ¢’ this is a contradiction to the previous part. This reduction
follows by considering the distribution which has 1 — ﬁ mass on one element and ﬁ mass
uniformly distributed on the remaining (k — 1) elements. With sufficiently large probability, the

k

number of samples in the uniform section will be ~ 7, and hence we can apply the previous result.

Proposition 7. There is a constant c, such that for every sufficiently large k, C does not admit an

(n, n+ %> amplification procedure.

The proposition follows by constructing a verifier and class of discrete distributions over k
elements, C with the following property: for a universal constant ¢ and p + Uniform|C], the
verifier can detect any (n,n + %) amplifier from with sufficiently high probability.

Before we prove Proposition [7] we introduce some additional notation and a basic martingale
inequality. Let C* be the set of discrete uniform distributions over k integers in 0, ..., 8k. Let C’l’c
be the set of discrete distributions with mass 1 — [ on one element and uniform mass over k — 1
remaining integers in 0, ...,8k. We also rely on some martingale inequalities which can be found in
[39].

Fact 4. Let X be the martingale associated with a filter F satisfying:
1. Var[X; | Fi_1] < o2 for1<i<n
2. 0 < X; <1 almost surely.
Then, we have
N C
Pr(X —E[z] > )\) <e 2(Eei+/3),
Similarly the following holds (though not simultaneously):

A2

Pr(X —Elz] € —\) S e =00,

Finally we rely on slight generalization of the birthday paradox which can be found in [19].

Fact 5. Let n samples be drawn from a uniform distribution over k elements. Then the probability

n?

of the samples containing a duplicate is less than 5.
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The proof proceeds in two parts. First we prove a lemma that shows the desired result for n < %
We then show show a class of distributions that allows us to reduce the general case to the result

shown in the lemma.

Lemma 13. For sufficiently large k, fixred ¢ and m =n + 30% < % the following holds:

There exists a verifier that for p ~ Uniform[C¥] the following holds true:
1. For all p, it accepts X, with probability at least % over the randomness in X,,.

2. It rejects f(X,) with probability at least % for any amplifier f over the randomness in X,,p
and the amplifier.

Proof. First we consider the case when n < @ Consider the verifier that takes % +1 < \/g
samples from the given samples uniformly at random and accepts if there are no repeats by Fact [5]
and the support is correct. The probability of a duplicate with the real distribution is less than i
by fact |5|so the verifier will accept samples from the true distribution with at least probability %.

An amplified set, on the other hand, must have repeats outside of the original elements it saw.
This is because if the amplifier expanded the support of the set, the verifier would catch it with
probability %. To show this, consider a sample added by the amplifier outside of the seen support.
Conditioned on the at most % unique samples seen so far (which implies that % of the support

is still unseen), the probability, over the choice of p, of said sample being in the set is at most

(3/4)k (3/4)k
8k—n < 7.5k

is rejected with probability %. Note that if the amplified set has at most % unique elements, then

< %. Hence if the amplified set has any element outside the original support then it

it can be immediately distinguished for having too many repeats.

We now examine the case when n > % Since the verifier can identify when the amplifier introduces
7
8
such elements for the remainder of this proof. The proof proceeds by showing that a set the size

unseen elements with probabiltiy at least £, we condition on the event that the verifier identifies

of the amplified set must have significantly more unique elements than the original set. Before

we proceed with the details of the proof we define the martingale that is central to the argument.

Consider the scenario where the n samples are drawn in sequence, and let F; denote the filtration

corresponding to the i-th draw (i.e., information in the first ¢ draws). Let U; be the indicator that
n n

is the ith sample was previously unseen. Let U™ = >  U;. Note that B, =E | U; | 5| is a
=1

i=1 j
Doob martingale with respect to the filtration F; and B,, = U. Also, B; has differences bounded

by 1 as U; is an indicator random variable. If j is the count of previously seen elements then
Var [B; | Fi] < Var[U; | F;] < (]“;72])] Since n < £ the variance is upper bounded by £ < 2.

The verifier will accept only if all elements are within the support of the distribution and the number
unique elements is greater than E[U"] + 77 under X,,.

The remainder of the proof will show the following;:
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1. U™ concentrates around its expectation within a O (%) margin for X, (this shows the am-

plifier gets too few unique samples to be accepted by the verifier).

2. The expectation E[U™ — U™] increases by at least € (%) from X,, to X,,, (which shows the

number of unique items is sufficiently different in expectation between X,, and X,,).

3. U™ concentrates around its expectation within a O (%) margin for X,, (this combined
with the previous statement shows the verifier accepts real samples with sufficiently high

probability).

The upper tail bound follows via Fact Recall that % < 4%2 since n > 4

n
Pr(U"—-E[U" >7T— | <ex
( "] > \/E>_ P

72n
<exp | ——— k7
2(5 + %)
2n
< exp <_ n27 k An2 )
2(% +7%0)
2n?
= exp ( ! f n2>
2(1+357) %
1
< -,
-8

Note that this suffices to show that the verifier can distinguish any amplifier with sufficiently many
unique samples.
Let k be sufficiently large that the following conditions hold for both k£ and k — 1:

n k

2. The samples increased by at most a factor of 2

Now we note that the E[U"] and E[U™] must differ by at least 1572, since m < % implying that

every new sample has at least a % probability of being unique. Now all the remains to show that

the verifier will accept X, is to show concentration of U within % of its mean.
Since the number of samples increased by at most a factor of two, the bound on the o2 increased by

at most a factor of two. This suffices for the lower tail bound on U for X,,—
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Thus X, will have sufficiently many unique elements to be accepted by the verifier with probability
at least %. A success probability of % follows from subtracting the probabiltiy that the verifier did

not properly identify unseen samples.
O

We are now ready to prove Proposition [7}

Proof. If n < %, then Lemma [13| applies directly. If not, we use the set of distributions C¥ with the
4

intention of applying Lemma [I3] on samples that land in the uniform region.

The verifier will check that the samples are within the support of the distribution, more than n+7%

samples are in the uniform region and the verifier from Lemma [13| accepts on the uniform region.

First note that after n samples, at most % + % samples will be in the uniform region with at
least probability % by a Chebyshev bound. Conditioned on this event, Lemma |13| shows that the

amplifier cannot output more than % + O(V'k) samples in the uniform region and will be rejected
by our verifier.

Now we show that the verifier will accept real samples with good probability. Note that the expected
number of samples to receive in the uniform region for X, is %—FC\/E . The variance on this quantity is
%Jrcx/ﬁ An application of Chebyshev’s inequality shows that with probability at least %—g sufficiently

many samples will land in the uniform region.

Z-‘FC\/E—ZHIZ-FC\/EZ%-FC\/%—Q\/%—ZL\/C\/E

> " 4+ evk —2Vk — 4Vck.

>~ 7
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Since the expression above is increasing with ¢, we can choose a c sufficiently large so that the verifier

will accept with sufficiently high probability. O

5.5 Conclusion

In this chapter we defined the concept of sample amplification and demonstrated that it is a
statistically easier problem than distribution learning for discrete distributions and multivariate
Gaussians of known covariance. Further work by Yanjun Han and the authors of the original
sample amplification paper, extend these results to a wide variety of distributions. However, our
understanding of data augmentation and synthetic data techniques remains incomplete.
In particular, the amplification factors demonstrated in this paper are rather small. While this
small degree of amplification is occasionally useful, as shown in the examples, there are also
empirical examples of it being useful to amplify beyond what is possible under the model used in
this chapter. This motivates two directions of study. The first direction is whether larger
amplification is possible when the way the data is used is restricted. For example, if we know that
our data will be used to fit a particular class of models via empirical risk minimization, does this
mean it is useful to amplify beyond the amounts discussed in this chapter? Should we use a
different set of amplification techniques in such settings? Another direction is to develop a broader
understanding of synthetic data. If we use our dataset to generate a dataset which is far from one
drawn iid from the distribution our models are evaluated on, can it still be useful? What properties

do we really need from a dataset in order to have guarantees that our models will perform well?
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