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Abstract
This article presents a performance measure, the actuation eficiency, which describes the imbalance between the end-effector accelerations achievable in different directions of non-redundant robotic manipulators. A key feature of the proposed measure is that in
its development the unitam differences between linear and angular accelerations are treated in a physically meaningful manner. The memure also indicates
oversized actuators, since this contributes to the imbalance in achievable accelerations. The development
of this measure is based on the formulation of the
Dynamic Capability Hypersurface. The shape of this
hypersurface is a weak indicator of the level of imbalance in achievable end-effector accelerations.
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Introduction

A mechanism’s ability to accelerate its end-effector
determines how quickly it can manipulate grasped
objects, as well as its responsiveness to controller
commands. This ability is referred to as Acceleration
capability when every acceleration direction is considered. An imbdance in acceleration capability implies
that the manipulator can achieve different levels of
acceleration in different directions. Although a perfect balance is difficult to achieve, manipulators with
a more balanced acceleration capability are versatile
and adaptable, making them useful in many different
tasks. Here, the actuation eficiency is proposed as a
meaure of the imbalance in acceleration capability,
intended for use in manipulator design.
In this work, acceleration capability is described by
the magnitude of the smallest achievable end-effector
acceleration of the set of all possible accelerations
from a given manipulator configuration. This magnitude is referred to as the balanced or isotropic acceleration. This quantity is useful for studying imbalances in acceleration capability, although it does
not directly measure this characteristic.
‘This work was completed at Stanford University.
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A number of studies have examined the isotropic acceleration including [l]which presents the Dynamic
Manipulability Ellipsoid and a method for determining the isotropic acceleration. [2] proposes condition
numbers of the Jacobian and a weighted inertia tensor as measures of isotropy. [3] presents an actuator
selection algorithm based on the isotropic acceleration. [4, 51 describe the acceleration parallelepiped
from which the isotropic acceleration can be found.
[GI defines the acceleration radius, which describes
the isotropic acceleration over the workspace. [7, 81
develop acceleration set theory for determining the
isotropic accelerations. Other studies followed the
approaches listed above [9, lo].
However, these earlier studies did not address the
unitary inhomogeneity between linear and angular
accelerations. This limits their utility to mechanisms
with three or fewer degrees-of-freedom (DOF). The
unit problem was discussed extensively in [ll, 12,
13, 141. The Dynamic Capability Hypersurface 1151
was developed to provide a description of the linear
and angular balanced accelerations for a six DOF
non-redundant manipulator. The proposed measure,
defined as the ratio of useful to available torque, is
based on the hypersurface. “Useful” torques refer
to those that contribute to a balanced acceleration
capability. The amount of extra available torque depends on the mechanism’s dynamics and the actuator sizes. The proposed measure indicates when
changes in these two areas could be beneficial.
In the next sections, a brief discussion of the balanced acceleration is presented first, followed by
the development of the actuation efficiency measure.
The measure is evaluated and used for the redesign
of the PUMA 560 manipulator.

2

Balanced Acceleration Capability

As stated earlier, examining baIanced accelerations
facilitates understanding imbalances in acceleration
capability. This investigation involves the relationship between the bounds on actuator torque capac3325

ity and end-effector acceleration, which is developed
from the equations of motion,
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The velocity terms are omitted from equation (1)and
will not be considered in this analysis. In equation
(l), q, g , r and Y are vectors of joint/generalized COordinates, gravity forces, joint torques and actuator
torques respectively. A and G are the mass matrix
and the transmission matrix describing the relationship between actuator and joint torques. Inequation
( 2 ) , 2) and w are the linear and angukend-effector
velocities, and J is the Jacobian matrix. The 'dot'
indicates time differentiation, for instance b = $.
Combining equations (1) through (3) yields
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The reader is referred to 1151 for the details. Equation (4) has been normalized by the actuator torque
capacities contained in the diagonal matrix N with
N .,,. - 1
Tsasn.,, , resulting in bounds equal to one.
The balanced accelerations are determined by visualizing the terms in equation (4) as geometric objects, and exploring the relationships between them.
For instance, the bounds are considered as an ndimensional hypercube where each side has a length
of two as shown in Figure l a for a simple two DOF
planar manipulator. At a particular configuration,
the gravity term is constant and can be subtracted
from the hounds, thereby shifting them away from
the origin.
First, consider the linear balanced acceleration
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It is assumed that llbll has some value so that equation (6) defines a sphere. The largest value of IlGIl
that satisfies equation (4) is determined from the
sphere's image in torque space, .obtained using E,
from equation (4),

(b)

Figure 1: Two DOF Balanced Acceleration

where the superscript + indicates the Moore-Penrose
pseudo-inverse. This ellipsoid is ;napped to the origin and expanded/contracted until it is inscribed
within the torque bounds. The value of llbll a t which
this occurs determines the linear balanced acceleration 11611b as shown in Figure 1.
The directions in which the ellipsoid does not touch
the bounds indicate where there is more torque capacity available for achieving higher accelerations.
Figure la shows a large imbalance in the amount of
acceleration achievable in different directions. However, it is impossible t o attain a perfectly balanced
acceleration capability, because the ellipsoid cannot
simultaneously lie within and completely fill the volume within the torque bounds.
A more balanced acceleration
capability
is obtained when the
torque ellipsoid occupies
as much volume within
the torque hounds as
possible.
The ideal
shape of the torque

2:
Ideal
ellipsoid is not a sphere
because the bounds are
,
1sozmpy.
shifted away from the
origin due to gravity. Figure 2 shows an ellipse that
occupies more volume of the shifted torque bounds
than the inscribed .circle. The gravity shift makes
portions of torque bounds unusable for producing
isotropic acceleration.
Note that the condition
number of E, is seldom useful for measuring the
imbalance in accelerations, because it only describes
the how near the ellipsoid is to a sphere.
I

Now consider both the linear and angular balanced
accelerations. As in the linear case, a torque ellipsoid
representing the angular balanced acceleration can
3326

The Dynamic Capability Curve is described by

obtained from equations (1) through (3), see [15].
Assuming that the manipulator has n actuators,
Ai,i = &+,,I
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where E; indicates the ith row of E, and likewise for
EL. The lines represented by each of the relations
in equation (10) are overlayed in the same space,
and the innermost envelope formed hy them is the
Dynamic Capability Curve shown in Figure 4.

1

Figure 3: Torque Ellipse Addition.

3

The Actuation Efficiency Measure

be developed by transforming the sphere,

wTw =
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using E, from equation (4) into the ellipsoid,
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The addition of the linear and angular terms in equation (4)is accomplished by mapping the center of one
ellipsoid onto every point on the surface of the other,
resulting in what is referred to as a composite hypersurface. This is valid because both ellipsoids are described in terms of torque vectors in the same space.
In short, two unlike quantities are transformed into
two like quantities so that they may be added. This
addition is difficult to illustrate in general, so an approximation to it is shown in Figure 3.
The
composite
hypersurface
is
expanded or contracted until it is
inscribed
within
Q
the bounds. How.3
ever, there are
many
hypersurfaces which satisfy
llullb m/az
this
condition.
~i~~~ 4: ~~~~~i~ capsThe solutions are
represented by a
bility Curue.
convex, piecewise
linear curve, the Dynamic Capability Curue shown
in Figure 4. It gives the sizes of the ellipsoids in the
solution set. The curve shows a tradeoff between
the amount of torque used to produce linear and
angular balanced accelerations. The actuator which
saturated providing the level of performance along a
line segment, referred to as the limiting actuator(s),
is indicated by a numeric label.
-

h

The actuation efficiency, a,is based on the total volume encompassed hy the union of all of the composite hypersurfaces described by the Dynamic Capability Curve in Figure 4, referred to as Vuseful. For
instance, this volume would resemble a cylinder for a
three DOF planar manipulator. This is then divided
by the volume of the torque bounds, vouailnble. The
measure is expressed as a percentage,
a=-

Vuaeful

100%.

(12)

Vovailoble

In practice, these volumes are not difficult to determine, as shown in the next sections.

3.1

Volume of Composite Hypersurfaces

The volume within the composite hypersurfaces is
interpreted as the useful torque, Vuseful,

This integral is not difficult to evaluate because a
simple cross-sectional element, the volume of one
ellipsoid, can be defined. This volume is evaluated using spherical coordinates. These are y1 =
ljWllXl sin($)cos(O), yz = IlGllA2 sin($)sin(O), and
y3 = Il&llA3cos(q3) where yl, y2, and y3 are the ellipsoid's principal axes, and the A's are the singular
values of E,. Its volume, vu, is

vY(ll6ll)

47r
3
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(14)

which resembles the familiar ellipsoid volume formula, except for the radius llrjll = mllirll c. Recall
that Ilwll is dependent on 11611, as described by the
Dynamic Capability Curve. The curve is piecewise
linear, thus the integral is evaluated in segments.

+
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Using equations (13) and (14), the volume obtained
from a segment of the Dynamic Capability Curve,
v,,,f,i,
is [I61

and therefore equation (13)becomes
1

Ksefui =

zvu,ejur(ai,bi,%mi)

(23)

i=l
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where z is the number of piecewise linear segments
comprising the Dynamic Capability Curve. Note
that t h e A’s are the singular values of E, and P,E,,,
ai 5 Ilitll 5 b;, & is the 113llb-intercept, and mi is
the slope of the line segment. F,,, = F,,, for mechanisms with fewer than six DOF;

where x l r 22, and 2 3 are orthogonal to each other
and to the principal axes of the E, ellipsoid.
The region over which to integrate v, is determined
by projecting the E, ellipsoid onto 21, 2 2 , and z3.
This is accomplished using the orthogonal pmjector
matrix P, to obtain,
Y,

=
=

P, T,,= P, E, 8
[ I-E,E;] Eu 6

,

(16)
(17)

where I is the appropriately dimensioned identity
matrix. Combining equations (6) and (16) yields
y,’( Pw Ev E,’P,

T
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and
where
Ad
through A6 are the
singular values of
(P-E.,), and a and
b are the maximum
and minimum values of 1161[b along
a segment of the
Dynamic Capability
Curve (DCC), as
shown in Figure 5.
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Figure 5: DCC.

In the six DOF
case, the integrand
Z(O,b,11611) in equation (19) is -a polynomial whose antiderivative
is

F33(ll6ll) =

yAi...A6\16113
3mZc

(21)

where the subscript “33” denotes the dimensions of
v and w , in no particular order. In general,
V ~ ~ ~ ; ~ I=( U
, ~ ) - Fuw(a),
F,,(b)

(22)
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whose principal axes are xl, 52,and 2 3 . Using spherical coordinates, equation (15) becomes

z ( 6 h Il6ll)

F32
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D y n a m i c Capability C u r v e and V,,,f,~

The shape -of the Dynamic Capability Curve
is a weak indicator of a
balanced acceleration capability. The closer the
curve is to forming a rect-

-

-

~*

angle with the coordinate
llv//b
axes, as in Figure 6, the
more likely a balanced acFigure 6: Balance
celeration capability exIndicator.
ists at that configuration. When this occurs it means
1
3
1
1 are independent. Thus both atthat ll6ll and 1
tain their maximum values within the bounds. This
is opposed to the case when the Dynamic Capability Curve Forms something closer to a triangle with
the coordinate axes, as in Figure 4. The triangular shape indicates a tradeoff between 11611 and ll3ll;
when one increases the other must decrease. This r e
duces the possible volume of each composite surface,
and thus the manipulator should have a less balanced
in acceleration capability. This is a weak indicator
because LY must still be calculated, since the shape
of the ellipsoids, not described by the curve, must be
considered.

..

3.3

Inscribed Hyperellipsoid Volume

Since a perfectly balanced acceleration capability is
unattainable, the unusable portions of the torque
bounds are discarded from the available torque.
The simplest way to do this is to use the volume,
Vauoiiabie,of the hyperellipsoid inscribed within the
bounds, whose principal axes align with the coordinate axes. The lengths of the principal axes are
determined from the gravity shifted bound vectors
contained in T, equation (lo), as the element with
3328

Figure 7: PUMA 560 Actuation Eficiencies and Dynamic Capability Curues.

smallest absolute value for each direction. The volume of this hyperellipsoid for different dimensions is
given in Table 1, where the A’S indicate the lengths
of the principal axes.

Table 1: Inscribed Hyperellipsoid Volume

4

Application

Figures 7a and 7b show two configurations of the

changed to increase performance. Reducing the peak
torque of the third actuator by half, from 1.6” to
0.8”,
results in new actuation efficiencies of 78%
and 29%, a more than two-fold increase in acceleration capability balance for both configurations.
This actuator change neither reduces nor alters the
manipulator’s isotropic accelerations, given in Figure
7c. This implies that the lesser actuation efficiencies
were partially due to an oversized third actuator. Recall that the shape of the ellipsoids, determined by
the mechanism’s dynamics, should also be considered. Reducing the size of third actuator could result in less weight for the manipulator to carry while
in motion, which can lead to a better overall performance. If changing the actuators did not improve
the imbalance in acceleration capability, a change in
the basic mechanism design is required to achieve
any improvement.

PUMA. 560 which have different actuation efficiencies, computed for an operational point located at
the intersection of the three wrist rotation axes. The
model used for these computations is given in [17].
Initially the actuation efficiencies are 38% and 10%.
These values indicate a large imbalance in acceleration capability.
The Dynamic Capability Curves for these two configurations, Figure 7c, tell which actuator may be suspect. Notice that for these configurations, the closer
the Dynamic Capability Curve is to a rectangle, the
more balanced should be the acceleration capability,
as discussed in Section 3.2. The limiting actuators
indicated in Figure 7c are 1, 2, 5, and 6. Therefore
actuators 3 and 4 are candidates for change. The
limiting actuators also suggest which motors can be

5

Conclusion

This article presented a new measure, the actuation
efficiency, which describes the imbalance between the
end-effector accelerations achievable in different directions. It also indicates possible actuator oversizing, since this contributes to the imbalance in acceleration capability. The measure includes both linear
and angular accelerations in its description of balance in acceleration capability. This allows for the
analysis of a non-redundant manipulator having up
to a full six DOF. This article also establishes the
shape of the Dynamic Capability Curve as a weak indicator of balance. It concludes with a design example involving the PUMA 560 manipulator. A similar
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measure can be developed for force capability, which
describes a manipulator’s ability to apply forces and
moments to the environment at the end-effector.
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