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Abstract

A PCP is a proof system for NP in which the proof can be checked by a probabilistic
verifier. The verifier is only allowed to read a very small portion of the proof, and in return
is allowed to err with some bounded probability. The probability that the verifier accepts a
false proof is called the soundness error, and is an important parameter of a PCP system that
one seeks to minimize. Constructing PCPs with sub-constant soundness error and, at the same
time, a minimal number of queries into the proof (namely two) is especially important due to
applications for inapproximability.

In this work we construct such PCP verifiers, i.e., PCPs that make only two queries and have
sub-constant soundness error. Our construction can be viewed as a combinatorial alternative
to the “manifold vs. point” construction, which is the only construction in the literature for
this parameter range. The “manifold vs. point” PCP is based on a low degree test, while
our construction is based on a direct product test. We also extend our construction to yield a
decodable PCP (dPCP) with the same parameters. By plugging in this dPCP into the scheme of
Dinur and Harsha (FOCS 2009) one gets an alternative construction of the result of Moshkovitz
and Raz (FOCS 2008), namely: a construction of two-query PCPs with small soundness error
and small alphabet size.

Our construction of a PCP is based on extending the derandomized direct product test
of Impagliazzo, Kabanets and Wigderson (STOC 09) to a derandomized parallel repetition
theorem. More accurately, our PCP construction is obtained in two steps. We first prove a
derandomized parallel repetition theorem for specially structured PCPs. Then, we show that
any PCP can be transformed into one that has the required structure, by embedding it on a
de-Bruijn graph.
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1 Introduction

The PCP theorem [AS98, [ALM™ 98| says that every language in NP can be verified by a polynomial-
time verifier that uses O(logn) random bits and queries the proof in a constant number of locations.
The verifier is guaranteed to always accept a correct proof, and to accept a false proof with bounded
probability (called the soundness error). Following the proof of the PCP theorem, research has
been directed towards strengthening the PCP theorem in terms of the important parameters, such
as the proof length, the number of queries, and the soundness error.

In parallel, there is a line of work attempting to expand the variety of techniques at our disposal
for constructing PCPs. Here the aim is to gain a deeper and more intuitive understanding of why
PCP theorems hold. One of the threads in this direction is replacing algebraic constructions by
combinatorial ones. This is motivated by the intuition that algebra is not an essential component
of PCPs, indeed the definition of PCPs involves no algebra at all. Of course, one may also hope
that the discovery of new techniques may lead to new results.

For the “basic” PCP theorem [AS98|, IALM™98]| there have been alternative combinatorial proofs
[DRO6, Din07]. It is still a challenge to match stronger PCP theorems with combinatorial construc-
tions. Such is the work of the second author [Mei09] on PCPs with efficient verifiers. In this paper
we seek to do so for PCPs in the small soundness error regime.

In this work we give a new construction of a PCP with sub-constant soundness error and two
queries. This setting is particularly important for inapproximability, as will be discussed shortly
below. Formally, we prove

Theorem 1.1 (Two-query PCP with small soundness). Every language L € NP has a two-query
PCP system with perfect completeness, soundness error 1/polylogn and alphabet size 2P°Y1ogm,
Furthermore, the verifier in this PCP system makes only ‘projection’ queries.

This theorem matches the parameters of the folklore “manifold vs. point” construction which
has been the only construction in the literature for this parameter range. The technical heart of
that construction is a sub-constant error low degree test [RS97, [AS03], see full details in [MROS].

Our proof of Theorem is based on the elegant derandomized direct product test of [[IKW09].
In a nutshell, our construction is based on applying this test to obtain a “derandomized parallel
repetition theorem”. While it is not clear how to do this for an arbitrary PCP, it turns out to be
possible for PCPs with certain structure. We show how to convert any PCP to a PCP with the
required structure, and then prove a “derandomized parallel repetition theorem” for such PCPs,
thereby getting Theorem The derandomized parallel repetition theorem relies on a reduction
from the derandomized direct product test of [IKW09].

The Moshkovitz-Raz Construction. Recently, Moshkovitz and Raz [MRO0S§] constructed even
stronger PCPs. They showed how to obtain PCPs with nearly linear proof length and two queries,
sub-constant error probability, with any alphabet size smaller than 2P°Y1987  at the expense of
a suitable increase in the soundness error. Being able to reduce the alphabet size has strong
consequences for inapproximability, see [MROS§] for details. The technique of [MRO§| (as evident in
the later simplification of [DH09]) is essentially based on composition of certain PCP constructs.
In fact, their main building block is the “manifold vs. point” construction mentioned above.

Our construction can be extended to yield a so-called decodable PCP [DHO09], which is an
object slightly stronger than a PCP. This can be plugged into the scheme of [DH09] to give a
nearly['| combinatorial proof of the following result of [MROS]. Namely,

Tt is debatable whether our use of “linear structure” disqualifies the result from being considered purely combi-
natorial.



Theorem 1.2 ([MRO§|). For any function £(n) > 1/polylogn the class NP has a two-query PCP
verifier that uses O(logn) random bits, has perfect completeness and soundness error at most &
over alphabet X of size at most |N| < 21/Poly(e),

We note that the result of [MROS] is in fact even stronger than claimed above since their verifier
uses (1 + o(1))logn random bits, see also Remark

Organization of the introduction In the following sections three sections we outline the back-
ground and main ideas of this work. We start by describing the parallel repetition technique in
general and its relation with direct product tests. We proceed to describe our technique of deran-
domized parallel repetition. We then describe our notion of “PCPs with linear structure”, to which
the derandomized parallel repetition is applied.

After the foregoing outline, we discuss relevant works and possible future directions, and describe
the organization of this work.

Parallel repetition and Direct Products

A natural approach to reducing the soundness error of a PCP verifier is by running it several times
independently, and accepting only if all runs accept. This is called sequential repetition. Obviously,
if the verifier is invoked k times the soundness error drops exponentially in k. However, the total
number of queries made into the proof grows k-fold, and in particular, it is greater than 2. Since our
focus is on constructing PCPs that make only two queries, we can not afford sequential repetition.

In order to decrease the soundness error while maintaining the query complexity, one may
use parallel repetition. For the rest of this discussion, we consider only PCPs that use only two
queries. Let us briefly recall what parallel repetition means in this context. As in the case of
sequential repetition, one starts out with a PCP with constant soundness error, and then amplifies
the rejection probability by repetition of the verifier. However, in order to save on queries, the
prover is expected to give the k-wise direct product encoding of the original proof. Formally, if
7 : [n] — ¥ describes the original proof then its direct product encoding, denoted by 7@k is the
function 7% : [n]¥ — ¥ defined by

7%z, .. x) = (w(x1), ..., w(xg)).
The new verifier will simulate the original verifier on & independent runs, but will read only two
symbols from the new proof, which together contain answers to k independent runs of the original
verifier.

Of course, there is no a priori guarantee that the given proof is a direct product encoding 7
of any underlying proof 7, as intended in the construction. This is the main difficulty in proving
the celebrated parallel repetition due to Raz [Raz98] that shows that the the soundness error does
go down exponentially with k.

One may try to circumvent the difficulty in analyzing the parallel repetition theorem by aug-
menting it with a direct product test. That is, making the verifier test that the given proof II is
a direct product encoding of some string 7, and only then running the original parallel repetition
verifier. This can sometimes be done without even incurring extra queries. Motivated by this
approach Goldreich and Safra |[GS00] suggested and studied the following question:

Rk

DP testing: Given a function F : [n]¥ — XF test that it is close to f®* for some f : [n] — .



Let us now describe a two query direct product test. From now on let us make the simplifying
assumption that the function F : [n]¥ — ¥¥ to be tested is given as a function of k-sized subsets
rather than tuples, meaning that F'(x1,...,xx) is the same for any permutation of z1,...,x. The
test chooses two random k-subsets By, By € ([Z]) that intersect on a subset A = B1 N By of a certain
prescribed size and accept if and only if F (Bl)‘ 4 =F (Bg)‘ 4- This test was analyzed further in
several works, see [GS00, [DR0G, DGO8, TKWQ9].

Derandomized Direct Product Testing

Recall that our goal is to construct PCPs with sub-constant soundness error. Note, however, that
since the parallel repetition increases the proof length exponentially in k& (and the randomness of
the verifier grows k-fold), one can only afford to make a constant number of repetitions if one wishes
to maintain polynomial proof length. On the other hand, obtaining sub-constant soundness error
requires a super-constant number of repetitions.

This leads to the derandomization question, addressed already 15 years ago [FK95]. Can one
recycle randomness of the verifier in the parallel repetition scheme without losing too much in
soundness error?

Motivated by this question, Impagliazzo, Kabanets, and Wigderson [IKW09| introduced an ex-
cellent method for analyzing the direct product test which allowed them to derandomize it. Namely,
they exhibited a relatively small collection of subsets K C ([Z}), and considered the restriction of the
direct product encoding f®* to this collection. They then showed that this form of derandomized
direct product can be tested using the above test. The collection K is as follows: identify [n] with
a vector space F™, let k = |IF'|d for constant d, and let C be the set of all d-dimensional linear
subspaces.

A natural next step is to use the derandomized direct product of [ITKW09] to obtain a deran-
domized parallel repetition theorem. Recall that the parallel repetition verifier works by simulating
k independent runs of the original verifier on 7, and querying the (supposed) direct product II on
the resulting k-tuples of queries. However, in the derandomized setting, the k-tuples of queries
generated by the verifier may fall outside K. This is the main difficulty that we address in this
work.

This is where the structure of the PCP comes to our aid. We show that for PCPs with a
certain linear structure, the k-tuples of queries can be made in a way that is compatible with the
derandomized direct product test of [[IKW09]. This allows us to prove a derandomized parallel
repetition theorem for the particular case of PCPs with linear structure. Our main theorem is
proved by constructing PCPs with linear structure (discussed next), and applying the derandomized
parallel repetition theorem.

PCPs with Linear Structure

We turn to discuss PCPs with linear structure. The underlying graph structure of a two-query PCP
is a graph defined as follows. The vertices are the proof coordinates, and the edges correspond to all
possible query pairs of the verifier. (See also Section . We say that a graph has linear structure
if the vertices can be identified with a vector space F™ and the edges, which clearly can be viewed
as a subset of F?™_ form a linear subspace of F?™ (see also Definition . A two-query PCP has
linear structure if its underlying graph has linear structure.

As mentioned above, an additional contribution of this work is the construction of PCPs with
linear structure. That is, we prove the following result.



Theorem 1.3 (PCPs with linear structure). Ewvery language L € NP has a PCP system with
linear structure, using O(logn) randomness, constant alphabet size, and such that the PCP has
perfect completeness and soundness error 1 — 1/poly logn.

We believe that Theorem is interesting in its own right: For known PCPs, the underly-
ing graph structure is quite difficult to describe, mostly due to the fact that PCP constructions
are invariably based on composition. In principle, however, the fact that a PCP is a “complex”
object need not prevent the underlying graph from being simple. In analogy, certain Ramanujan
expanders [LPS8§| are Cayley graphs that are very easy to describe, even if the proof of their
expansion is not quite so easy. It is therefore interesting to study whether there exist PCPs with
simple underlying graphs.

Philosophically, the more structured the PCP, the stronger is the implied statement about the
class NP, and the easier it is to exploit for applications. Indeed, the structure of a PCP system
has been used in several previous works. For example, Khot constructs [Kho06] a PCP with quasi-
random structure in order to establish the hardness of minimum bisection. Dinur [Din07] imposes
an expansion structure on a PCP to obtain amplification.

We prove Theorem by embedding a given PCP into the de Bruijn graph and relying on the
algebraic structure of this graph. We remark that the de Bruijn graph has been used in constructions
of PCPs before, e.g. [PS94, BFLS91], in similar contexts. We believe that structured PCPs are
an object worthy of further study. One may view their applicability towards proving Theorem
as supporting evidence. An interesting question which we leave open is whether Theorem [I.3] can
be strengthened so as to get constant soundness error. By simply plugging such a PCP into our
derandomized parallel repetition theorem one would get a direct proof of the aforementioned result
of [MRO8], without using two-query composition.

Decodable PCPs

We extend our results to also yield a new construction of decodable PCPs (dPCPs). A dPCP gives
a way to encode NP witnesses so that a verifier (called a decoder in this context) is able to both
locally test their validity as well as to locally decode bits from the encoded NP witness. Decodable
PCPs were introduced in [DH09] towards simplifying and modularizing the work of [MROS] on
two-query PCPs with small soundness. In [DHO09| the result of [MRO8] was reproved assuming the
existence of two building blocks, a PCP and a dPCP, that can be constructed arbitrarily. Until
this work there has been only one known construction of a dPCP, based on the manifold vs. point
construction. In this work we give a new construction of a dPCP which is obtained by applying
derandomized parallel repetition in an analogous way to Theorem [I.I, We prove,

Theorem 1.4 (dPCP, informal version). The class NP has a two-query PCP decoder with proof
alphabet 2P°Y18™ - and randomness r(n) < O(logn). The PCP decoder has perfect completeness
and list-decoding soundness with soundness error 1/polylogn and list size poly logn.

In order to prove this theorem we generalize each of the steps of the proof of Theorem [I.1
First we construct a dPCP with linear structure but with relatively high soundness error in an
analogous way to our proof of Theorem [I.3] Next, we apply derandomized parallel repetition to
get the desired dPCP.

An additional contribution of this work is an extension of the definitions of [DH09] of dPCPs
that work with low soundness error to one that works with high soundness error. This is necessary
because plugging in a higher value for the soundness error parameter into the existing definition
of [DHO9] turns out to be useless. Instead, we give a variant which we call uniquely decodable



PCPs (udPCPs). We show that udPCPs are in fact equivalent to PCPs of Proximity (PCPPs).
This allows us to rely on known constructions of PCPPs [BGHSV06|, [DR06] as our starting point.

For more details see Section [6.21
Together, Theorem [1.1] and Theorem [1.4] imply Theorem This is sketched in Section

Related Work and Future directions

Our final construction of a two-query PCP has exponential relation between the alphabet size
(which is |X| < 2P¥198™) and the error probability (which is € ~ 1/poly log |~| > 1/poly logn). In
general, one can hope for a polynomial relation, and this is the so-called “sliding scale” conjecture
of [BGLRI3|. Our approach is inherently limited to an exponential relation both because of a lower
bound on direct product testing from [DGO8], and, more generally, because of the following lower
bound of Feige and Kilian [FK95|] on parallel repetition of games. Feige and Kilian prove that for
every PCP system and & = O(logn), if one insists on the parallel repetition using only O(logn)
random bits, then the soundness error must be at least 1/polylogn (and not 1/poly(n) as one
might hope). Our work matches the [FK95] lower bound by exhibiting a derandomized parallel
repetition theorem, albeit only for PCPs with linear structure, that achieves a matching upper
bound of 1/polylogn on the soundness error.

Nevertheless, for three queries we are in a completely different ball-game, and no lower bound
is known. It would be interesting to find a derandomized direct product test with three queries
with lower soundness error, and to try and adapt it to a PCP. We note that there are “algebraic”
constructions [RS97, [DFK™99] that make only three queries and have much better relationship
between the error and the alphabet size.

It has already been mentioned that while our result matches the soundness error and alphabet
size of the [MROS] result, it does not attain nearly linear proof length. Improving our result in this
respect is another interesting direction.

Organization

In Section [2| we give the required preliminaries for this work, including a description of the deran-
domized direct product test of [[KW09]. In Section [3| we prove T heorem The proof is based on
two main steps, described in the next two sections. The construction of PCPs with linear structure
is given in Section [4l Then, in Section [5] we prove the “derandomized parallel repetition” theorem
for PCPs with linear structure, by reducing it to the analysis of a specialized variant of the test
of [TIKW09].

The second part of the paper adapts our PCP construction to a dPCP. In Section [6] we discuss
and define dPCPs, prove Theorem and sketch a proof of Theorem [[.2] The two main steps
in the proof of Theorem are described in Sections [7] and [§ and are analogous to the two main
steps of proving Theorem as described in Sections 4] and [5| Finally, we analyze the specialized
direct product test (called the S-test) in Section [9]

2 Preliminaries

Let g : U — ¥ be an arbitrary function, and let A C U be a subset. We denote by g 4 the restriction

of g (as a function) to A. Given two functions f,g: U — ¥ we denote f ~ g (f ;é g) to mean that
they differ on at most (more than) « fraction of the elements of U.

We refer to a d-dimensional linear subspace of an underlying vector space simply as a d-subspace.
For two linear subspaces A1 and Ay we denote by A1 + Ao the smallest linear subspace containing



1. Choose a uniformly distributed d;-subspace B C F™.
2. Choose a uniformly distributed dg-subspace A C B.
3. Accept if and only if I (B) 4 = II(A).

Figure 1: The P-test

both of them. We say that Ay, Ay are disjoint if and only if A; N Ay = {0}. If A} and Ay are
disjoint, we use A1 ® Ao to denote A + As.

Let G = (V, E) be a directed graph. For each edge e € E we denote by left (e) and right (e) the
left and right endpoints of e respectively. That is, if we view the edge e € F as a pairin V x V,
then left (e) and right (e) are the first and second elements of the pair e respectively. Given a set
of edges Ey C FE, we denote by left (Ey) and right(Fy) the set of left endpoints and right endpoints
of the edges in Ey respectively.

2.1 Direct product testing [IKWO09]

Let us briefly describe the setting in which we use the derandomized direct product test of [IKWQ9].
In [IKW09] the main derandomized direct product test is a so-called “V-test”. We consider a
variation of this test that appears in [IKWO09l Section 6.3] to which we refer as the “P-test” (P for
projection).

Given a string 7 € X¢, we define its (derandomized) P-direct product II as follows: We identify
[(] with F™ where F is a finite field and m € N, and think of 7 as an assignment that maps the
points in F™™ to X. We also fix dy < d; € N. Now, we define to be II the assignment that assigns
each do- and dp-subspace W of F™ to the function 7y, : W — 3 (recall that 7y is the restriction
of m to W).

We now consider the task of testing whether a given assignment II is the P-direct product of
some string 7 : F™ — 3. In those settings, we are given an assignment to subspaces, i.e. a function
IT that on input a dp-subspace A C F™ (respectively dj-subspace B C F™), answers with a function
a: A — ¥ (respectively, b : F — ¥). We wish to test whether II is a P-direct product of some
m:F™ — 3, and to this end we invoke the P-test, described in Figure

It is easy to see that if II is a P-direct product then the P-test always accepts. Furthermore,
it can be shown that if II is “far” from being a P-direct product, then the P-test rejects with high
probability. Formally, we have the following result.

Theorem 2.1 ([IKWO09]). There exists a universal constant h € N such that the following holds:
Lete > h-dy- |F\_d0/h, ap. dp - |F\_d0/h. Assume that dy > h-dg, m > h-dy. Suppose that an
assignment 11 passes the P-test with probability at least €. Then, there exists an assignment m such
that

Pr [n (B)jy =(A) andTI(B) & m and I (4) & ﬂlA} = Q%) 1)
where the probability is over A, B chosen as in the P-test.
Theorem can be proved using the techniques of [IKW09]. For completeness, the proof is
given in Appendix [A]

Working with randomized assignments. As noticed by [IKW09], Theorem Works in even
stronger settings. Suppose that II is a randomized function, i.e., a function of both its input and



some additional randomness. Then, Theorem still holds for II, where the probability in is
over both the choice of A and B, and over the internal randomness of II. We will rely on this fact
in a crucial way in this work.

2.2 Sampling tools
The following is a standard definition, in graph terms, see e.g. [LJKWOS].

Definition 2.2 (Sampler Graph). A bipartite graph G = (L, R, E) is said to be an (g, d)-sampler
if, for every function f : L — [0, 1], there are at most 0 |R| vertices u € R for which

|Eveniu[f0)] — Everlf(v)]] > e.

Observe that if G is an (e, 0)-sampler, and if F' C L, then by considering the function f = 1p we
get that there are at most § |R| vertices u € R for which

Pr we F]— Prjve F||>e.
vEN (u) veL

We have the following result

Lemma 2.3 (Subspace-point sampler [[JKWOS|). Let d' < d be natural numbers, let V be a
linear space over a finite field F, and let W be a fized d'-dimensional of V. Let G be the bipartite
graph whose left vertices are all points V' and whose right vertices are all d-subspaces of V' that
contain W. We place an edge between a d-subspace X and x € V iff x € X. Then G is an

(r+ |]F|dl_d/’ ‘F‘d_dl,_;ﬂ)-sampler for every T > 0.

Proof Fix a function f: V' — [0,1]. We show that for a uniformly distributed d-subspace X C V'
that contains W it holds with probability at least 1 — % that

‘]F‘d_dl_Q'T

Eecx )~ Buey U0 < 7+ g
Let W be a fixed subspace of V for which V.= W & W. Let fyy : W — [0,1] be the function
that maps each vector w of W to Evemw [f(v)], and observe that Eyey [f(v)] = Ey oy [fw (W0)].
Furthermore, observe that every d-subspace X that contains W can be written as X = W o U
where U is a (d — d')-subspace of W, and moreover that E,cx [f(x)] = Euev [fw(u)]. Thus, it
suffices to prove that for a uniformly distributed (d — d’)-subspace U of W it holds with probability

at least 1 — W that
_ 1
[Euer [fw (w)] — Egew [fw(@)]]| <7+ FTT (2)
To that end, let U be a uniformly distributed (d — d’)-subspace of W. Let S; be a set of Q = %

vectors of U such that every two vectors in S; are linearly independent (it is easy to construct such
a set). For every a € F* let S, be the set obtained by multiplying every vector in Sy by a. Observe
that all the sets S, have the property that every two vectors in S, are linearly independent, and
that the sets S, form a partition of U\ {0}. We will show that for every a € F* it holds with
probability at least 1 — m that

‘EUGS(’ [fw ()] = Ezew [fW(W)H <T

10



and the required result will follow by taking the union bound over all & € F*, and by noting that
the vector 0 contributes at most ——; to the difference in Inequality [2

|F|d7d/
Fix o € F*, and let s1,...,s¢Q be the vectors in S,. It is a known fact that sq,...,sq are
pair-wise independent and uniformly distributed vectors of W (over the random choice of U).
This implies that fyy(s1),..., fwwr(sq) are pair-wise independent random variables with expectation

Egciw [fw (w)], and therefore by the Chebyshev inequality it follows that

/|

as required. [

1
>7| < < 7
] Q . 7—2 |F‘d_d —1 . 7_2

1 Q
0 > fwl(si) = Egey Lfw (@)]
i=1

2.3 Constraint graphs and PCPs

As discussed in the introduction, the focus of this work is on claims that can be verified by reading
a small number of symbols of the proof. A PCP system for a language L is an oracle machine M,
called a verifier, that has oracle access to a proof 7w over an alphabet Y. The verifier M reads the
input z, tosses r coins, makes at most ¢ “oracle” queries into 7, and then accepts or rejects. If x
is in the language then it is required that M accepts with probability 1 for some 7, and otherwise
it is required that M accepts with probabiltiy at most ¢ for every m. More formally:

Definition 2.4. Let r,q : N — N, and let ¥ be a function that maps the natural numbers to finite
alphabets. A (r,q)y,-PCP wverifier M is a probabilistic polynomial time oracle machine that when
given input z € {0,1}", tosses at most 7(|x|) coins, makes at most ¢ (|z|) non-adaptive queries to
an oracle that is a string over X(|z|), and outputs either “accept” or “reject”. We refer to r, ¢, and
> as the randomness complexity, query complexity, and proof alphabet of the verifier respectively.

Remark 2.5. Note that for an (7, ¢)y,-PCP verifier M and an input =, we can assume without loss
of generality that the oracle is a string of length at most 2"(#1) . ¢(|z|), since this is the maximal
number of different queries that M can make.

Definition 2.6. Let r, ¢ and ¥ be as in Definition let L C {0,1}" and let ¢ : N — [0, 1).
We say that L € PCP, x [, q] if there exists an (r, ¢)5,-PCP verifier M that satisfies the following
requirements:

e Completeness: For every = € L, there exists m € 3 (|z|)* such that Pr [M™(z) accepts] = 1.
e Soundness: For every x ¢ L and for every m € X (|x|)" it holds that Pr [M™(z) accepts| < e.
One possible formulation of the the PCP theorem is as follows.

Theorem 2.7 (PCP Theorem [ASI8, IALM™98|). There exist universal constant € € (0,1) and a
finite alphabet X such that NP C PCP, 5, [O(logn), 2].

PCPs that have query complexity 2 correspond to graphs in a natural way: Consider the action

of an (r,2)s-verifier M on some fixed string x, and let r o r(|z]),% o Y(|x|). The verifier M

is given access to some proof string m of length ¢, and may make 2" possible tests on this string,
where each such test consists of making two queries to m and deciding according to the answers.
We now view the action of M as a graph in the following way. We consider the graph G whose
vertices are the coordinates in [¢], and that has an edge for each possible test of the verifier M. The
endpoints of an edge e of G are the coordinates that are queried by M in the test that corresponds
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to e. We also associate an edge e with a constraint ¢, € ¥ x 3, which contains all the pairs of
answers that make M accept when performing the test that corresponds to e. We think of 7 as
an assignment that assigns the vertices of G values in ¥, and say that 7 satisfies an edge (u,v) if
(m(u),m(v)) € c(up)- If z € L, then it is required that there exists some assignment 7 that satisfies
all the edges of GG, and otherwise it is required that every assignment satisfies at most € fraction of
the edges. This correspondence is called the FGLSS correspondence [FGLT96]. We turn to state
it formally:

Definition 2.8 (Constraint graph). A (directed) constraint graph is a directed graph G = (V, E)
together with an alphabet 3, and, for each edge (u,v) € E, a binary constraint c¢,, € X x X.
The size of G is the number of edges of G. The graph is said to have projection constraints if
every constraint ¢, , has an associated function f,, : ¥ — X such that c,, is satisfied by (a,b) iff
funla) =b.

Given an assignment 7 : V — X, we define

SAT(G,7) = (u,E))reE[(ﬂ(u)’ m(v)) € cup] and SAT(G) = m;lX(SAT(G,ﬂ')).

We also denote UNSAT(G, w) =1 — SAT(G, 7) and similarly UNSAT(G) = 1 — SAT(G).

Remark 2.9. Note that Definition 2.8 uses directed graphs, while the common definition of con-
straint graphs refers to undirected graphs.

Remark 2.10. Note that if the graph G is bipartite and all edges are directed from, say, left to
right, then this is simply a label cover instance with projection constraints [AL96].

Proposition 2.11 (FGLSS correspondence [FGLT96]). The following two statements are equiva-
lent:

e L e PCP.x|r,2].

e There exists a polynomial-time transformation that transforms strings x € {0,1}" to con-
straint graphs Gy, of size 27020 with alphabet ¥ (|z|) such that: (1) if & € L then SAT(G,) = 1,
and (2) if ¢ € L then SAT(G,) <e.

Given a PCP system for L, we refer to the corresponding family of graphs {G} where x ranges over
all possible instances as its underlying graph family. If the graphs {G,} have projection constraints
then we say that the PCP system has the projection property.

Using the [FGLT96] correspondence, we can rephrase the PCP theorem in the terminology of
constraint graphs:

Theorem 2.12 (PCP Theorem for constraint graphs). There exist universal constant € € (0,1)
and a finite alphabet X such that for every language L € NP the following holds: There exists a
polynomial time reduction that on input x € {0,1}", outputs a constraint graph G, such that if
x € L then SAT(G,) = 1 and otherwise SAT(G;) < e.

2.4 Basic facts about random subspaces

In this section we present two useful propositions about random subspaces. The following propo-
sition says that a uniformly distributed subspace is disjoint from every fixed subspace with high
probability.
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Proposition 2.13. Let d,d" € N such that d > 2d’, and let V' be a d-dimensional space. Let Wi
be a uniformly distributed d’-subspace of V', and let Wo be a fized d’'-subspace of V. Then,

Pr(W) N Wa = {0}] > 1—2-d/ [F]*"*%.

Proof Suppose that W is chosen by choosing random basis vectors vy, ..., vq one after the other.
It is easy to see that W3 N Wy # {0} only if v; € span (Wo U {vy,...,v;_1}) for some i € [d'].
For each fixed i, the vector v; is uniformly distributed in V\span {vy,...,v;—1}, and therefore the

probability that v; € span (Wa U {v1,...,v;_1}) for a fixed ¢ is at most

|span (Wa U {vy,...,vi—1})] |]F'\d/+i_1
[V\span {v1, ..., vi-1}| IF|* — [F*
9. ‘F’d/-ﬂ'—l
[F|“
9. ‘]F|2-d’71
||

2
< FT

where Inequality [3| can be observed by noting that |[F|"~! < [F]?~! < 3 IF|%. By the union bound,
the probability that this event occurs for some i € [d'] is at most \F|§fl;‘ —. It follows that the

probability that Wi N Ws # {0} is at most U}?ﬁ% as required. [ ]

The following proposition says that the span of d’ uniformly distributed vectors is with high
probability a uniformly distributed d’-subspace.

Proposition 2.14. Let V be a d-dimensional space over a finite field F, let wy, ..., wq be indepen-
dent and uniformly distributed vectors of V', and let W = span{wi,...,wg}. Then, with probability

at least 1 — d'/ |]F\d7d/ it holds that dim W = d'. Furthermore, conditioned on the latter event, W
is a uniformly distributed d’'-subspace of V.

Proof The fact that dim W = d’ with probability at least 1—d’/ \F!d_dl can be proved in essentially
the same way as Proposition [2.13] To see that conditioned on the latter event it holds that

the subspace W is uniformly distributed, observe that since w1, ..., wy were originally chosen to
be uniformly distributed, all the possible d’-sets of linearly independent vectors have the same
probability to occur. [ |

Finally, the following proposition shows the equivalence of two different ways of choosing sub-
spaces A1, As C B where Ay and A, are disjoint.

Proposition. Let V' be a linear space over a finite field F, and let do,dy € N be such that dy <
di < dimV. The following two distributions over dg-subspaces A1, As and a di-subspace B are the
same:

1. Choose B to be a uniformly distributed di-subspace of V', and then choose Ay and Ao to be
two uniformly distributed and disjoint dg-subspaces of B.

2. Choose A1 and As to be two uniformly distributed and disjoint dy-subspaces of V', and then
choose B to be a uniformly distributed dy-subspace of V' that contains A1 and As.
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Proof Observe that choosing A1, As, B under the first distribution amounts to choosing d; uni-
formly distributed and linearly independent vectors in V' (those vectors will serve as the basis of
B), and then choosing two disjoint subsets of those vectors to serve as the basis of A; and as the
basis of A3. On the other hand, choosing A;, A and B under the second distribution amounts
to choosing dg uniformly distributed and linearly independent vectors in V' to serve as the basis of
Ay, then choosing another dy uniformly distributed and linearly independent vectors in V' to serve
as the basis of As while making sure that this basis is also linearly independent from the basis of
Aq, and then completing the basis of A; and the basis of A to a basis of B. It is easy to see that
those two distributions over a set of d; vectors and its two disjoint subsets are identical. |

2.5 Similarity of distributions

In this section we introduce a notion of “similarity of distributions”, which we will use in the second
part of the paper. Let X7 and X5 be two random variables that take values from a set X', and let
€ (0,1]. We say that X; and X, are v-similar if for every x € X" it holds that

1
v-Pr[X; =z <Pr[Xeo=12z| < - -Pr[X; =1zx]
v

Note that if Xy and X5 are y-similar then actually it holds for every for every S C X that
1
v-Pr[X; €S| <Pr[Xpe S <—-Pr[X; €9]
Y

The following claim says roughly that if f is a randomized function, then the random variable
f(Xy) is y-similar to f(X2).

Claim 2.15. Let X1 and X9 be two random wvariables that take values from a set X that are -
similar. Let Y1 and Ya be two random variables that take values from a set Y such that for every
x € X,y e it holds that

Pr[Y1 =y|X1 =z] =Pr[Ys = y| X2 = 7]
Then, the variables Y1, Yo are y-similar.

Proof It holds that

PriVi=y] = ZPr[ley]Xlzx]-Pr[Xlzx]
zeX
= ZPr[Y2:y|X2:x]-Pr[X1:m]
reX
> ZPr[Ygzy|X2:x]"y-Pr[X2:x]
reX
= v-PrlYz =y

Similarly it can be proved that Pr[Y; =y] < = - Pr[Ys =y]. |

2=

2.6 Expanders

Expanders are graphs with certain properties that make them extremely useful for many appli-
cations in theoretical computer science. Below we give a definition of expanders that suits our
needs.
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Definition 2.16. Let G = (V, E) be a d-regular graph. Let F (S, ?) be the set of edges from a
subset S C V to its complement. We say that G has edge expansion h if for every S C V such that
|S] < |V /2 it holds that

|E(S,S)| = h-do-|S|

A useful fact is that there exist constant degree expanders over any number of vertices:

Fact 2.17. There exist dg € N and hg > 0 such that there exists a polynomial-time constructible
family {Gn}, ey do-reqular graphs Gy on n vertices that have edge expansion hg (such graphs are
called expanders).

3 Main theorem

In this section we prove the main theorem (Theorem. To that end, we use the PCP theorem for
graphs (Theorem to reduce the problem of deciding membership of a string x in the language
L to the problem of checking the satisfiability of a constraint graph with constant soundness error.
We then show that every constraint graph can be transformed into one that has “linear structure”,
defined shortly below. This is done in Lemma [3.2] which directly proves Theorem Finally, in
Lemma [3.3| we prove a derandomized parallel repetition theorem for constraint graphs with linear
structure. Theorem follows by combining the two lemmas. We begin by defining the notion of
a graph with linear structure.

Definition 3.1. We say that a directed graph G has a linear structure if it satisfies the following
conditions:

1. The vertices of G can be identified with the linear space F™, where F is a finite field and
m € N.

2. We identify the set of pairs of vertices (Fm)2 with the linear space F*™. Using this identifi-
cation, the edges E of G are required to form a linear subspace of F?™.

3. We require that left (E') = right (E) = F™. In other words, this means that every vertex of G
is both the left endpoint of some edge and the right point of some edge.

The following lemmas are proved in Sections [] and [] respectively.

Lemma 3.2 (PCP with Linear Structure). There exists a polynomial time procedure that satisfies
the following requirements:

o Input:
— A constraint graph G of size n over alphabet X.
— A finite field F of size q.
e Output: A constraint graph G' = (F™, E') such that the following holds:
— G’ has a linear structure.
— The size of G' is at most O (¢* - n).

G’ has alphabet $°008,(").
If G is satisfiable then G’ is satisfiable.
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~ IFUNSAT (G) > p then UNSAT (@) > © (k).
q

Lemma 3.3 (Derandomized Parallel Repetition). There exist a universal constant h and a poly-
nomial time procedure that satisfy the following requirements:

o Input:

A finite field F of size q
A constraint graph G = (F'™, E) over alphabet ¥ that has a linear structure.

A parameter dy € N such that dg < m/h?.
A parameter p € (0,1) such that p > h - dy - g bo/h

e Output: A constraint graph G’ such that the following holds:

— G’ has size nO(do),

G’ has alphabet a0

If G is satisfiable then G’ is satisfiable.

If SAT (G) < 1 — p then SAT (G') < h-dy - g~ %/".
G’ has the projection property.

We turn to prove the main theorem from the above lemmas.

Theorem (1.1, restated). Ewvery language L € NP has a two-query PCP system with perfect
completeness, soundness error 1/10gQ(1) n and alphabet size 2P°Y18" - Fyrthermore, the verifier in
this PCP system makes only ‘projection’ queries.

Proof Fix L € NP. We show that L has a two-query PCP system with perfect completeness,
soundness error 1/poly logn and alphabet size gpolylogn which has the projection property. By the
[FGLT96] correspondence (Proposition , it suffices to show a polynomial time procedure that
on input x € {0,1}", outputs a constraint graph G’ of size poly (n) such that the following holds:
If x € L then G’ is satisfiable (i.e. SAT(G’) = 1), and if ¢ L then SAT(G’) < O(1/log|z|). The
procedure begins by transforming x, using the PCP theorem for constraint graphs (Theorem,
to a constraint graph G of size n = poly |x| such that if x € L then SAT (G) =1 and if ¢ L then
SAT (G) < ¢, where € € [0,1) is a universal constant that does not depend on . Let n = poly (|z|)
be the size of G, and let p =1 —e.

Next, the procedure sets g to be the least power of 2 that is at least log (n), and sets F be the
finite field of size gq. Note that ¢ = O(logn). The procedure now invokes Lemma on input G
and F, thus obtaining a new constraint graph G;. Note that by Lemma if UNSAT (G) > p,

then py ' UNSAT (G1) = Q (ﬁq(n) . p)-

Finally, the procedure sets dg to be an arbitrary constant such that p; > h - do - ¢~%/" . Note
that this is indeed possible, since log, (1/p1) is a constant that depends only on p. Finally, the
procedure invokes Lemma [3.3] on input Gy, F, p1, and dy, and outputs the resulting constraint
graph G'.

It remains to analyze the parameters of G’. By defining p(k) = k9(¢%)  we get that G’ has size at
most p(n) and alphabet 47" = ¥p(0sn)  Furthermore, if UNSAT (G) > p, then UNSAT (G4) >
p1. Therefore, by Lemma and by the choice of dy , it holds that SAT(G’) < O(1/¢%*M). Since
q > logn, it holds that SAT(G’) < O(1/1og™ V) n), as required. [
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Remark 3.4. Recall that [MROS| prove a stronger version of the main theorem, saying that for
every soundness error s > 1/polylogn it holds that NP has a PCP system with soundness s and
alphabet size exp (poly (1/s)). If one could prove a stronger version of Lemma in which the
soundness of G’ is p/poly (¢) and the alphabet size is |E\pOIY(Q) then the desired stronger version
would follow using the same proof as above, without using a composition technique as in [MROS,

DHO9).

The reduction described in Theorem is polynomial but not nearly-linear size. In fact, the
construction of graphs with linear structure (Lemma is nearly linear size (taking an instance of
size n to an instance of size ¢?-n). The part that incurs a polynomial and not nearly-linear blow-up
is the reduction in Lemma that relies on the derandomized direct product. It is possible that a
more efficient derandomized direct product may lead to a nearly-linear size construction in total.

4 PCPs with Linear Structure

In this section we prove Lemma [3.2] which implies Theorem by combining it with the PCP
theorem (Theorem . The lemma which says that every constraint graph can be transformed
into one that has linear structure. To this end, we use a family of structured graphs called de-
Bruijn graphs. We show that de-Bruijn graphs have linear structure, and that every constraint
graph can be embedded in some sense on a de-Bruijn graph. This embedding technique is a variant
of a technique introduced by Babai et. al. [BFLS91] and Polishchuk and Spielman [PS94] for
embedding circuits on de-Bruijn graphs. We begin by defining de-Bruijn graphs.

Definition 4.1. Let A be a finite alphabet and let m € N. The de Bruijn graph DBy ,y, is the
directed graph whose vertices set is A" such that each vertex (a1, ...,a;) € A" has outgoing edges
to all the vertices of the form (ag,...,a, ) for g € A.

Remark 4.2. We note that previous works a slightly different notion, the “wrapped de Bruijn
graph”, which is a layered graph in which the edges between layers are connected as in the de Bruijn
graph. Also, we note that previous works fixedA to be the binary alphabet, while we we use a general
alphabet.

Lemma follows easily from the following two propositions. Proposition says that
de Bruijn graphs have linear structure. Proposition [£.4] says that any constraint graph can be
embedded on a de Bruijn graph.

Proposition 4.3. Let F be a finite field and let m € N. Then, the de Bruijn graph DB, has
linear structure.

Proof Items [l| and |3| of the definition of linear structure (Definition follow immediately from
the definition of de Bruijn graphs. To see that Item [2| holds, observe that in order for a tuple in
F?™ to be an edge of DBy, it only needs to satisfy equality constraints, which are in turn linear
constraints. Thus, the set of edges of DBF ,, form a linear subspace of F2m, |

Proposition 4.4. There exists a polynomial time procedure that satisfies the following require-
ments:

o Input:

— A constraint graph G of size n over alphabet 3.
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— A finite alphabet A.

— A natural number m such that |[A|™ >2-n
e Output: A constraint graph G’ such that the following holds:

— The underlying graph of G' is the de Bruijn graph DB .
— The size of G' is ||,

— G’ has alphabet 200

— If G is satisfiable then G’ is satisfiable.

— If UNSAT (G) > p then UNSAT (G') > Q (Wﬁ .p).

Lemmais obtained by invoking Propositionwith A=F, m= ﬂogq (2- n)} and combining
it with Proposition 4.3 The rest of this section is devoted to proving Proposition 4.4] and is
organized as follows: In Section we give the required background on the routing properties of
de Bruijn graphs. Then, in Section we give an outline of the proof of Proposition Finally,
we give the full proof of the proposition in Section .3}

4.1 de Bruijn graphs as routing networks

The crucial property of de Bruijn graphs that we use is that de Bruijn graph is a permutation
routing network. To explain the intuition that underlies this notion, let us think of the vertices
of the de Bruijn graph as computers in a network, such that two computers can communicate
if and only if they are connected by an edge. Furthermore, sending a message from a computer
to its neighbor takes one unit of time. Suppose that each computer in the network wishes to
send a message to some other computer in the network, and furthermore each computer needs to
receive a message from exactly one computer (that is, the mapping from source computers to target
computers is a permutation). Then, the routing property of the de Bruijn network says that we
can find paths in the network that have the following properties:

1. Each path corresponds to a message that needs to be sent, and goes from the message’s source
computer to its target computer.

2. If all the messages are sent simultaneously along their corresponding paths, then at each unit
of time, every computer needs to deal with exactly one message.

3. The paths are of length exactly 2-m. This means that if all the messages are sent simultane-
ously along their corresponding paths, then after 2 - m units of time all the packets will reach
their destination.

Formally, this property can be stated as follows.

Fact 4.5. Let DB, be a de-Brugin graph. Then, given a permutation pu on the vertices of DBA m
one can find a set of undirected paths of length | = 2m which connect each vertex v to p(v) and
which have the following property: For every j € [l], each vertex v is the j-th vertex of exactly one
path. Furthermore, finding the paths can be done in time that is polynomial in the size of DB p,.

Fact is proved in [Lei92] for the special case of A = {0,1}. The proof of the general case
essentially follows the original proof, except that the looping algorithm of Benes with replaced with
the decomposition of d-regular graphs to d perfect matchings. For completeness, we give the proof
of the general case in Appendix
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Remark 4.6. Note that the paths mentioned in Fact are undirected. That is, if a vertex u
appears immediately after a vertex v in path, then either (u,v) or (v,u) are edges of DB .

4.2 Proof overview

Suppose we are given as input a constraint graph G which we want to embed on DB = DB ,,.
Recall that the size of G is at most |A|™, so we may identify the vertices of G with some of the
vertices of DB.

Handling degree 1 As a warm up, assume that G has degree 1, i.e., G is a perfect matching.

In this case, we construct G’ as follows. We choose the alphabet of G’ to be Xt for [ e om. Fix
any assignment m to G. We describe how to construct a corresponding assignment 7’ to G'. We
think of the vertices of G as computers, such that each vertex v wants to send the value 7(v) as a
message to its unique neighbor in G. Using the routing property of the de Bruijn graph, we find
paths for routing those messages along the edges of G’. Recall that if all the messages are sent
simultaneously along those paths, then every computer has to deal with one packet at each unit of
time, for [ units of time. We now define the assignment 7’ to assign each vertex v of G’ a tuple in
»! whose j-th element is the message with which v deals at the j-th unit of time.

We define the constraints of G’ such that they verify that the routing is done correctly. That is,
if the computer u is supposed to send a message to a vertex v between the j-th unit of time and the
(j + 1)-th unit of time, then the constraint of the edge betwen u and v checks that 7' (u); = 7'(v) 11
Furthermore, for each edge (u,v) of G, the constraints of G’ check that the values 7’ (v), and 7’ (v),
satisfy the edge (u, v). This condition should hold because if 7/ was constructed correctly according
to m then 7’ (v); = m(u) and 7’ (v); = 7(v). It should be clear that the constraints of G’ “simulate”
the the constraints of G.

Handling arbitrary degree graphs Using the expander replacement technique of Papadim-
itriou and Yannakakis [PY91], we may assume that G is d-regular for some universal constant d.
The d-regularity of G implies that the edges of G can be partitioned to d disjoint perfect matchings
U1, - -, g in polynomial time (see, e.g., [Cam98, Proposition 18.1.2]). Now, we set the alphabet
of G’ to be (El)d, and handle each of the matchings u; as before, each time using a “different
part” of the alphabet symbols. In other words, the alphabet of G’ consists of d-tuples of %!, and
so the constraints used to handle each matching u; will refer to the i-th coordinates in those tu-
ples. Finally, for vertex v, its constraints will also check that the message it sends in each of the
d routings is the same. In other words, if 7’ (v) = (01,...,04) € (Zl)d then the constraints will
check that (01); = ... = (04);. As before, the constraints of resulting graph G’ “simulate” the
constraints of the original graph G.

Remark 4.7. Observe that the foregoing proof used only the routing property of de Bruijn graphs,
and will work for any graph that satisfies this property. In other words, Proposition [4.4] holds for
any graph for which Fact holds.

4.3 Detailed proof

We use the following version of the expander-replacement technique of [PY91].

Lemma 4.8 ([Din07, Lemma 3.2]). There exist universal constants c¢,d € N and a polynomial time
procedure that when given as input a constraint graph G of size n outputs a constraint graph G’ of
size 2 - d - n over alphabet ¥ such that the following holds:
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e G' has 2-n vertices and is d-regular.
o If G is satisfiable then so is G'.
e If UNSAT (G) > p then UNSAT (G') > p/ec.

We turn to proving Proposition [£.4, When given as input a constraint graph G, a finite al-
phabet A and a natural number m such that |A™| > 2 - n, the procedure of Proposition acts
as follows. The procedure begins by invoking Lemma on (G, resulting in a d-regular constraint
graph G over 2-n vertices. Then, the vertices of G; are identified with a subset of the vertices of
DB = DBy, (note that this is possible since [A™| > 2 n).

Next, the procedure partitions the edges of GGy to d disjoint perfect matchings, and views those
matchings as permutations p1,..., ug on the vertices of DB in the following way: Given a vertex
v of DB, if v is identified with a vertex of G then p; maps v to its unique neighbor in G via the
i-th matchning, and otherwise p; maps v to itself. The procedure then applies Fact to each

permutation p; resulting in a set of paths P; of length [ e om. Let P = UP;.

Finally, the procedure constructs G in the following way. We set the alphabet of G’ to be XV,
viewed as (El)d. Ifoc e (Zl)d, and we denote o = (01, ...,04), then we denote by o; ; the element
(0i); € X. To define the constraints of G, let us consider their action on an assignment 7’ of G'.
An edge (u,v) of DB’ is associated with the constraint that accepts if and only if all the following
conditions hold:

1. For every i € [d], the values <7r’ (w); 7 (u)u) satisfy the edge (y; ' (u),u) of G.
2. It holds that ' (u), ; = ... =" (u) 4, and that 7' (v); ; = ... =7 (v) ;.

3. For every i € [d] and j € [l — 1] such that u and v are the j-th and (j + 1)-th vertices of a
path in p € P; respectively, it holds that 7' (u), ; # 7' (v), ;-
4. Same as Condition [3| but when v is the j-th vertex of p and w is its (j + 1)-th vertex.

The size of G’ is indeed |A|™ ", since the graph is |A|-regular and contains |[A|™ vertices. Further-
more, if G is satisfiable, then so is G’: The satisfiability of G implies the satisfiability of G, so
there exists a satisfying assignment 71 for G;. We construct a satisfying assignment 7’ from 1 by
assigning each vertex v of G’ a value 7’ (v), such that for each i € [d], if v is the j-th vertex of a
path p € P; that connects the vertices u and p;(u), then we set 7' (v), ; = m1(u). Note that this is
well defined, since every vertex is the j-th vertex of exactly one path in P;.

It remains to analyze the soundness of G’. Suppose that UNSAT (G) > p. Then, by Lemma
it holds that UNSAT (G1) > p/c. Let 7’ be an assignment to G’ that minimizes the fraction of
violated edges of G'. Without loss of generality, we may assume that for every vertex v of the DB
it holds that 7' (v);; = ... = 7' (v),,: If there is a vertex v that does not match this condition,
all of the edges attached to v are violated and therefore we can modify the 7'(v) to match this
condition without increasing the fraction of violated edges of 7’/. Define an assignment m; to G by
setting 71 (v) = 7' (v); ; (When v is viewed as a vertex of DB).

Since UNSAT (G1) > p/c, it holds that 71 violates at least p/c fraction of the edges of Gy, or in
other words 7 violates at least p-2-n-d/c edges of G1. Thus, there must exist a permutation p;
such that m violates at least p -2 - n/c edges of G; of the form (u,p;(u)). Fix such an edge
(u, ui(u)) and consider the corresponding path p € P;. Observe that 7' must violate at least one
of the edges of p: To see it, note that if 7’ would satisfy all the edges on p, then it would imply
that ' (u;(u));; = m1(u) and that 7' (ui(u)); ; = m1(pi(u)), but the last two values violate the edge
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(u, ni(u)) of G1, and therefore 7’ must violate the last edge of p - contradiction. It follows that for
each of the p-2-n/c edges of the matching p; that are violated by 71 it holds that 7’ violates at least
one edge of their corresponding path. By averaging there must exist j € [I] such that for at least
p-2-n/c-1 edges of the matching y; it holds that 7’ violates the j-th edge of their corresponding
path.

Now, by the definition of the paths in P;, no edge of G’ can be the j-th edge of two distinct
paths in P;, and therefore it follows that there at least p-2-n/c- 1 edges of G’ are violated by '.
Finally, there are |A|™"! edges in G’, and this implies that 7’ violates a fraction of the edges of G’

that is at least 2 nje-1
p . . n c . n
‘A’erl :Q<|A|m+1l p)

as required.

5 Derandomized Parallel Repetition of Constraint Graphs with
Linear Structure

In this section we prove Lemma restated below, by implementing a form of derandomized
parallel repetition on graphs that have linear structure.

Lemma 5.1 (3.3 restated). There exist a universal constant h and a polynomial time procedure
that satisfy the following requirements:

o Input:

— A finite field F of size q
— A constraint graph G = (F™, E) over alphabet X that has a linear structure.

A parameter dy € N such that dy < m/h2.
— A parameter p € (0,1) such that p > h-dg - g~ %/".

e Output: A constraint graph G’ such that the following holds:

— G has size n©do)

— G has alphabet a0

— If G is satisfiable then G’ is satisfiable.

— IfSAT (G) < 1 — p then SAT (G') < h-dy - g~ %/".
— @ has the projection property

The basic idea of the proof is as follows. The vertices of G’ correspond to small subspaces (i.e.
O (dp)-dimensional subspaces) of the vertices space F" and of the edges space E. A satisfying as-
signment IT to G’ is expected to be constructed in the following way: Take a satisfying assignment 7
to G. For each vertex of G’ which is a subspace A of vertices, the assignment IT should assign A
to m 4. For each vertex of G’ which is a subspace I of edges, the assignment II should assign F
O T|left(F)Uright(F)-

The edges of G’ are constructed so as to simulate a test on II that is referred to as the “E-test”
and acts roughly as follows (see Figure [2|for the actual test): Choose a random subspace F' of edges
and a random subspace A of endpoints of F', and accept if and only if the labeling of the endpoints
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of the edges in F' by II (F') satisfies the edges and is consistent with the labeling of the vertices of
A by II(A).

The intuition that underlies the soundness analysis of G’ is the following: The E-test performs
some form of a “direct product test” on II, and therefore if II (F') is consistent with II(A), the
labeling II (F’) should be roughly consistent with some assignment = to G. Therefore, by checking
that the labeling IT (F") satisfies the edges in F', the E-test checks that 7 satisfies many edges of 7 in
parallel. In this sense, the E-test can be thought as a form of “derandomized parallel repetition”.

The rest of this section is organized as follows. In Section [5.1] we provide a formal description
of the construction of G’ and analyze all its parameters except for the soundness. In order to
analyze the soundness of G’; we introduce in Section a specialized direct product test. Finally,
in Section we analyze the soundness of G’ by reducing it to the analysis of the specialized direct
product test.

Notation 5.2. Given a functions f : U — X and two subsets 5,7 C U we denote by f|s7) the
pair of functions (f‘s,f|T). Given two pairs of functions fi, fo : U — X and ¢g1,90 : V — X, we

denote by (f1,91) 5 (f2,92) the fact that both f; & fo and ¢1 & g2, and otherwise we denote

«

(f1,91) % (f2, 92)-

5.1 The construction of &

We begin by describing the construction of G’. Let G = (F™, E)) be the given constraint graph, let
do be the parameter from Lemma [3.3] and let d; = h - dp where h is the universal constant from
Lemma to be chosen later. The graph G’ is bipartite. The right vertices of G’ are identified
with all the 2dp-subspaces of F™ (the vertex space of G). The left vertices of G’ are identified
with all the 2d;-subspaces of the edge space E of G. An assignment II to G’ should label each
2dg-subspace A of F™ with a function from A to X, and each 2d;-subspace F' of F with a function
that maps the endpoints of the edges in F' to ¥. The edges of G’ are constructed such that they
simulate the action of the “E-test” described in Figure [2|

1. Let F;, and Fr be random dj-subspaces of E, and let

Br et (F), Bp “right (Fr), F% P+ P
I, and Fr are chosen to be uniformly and independently distributed d;-subspaces of £
conditioned on dim(F) = 2d;y, dim (Br) = dy, dim (Bg) = di, and By, N B = {0}.

2. Let A, and Ag be uniformly distributed dy-subspaces of By, and Bp respectively, and
let

A A 1 Ap.

3. Accept if and only if I (F);(4, 4,) = I1(A)|(4,,4,) and the assignment II (F) satisfies
the edges in F'.

Figure 2: The E-test

The completeness of G’ is clear. It is also clear that G’ has projection constraints. Let us
verify the size and alphabet-size of G’. The size of G’ is at most the number of 2d;-subspaces of F
multiplied by the number of 2dg-subspaces of F™™, which is |E|** . [F™|*®. It holds that dy < di,
and furthemore the linear structure of G’ implies that dim £ > m (by Item [3| of Definition , SO
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1. Choose two uniformly distributed and disjoint di-subspaces By, Bo of F™.
2. Choose two uniformly distributed dy-subspaces A1 C By, Aa C Bs.

3- Accept lf and Only lf H (Bl, B2)\(A1,A2) - H (Al “I— A2)|(A17A2)

Figure 3: The S-test

it follows that |[F™|?% < |E|*¥ and thus |E|*® - [F™[*® < |E[*". Finally, observe that the size of
G is n = |E|, so it follows that the size of G’ is at most n* = nd)  as required.

For the alphabet size, recall that an edges subspace F' is labeled by a function that maps the
endpoints of the edges to . Such a function can be represented by a string in 22"124‘11, since each
2d;-subspace F' contains ¢>% edges and each has two endpoints. It can be observed similarly that
the labels assigned by II to 2dp-subspaces A of F" can be represented by strings in »2a* | The
alphabet of G is therefore %207 = 297" 3 required.

5.2 The specialized direct product test

In order to analyze the soundness of the E-test, we introduce a variant of the direct product test
of [IKWQ9] that is specialized to our needs. We refer to this variant as the specialized direct product
test, abbreviated the “S-test”.

Given an string 7 : F" — X, we define its S-direct product II (with respect to dy,d; € N) as
follows: II assigns each 2dp-subspace A C F™ the function m 4, and assigns each pair of disjoint
di-subspaces (B, B2) the pair of functions 7|, p,).-

We turn to consider the task of testing whether a given assignment II is the S-direct product
of some string 7 : F"™ — 3. In our settings, we are given an assignment II that assigns each
2dy-subspace A to a function a : A — ¥ and each pair of disjoint di-subspaces (Bj, By) to a pair
of functions by : B] — X, by : By — Y. We wish to check whether II is a S-direct product of some
m: ™ — ¥. To this end we invoke the S-test, described in Figure

It is easy to see that if II is a S-direct product then the S-test always accepts. Furthermore,
it can be shown that if IT is “far” from being a S-direct product, then the S-test rejects with high
probability. As in the P-test, this holds even if II is a randomized assignment. Formally, we have
the following result.

Theorem 5.3. There exist universal constants h',c € N such that the following holds: Let dy € N,
di > W -dy, and m > ' -dy, and let ¢ > B - dy - g0/ o def . do - g~ %/" . Suppose that a
(possibly randomized) assignment I1 passes the S-test with probability at least . Then there exists
an assignment ® : F"™ — X for which the following holds. Let Bi, By be uniformly distributed
and disjoint dy-subspaces of F™, let A1 and As be uniformly distributed dg-subspaces of By and Bs
respectively, and denote A = A1 + Ao. Then:

Pr [H (B1, Ba) (4, 0y = TL(A)(4, 4, and TT(By, By) & m(BhBQ)] — Q (%) (4)

We defer the proof of Theorem [5.3] to Section [9

Remark 5.4. Note that Equation [d] only says that II is close to the S-direct product of 7 on pairs
(B1, B2), and not necessarily on 2dy-subspaces A. In fact, it could be also proved that II is close
to the S-direct product of m on the 2dy-subspaces, but this is unnecessary for our purposes.
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5.3 The soundness of the derandomized parallel repetition

In this section we prove the soundness of G’: namely, that if SAT (G) < 1 — p, then
SAT(G) <e ™ h-dy. g~/

where h is the universal constant from Lemma We will choose h to be sufficiently large such
that the various inequalities in the following proof will hold. To this end, we note that throughout
all the following proof, increasing the choice of A does not break any of our assumptions on h, so
we can always choose a larger h to satisfy the required inequalities.

Let 1/ and ¢ be the universal constants whose existence is guaranteed by Theorem and let «
denote the corresponding value from Theorem We will choose the constant h to be at least h'.

Let IT be an assignment to G’. Let us denote by 7 the event in which the E-test accepts II.
With a slight abuse of notation, for a subspace F' C E and an assignment 7 : F™ — 3, we denote

by II (F) & 7 the claim that for at least 1 — o fraction of the edges e of F it holds that II (F) is
«

consistent with 7 on both the endpoints of e, and otherwise we denote II (F') % w. Our proof is
based on two steps:

e We will show (in Proposition below) that if the test accepts with probability e, then it
is “because” II is consistent with some underlying assignment 7 : F™ — X. This is done
essentially by observing that the E-test “contains” an S-test, and reducing to the analysis of
the S-test.

e On the other hand, we will show (in Proposition below) that for every assignment 7 :
F™ — 3 the probability that the test accepts while being consistent with 7 is negligible.
This is done roughly as follows: Any fixed assignment 7 is rejected by at least p fraction of
G’s edges. Furthermore, the subspace F' queried by the test is approximately a uniformly
distributed subspace of E, and hence a good sampler of E. It follows F' must contain =
p fraction of edges of G that reject 7, and therefore II (F') must be inconsistent with 7.

We have reached a contradiction and therefore conclude that the E-test accepts with probability
less than €. We now state the two said propositions, which are proved in Sections [5.3.1| and [5.3.2
respectively.

Proposition 5.5. There exists g = §2(e°) such that the following holds: If Pr[T] > €, then there

4.
exists an assignment 7 : F™ — 3 such that Pr |7 and II (F) ~ 7| > eo.

Proposition 5.6. Let ¢ be as in Lemmal5.5. Then, for every assignment 7 : F™ — 3 it holds that

Pr|7 and T (F) = 7| < &.

Clearly the two propositions together imply that Pr[7] < e, as required.

Before turning to the proofs of Propositionss and let us state a useful claim that says
that if we take a random d-subspace of edges and project it to its left endpoints (respectively, right
endpoints), we get a random d-subspace of vertices with high probability.

Claim 5.7. Letd € N and let E,, be a uniformly distributed d-subspace of E. Then, Pr[dim (left (E,)) = d] >
1—d/q™ 9, and conditioned on dim (left (E,)) = d, it holds that left (E,) is a uniformly distributed
d-subspace of B™. The same holds for right (Ej,).
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More generally, let Ey be a fized subspace of E such that dim (Ep) > d and dim (left (Ej)) =
D > d. Let E, be a uniformly distributed d-subspace of Ey. Then, Pr[dim (left (E,)) =d] > 1 —
d/qP=?, and conditioned on dim (left (E,)) = d, it holds that left (E,) is a uniformly distributed
d-subspace of left (Ey). Again, the same holds for right (E,).

We defer the proof of to Appendix [C]

5.3.1 Proof of Proposition [5.5

Suppose that Pr[7] > . We prove Proposition by arguing that the E-test contains an “implicit
S-test” and applying Theorem

Observe that, without loss of generality, we may assume that for every edge-subspace F' such
that I (F") violates one of the edges in F, it holds that II(F) 4, 4.y # I1(A)(4, 4, for any choice
of A;, and Agi. The reason is that for every such F, we can modify II (F') such that it assigns
symbols outside of the alphabet ¥ of G, so II (F) will always disagree with II (A). Note that this
modification indeed does not change the acceptance probability of II. This assumption that we make
on II implies in particular that the event 7 is equivalent to the event II (F)(AL,AR) # 11 (A)(AL,AR)’
and this equivalence is used in the following analysis.

We turn back to the proof of Proposition We begin the proof by extending II to pairs of
disjoint dj-subspaces of F'™ in a randomized manner as follows: Given a pair of disjoint d;-subspaces
B; and By, we choose I} and Fy to be uniformly distributed and disjoint di-subspaces of E such
that left (F1) = By and right (F») = Ba, and set 11 (B1, By) = L (F1 + F2)(p, p,)-

Now, observe that the probability that the E-test accepts equals to the probability that the
S-test accepts the extended II. The reason is that the subspaces By, Br, Ar,, Ar of the E-test are
distributed like the subspaces B, Ba, A1, As of the S-test. It thus follows the E-test performs in
a way an S-test on the extended assignment II.

Next, we note that by choosing h to be sufficiently large, the foregoing “implicit S-test” matches
the requirements of Theorem and we can thus apply this theorem. It follows that there exists
an assignment 7 : F"* — ¥ such that

Pr|TL(BL, Br)ay ap) = WA a4 a0d TU(BL, Br) & p, py| = /() (5)

By using the equivalence between the event 7" and the event IT(F) 4, 4.y # I1(A) (4, 4, it follows
that Inequality [5| is equivalent to the following inequality.

[0

Pr (T and IL(F) 5, 5, & m(8y,80 | = Q) (6)

We turn to show that

Pr [T and I1 (F) = 71] > Q).

%
We will prove that if F' is such that II (F') % 7, then for a random choice of By, Br conditioned
on F', it is highly unlikely that Inequality [6] still holds. Formally, we will prove the following.

4o
Claim 5.8. For every fized 2dy-subspace Fy of E such that 11 (Fy) % , it holds that

F= FO} <1/ (qd1_2 . a2>

We defer the proof of Claim to the end of this section. Claim immediately implies the
following.

Pr | IL(F) (5, ) & (31,0
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Corollary 5.9. It holds that

[ o da _
Pr H(F)KBLyBR) IS W‘(BL,BR)‘H(F) % 7T:| < ]_/ (qdl 2, (04/2)2)

By combining Corollary with Inequality [6] and by choosing h to be sufficiently large, it follows
that

«

[ 4o
Pr\T and IL(F)p, g, = 7|(B,,Bz) and IL(F)~ 71'] > Q (9,

This implies that
Pr|7 and II(F) ‘fé“w] > 0 ()

Setting g to be the latter lower bound finishes the proof.

4o
Proof of Claim [5.8 Observe that the assumption I (Fp) % 7 implies that one of the following
holds

2c

I (F0)|left(F0) % Tleft(F)

2
I (Fp) |right (Fp) % Tright(Fo)

Without loss of generality, assume that the first holds. Now, when conditioning on F' = Fp, it
holds that F7 is a uniformly distributed dj-subspace of Fy satisfying dim (left (Fr)) = di. By
Claim (with Ey = Fy and E, = Fp,), under the conditioning on dim (left (F7,)) = di, it holds

that Br, L Jeft (Fr) is a uniformly distributed dj-subspace of left (Fp). Therefore, by Lemma

07

the event IT (F)| B, # ™ B, occurs with probability at least

11/ (72 () ) 2 1o (g2 or2p)

as required. [

5.3.2 Proof of Proposition [5.6

Fix an assignment 7 : F™ — 3. By assumption it holds that SAT (G) < 1— p, and therefore m must
violate a set E* of edges of G of density at least p. Below we will show that at least p/2 fraction
of the edges in F are in E* with probability greater than 1 — &y. Now, observe that II (F') cannot

satisfy the edges of F' and at the same time be consistent with 7 on the edges in E*, and hence
p/2
whenever the latter event occurs it either holds that the E-test fails or that IT (F') % 7. However,

for sufficiently large choice of h, it holds that p/2 > 4 - «, and therefore the probability that the
4.
E-test passes and at the same time it holds that I (F) ~ 1 is less than €0, as required.

It remains to show that
p [|F N E*|
N

|F|
We prove the above inequality by showing that F' is close to being a uniformly distribured 2d;-
subspace of E, and then applying Lemma To this end, let F; and FJ, be uniformly distributed
di-subspaces of F', and let F' = F] +F},. Let us denote by &; the event in which dim (F”) = 2d;, and
by &> the event in which left (F}) and right (Fj,) are disjoint and are of dimension d;. Observe that

Zp/2:| >1—¢p
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conditioned on &£ and & the subspace F’ is distributed exactly like the subspace F. It therefore
holds that

|F N E*| } [|F' N E*|
Pr [ >p/2| = Pr|it——">p/2/& and &
ral L FY
[ |F' N E*
Z Pr _||F1/||Zp/2 and 52 gl:|
[|F' N E*
Z Pr ||_F1/|| 2 p/2 51:| —Pr [ﬂ52|51]
[|F' N EY| Pr [-&)]
> Pr|m—1>p/21&]| —
SR 2 I B B e

Now, observe that conditioned on &1, the subspace F’ is a uniformly distributed 2d;-subspace of
E. Thus, by Lemma [2.3] it holds that

|F' N E*|

Pri e 202

2
51] >1-1/¢*"72 (p/2 - q‘%) >1-1/¢*"7% (p/3)?

Moreover, by Proposition it holds that

Pr [51] 2 1-— 2d1/qdim E—2dy
> 1—2d,/¢m %"
1
>
- 2

Finally, we upper bound Pr[&]. By Claim (with By, = E and E, = Fj, Fy) it holds
that dim (left (F)) = dim (right (F)) = di with probability at least 1 — 2 - d;/¢™ %. Further-
more, conditioned on the latter event, it holds that left (F}) and right (Fj,) are uniformly dis-
tributed di-subspaces of F™, and it is also easy to see that those subspaces are independent. By
Proposition this implies that conditioned on dim (left (F7)) = dim (right (Fy)) = di the sub-
spaces left (F}) and right (Fj) are disjoint with probability at least 1 — 2d;/¢™ %%, and hence
Pr[&] > 1 —4d;/q™ %% as required.

We conclude that that

|F O E*| } [|F’DE*| ‘ ] Pr[-&]
pr| s ol > pr | LS el | —
[ Fo 2P 2 TR R I Ty
o 4.d/qu2-d1
S 11/ 2d—2 2 1

= 1= 1/g"" 2 (p/3)* =8 dy /g™ >
> 1—¢g

where the last inequality holds for sufficiently large choice of h. This concludes the proof.

6 Decodable PCPs

The PCP theorem says that CIRCUITSAT has a proof system in which the (randomized) verifier
reads only O(1) bits from the proof. In known constructions this proof is invariably an encoding of a
satisfying assignment to the input circuit. Although this is not stipulated by the classical definition
of a PCP, the fact that a PCP is really an encoding of a ‘standard’ NP witness is sometimes useful.
Various attempts to capture this behavior gave rise to such objects as PCPs of Proximity (PCPPs)
[BGHSV06] or assignment testers [DR0O6], and more recently to decodable PCPs (dPCPs) [DH09].
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Application: alphabet reduction through composition. The notion of dPCPs is useful
for reducing the alphabet size of PCPs with small soundness error via composition. They were
introduced in [DHO09| in an attempt to simplify and modularize the construction of [MRO§|. Indeed
this notion is a refinement of [MROS8]’s so-called “locally decode or reject codes (LDRCs)” which
allowed [DHQ9] prove a generic two-query composition theorem. This theorem allows one to improve
parameters of a PCP using any dPCP. The only known construction of a dPCP (until this work)
is the so-called “manifold vs. point” construction. In the next sections we give a new construction
of a dPCP by adapting the work of the previous sections to a dPCP. Our dPCP can then be
plugged into the composition scheme of [DH09] to reprove the result of [MRO8]. We sketch this in
Section [6.5]

Decodable PCPs and PCPs of Proximity (PCPPs). We can define dPCPs for any NP
language but we focus on the language CIRCUITSAT since it suffices for our purposes. A dPCP
system for CIRCUITSAT is a proof system in which the satisfying assignments of the input circuit
are encoded into a special “dPCP” format. These encodings can then be both locally verified and
locally decoded in a probabilistic manner. In other words, the verifier is given an input circuit as
well as oracle access to a proof string, and is able to simultaneously check that the given string is
a valid encoding of a satisfying assignment, as well as to decode a symbol in that assignment. The
formal definition is given below in Section

dPCPs are closely related to PCPs of proximity [BGHSV06] or assignment testers [DR06] (to
be defined shortly below). In fact dPCPs were first defined in the context of low soundness error
to overcome inherent limitations of PCPPs in this parameter range. In this work we extend the
definition of a dPCP also to the high soundness error range (i.e. matching the parameter range of
PCPPs). We call these uniquely decodable PCPs (udPCPs) as opposed to list decodable dPCPs.
It is natural to consider such an object in our context since our approach is to reduce the error by
parallel repetition. Thus we must start with a dPCP with relatively high error and then reduce
the error. Uniquely decodable PCPs turn out to be roughly equivalent to PCPPs in the sense that
any PCPP can be used to construct a udPCP and vice versa. In retrospect, we find the notion
of udPCPs (and dPCPs) just as natural as that of PCPPs. In fact, many known constructions of
PCPPs work by implicitly constructing a udPCP and then adding comparison checks.

In the following subsections we recall the definitions of PCPPs (Section and define udPCPs
(Section . We then prove the equivalence of PCPPs and udPCPs. Next we state two lemmas
that capture the two main steps in constructing dPCPs. This is followed by a proof of Theorem
Finally, we sketch a proof of Theorem [1.2] based on Theorem

6.1 Recalling the definition of PCPPs

PCPs of Proximity (PCPPs) were defined simultaneously in [BGHSV06] and in [DRO6] under
the name assignment testers. PCPPs allow the verifier to check not only that a given circuit is
satisfiable, but also that a given assignment is (close to being) satisfying. They were introduced
for various motivations, and in particular, they facilitate composition of PCPs which is important
for constructing PCPs with reasonable parameters.

Intuitively, a PCP verifier for CIRCUITSAT is an oracle machine V that is given as input a
circuit ¢ : {0,1} — {0,1}, and is also given oracle access to an assignment z to ¢ and a proof .
The verifier V' is required to verify that x is close to a satisfying assignment of ¢, and to do so by
making only few queries to x and 7. For technical reasons, it is often preferable to define V in a
different way. In this definition, instead of requiring that V makes few queries to its a oracle and
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decides according to the answers it gets, we require that V outputs explicitly the queries it intends
to make and the predicate v it intends to apply to the answers it gets. The advantage of this
definition is that it allows us to measure the complexity of the predicate 1. The formal definitions
of PCPP are given below.

Definition 6.1 (PCPP verifier). A PCPP wverifier for CIRCUITSAT is a probabilistic polynomial-
time algorithm V' that on input circuit ¢ : {0,1}" — {0, 1} of size n tosses 7(n) coins and generates

1. ¢ = q(n) queries I = (iy,...,iy) in [t +¥] (where £ = £(n) and the queries are viewed as

coordinates of a string in {0, 1}7).

2. A circuit ¢ : {0,1}7 — {0, 1} of size at most s(n).

We shall refer to r(n), g(n), £(n), and s(n) as the randomness complexity, query complezity, proof
length, and decision complexity respectively.

Definition 6.2 (PCPPs). Let V, r(n), ¢(n), £(n), and s(n), be as in Definition and let
p:N— (0,1]. We say that V' is a PCPP system for CIRCUITSAT g 1} with rejection ratio p if the

following holds for every circuit ¢ : {0,1}" — {0,1} of size n:

e Completeness: For every satisfying assignment = for ¢ there exists a proof string 7, €
{0,1}" such that

Pr [w ((xowz)u) = 1} =1

Iy
where I and v are the (random) output of V' ().

e Soundness: For every z € {0, l}t that is e-far from a satisfying assignment to ¢ and every
proof string 7 € {0,1}* the following holds:

prlo(omn) =02

The starting point for our construction of a dPCP is the fact that NP has PCPPs with reasonable
parameters:

Theorem 6.3 ([BGHSV06, DR06]). CIRCUITSATq 1} has a PCPP system with randomness com-
plezity O(logn), query complexity O(1), proof length poly(n), decision complexity O(1), and rejec-
tion ratio Q(1).

Remark 6.4. The PCPPs described in Definition [6.2] are known in the literature as “strong
PCPPs”. An alternative definition of PCPPs, known as “weak PCPPs”, requires only that ev-
ery assignment z € {0,1} that is very far from a satisfying assignment will be rejected with high
probability, while other non-satisfying assignments may be accepted with probability 1.

6.2 The definition of decodable PCPs

Decodable PCPs (dPCPs) were defined in the work of [DHQ9] in order to overcome certain limita-
tions of PCPP&EL As mentioned above, the definition of [DH09| is only useful if the soundness error
is indeed very low. Below, we recall the definition of [DH09] and suggest an alternative definition
for the case where the soundness error is high. This alternative definition will be useful later in the
construction of decodable PCPs with low soundness error.

%In particular, using arguments in the spirit of [BHLMQ9], it is easy to prove that a PCPP that has low soundness
error must make at least three queries. Hence, PCPPs can not be used to construct two-query PCPs with low
soundness error.
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6.2.1 Recalling the definition of [DHO09]

Intuitively, a PCP decoder for CIRCUITSAT is an oracle machine D that is given as input a circuit
o, and is also given oracle access to a “proof” 7 that is supposed to be the encoding of some
satisfying assignment x to . The PCP decoder D is required to decode a uniformly distributed
coordinate k of the assignment x by making only few queries to 7. It could also be the case that
the proof 7 is too corrupted for the decoding to be possible, and in this case D is allowed to output
a special failure symbol 1. Thus, we say that D has made an error only if it outputs a symbol
other than x; and L. We refer to the probability of the latter event as the “decoding error of D”,
and would like it to be minimal.

It turns out that if we wish the decoding error of D to be very small, we need to relax the
foregoing definition, and allow the PCP decoder D to perform “list decoding”. That is, instead of
requiring that there would be a single assignment x that is decoded by D, we only require that
there exists a short list of assignments !, ...,z such that the decoder outputs either L or one of
the symbols CL‘,lg, . ,$£ with very high probability. Of course, this is meaningless if the assignments
are binary strings, and therefore we extend the definition of CIRCUITSAT to circuits whose inputs
are symbols from some large alphabet I'.

We turn to give the formal definitions of (list-)decodable PCPs. As in the case of PCPPs,
instead of letting the decoder make the queries and process the answers directly, we require the
decoder to output the queries and a circuit ¢ that given the answers to the queries outputs the
decoded value.

Notation 6.5. Let ¥ and I be finite alphabets, and let f : T* — " be a function. We say that a
circuit C' computes f if it takes as input a binary string of length k - [log|T'|] and outputs a binary
string of length n - [log |%|] that represent the input in I'* and the output in I in the natural
way. We will usually omit the function f and simply refer to the circuit C' : I'* — £". We will also
view the circuit C' as taking as input k£ symbols in I and outputs n symbols in ¥. Given a circuit
¢ : Tt — {0,1}, an assignment x € I'* for ¢ is said to satisfy ¢ if p(z), and otherwise it is said to
be unsatisfying.

Definition 6.6 (PCP decoders, similar to [DHQ09, Definition 3.1]). Let r,q,s,¢ : N — N, and let
I", 3 be functions that map each n € N to some finite alphabet. A PCP decoder for CIRCUITSATT
over proof alphabet Y is a probabilistic polynomial-time algorithm D that for every n € N acts as
follows. Let I' = I'(n), ¥ = X(n), £ = £(n). When given as input an input circuit ¢ : I'" — {0,1}
of size n and an index k € [t], the PCP decoder D tosses r(n) coins and generates

1. A sequence of queries I = (z’l, . ,iq(n)) in [¢] (where the queries are viewed as coordinates of
a proof string in T'¢).

2. A circuit ¢ : 29" — T'U{L} of size at most s(n).

We shall refer to the functions r(n), ¢(n), ¢(n), and s(n) as the randomness complexity, query
complezity, proof length, and decoding complezity respectively. Without loss of generality we have
t(n)=2"" . q(n)-t.

Definition 6.7 (List Decodable PCPs, similar to [DH09, Definition 3.2]). Let D, I, ¥, and ¢ be
as in Definition and L: N — Nand € : N — [0,1]. We say that a PCP decoder D with the
foregoing parameters is a (list) decodable PCP system for CIRCUITSATp (abbreviated 1dPCP) with
list size L = L(n), soundness error € = g(n) if the following holds for every circuit ¢ : I'* — {0, 1}
of size n:
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e Completeness: For every = € I'* such that ¢(z) = 1 there exists a proof string 7, € %¢ such
that

Pr [ () = =1

where k is uniformly distributed in [t] and I and ¢ are the (random) output of D (¢, k).

e Soundness: For every proof string 7 € X, there exist a (possibly empty) list of satisfying
assignments !, ..., z% € T for ¢ such that

kf;r¢ [¢ (mr) ¢ {x,lg,...,xﬁ,L}] <e

where k, I, 1 are as before.

6.2.2 Unique-decodable PCPs

We turn to discuss our suggested definition for dPCPs for the case of high soundness error. If
the soundness error is high, then we can actually require the PCP decoder to decode a unique
assignment, instead of decoding a list of assignments. Thus, we refer to dPCPs with high soundness
error as “unique decodable PCPs” (udPCPs).

The straightforward definition for udPCPs would be to take the foregoing definition of ldPCPs,
and set ¢ to a large value and L to be 1. However, this definition turns out to be useless for our
purposes. To see why, recall that our ultimate goal is to construct dPCPs with low error by first
constructing dPCPs with high error and then decreasing their error using derandomized parallel
repetition. However, if we define udPCPs using the above straightforward definition, then it is not
even clear that sequential repetition decreases their erroﬂ

We therefore use the following alternative definition for udPCP. We now require that if the
proof 7 is such that the PCP decoder D errs with high probability, then D detects it with a related
probability. In other words, we require that the probability that D outputs L is related to the
probability that D errs. Observe that such PCP decoders can indeed be improved by sequential
repetition: If the proof m is errorneous and we invoke the PCP decoder D many times, then the
probability that D detects the error and outputs L improves. Below we give the formal definition.

Definition 6.8. Let D, I", ¥, and £ be as in Deﬁnition Let ¢ : " — {0, 1} be a circuit of size
n, let = be an assignment to ¢, and let 7 € 2™ be a proof for D. We define the decoding error of
D on m with respect to x as the probability

P[4 (1) ¢ (o, L)

where k, I, 1 are as in Definition We define the decoding error of D on m as the minimal
decoding error of D on 7 with respect to an assignment x’ for ¢, over all possible assignments x’
to p.

Definition 6.9 (Unique Decodable PCPs). Let D, I', ¥, and ¢ be as in Definition and let p :
N — [0, 1]. We say that the PCP decoder D is a (unique) decodable PCP system for CIRCUITSAT
(abbreviated udPCP) with rejection ratio p if for every circuit ¢ : I'* — {0,1} of size n the PCP
decoder D satisfies the completeness requirement of Definition and furthermore satisfies the
following requirement:

3The problem in performing sequential repetition for such definition of udPCPs is that we must invoke the PCP
decoder on a wuniformly distributed and independent index k in each invocation, and it is not clear how to use
invocations for different indices k in order to decrease the error.
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e Soundness: For every proof string = € 3¢, if D has decoding error € on 7 then

ol (mr) = L] 2 p(n) -

where k, I, 1 are as in Definition [6.7]

Remark 6.10. We could have also defined the decoding error of D on 7 with respect to x as the
probability Prg.; 4, [1/1 (77‘ I) =+ $k] This definition may be more natural, but it is more convinient
to work with the current definition.

Remark 6.11. Note that the soundness requirement of in our definition of udPCPs is similar to
the soundness requirement of PCPPs, and in particular to definition of soundness of strong PCPPs
(see Remark[6.4). We could also use a definition that is analogous to the definition of a weak PCPP.
Specifically, we could have required only that when the decoding error is very large, the decoder
rejects with high probability. However, our definition is stronger, and since we can satisfy it, we
prefer to work with it. It is also more convenient to work with this definition throughout this work.

We next argue that every PCPP implies a udPCP.

Proposition 6.12. Let V' be a PCPP system for CIRCUITSAT(, 1y with randomness complezity
r(n), query complezity q(n), proof length ¢(n), decision complexity s(n), and rejection ratio p(n).
Then, for every u : N — N there exists a udPCP for CIRCUITSAT{OJ}Mn) with proof alphabet
{0,1}, randomness complezity r(n), query complezity g(n) + u(n), proof length n + €(n), decoding
complexity s(n) + O (u(n)), and rejection ratio p(n)/u(n).

Proof Let u: N — N and denote u = u(n). For every circuit ¢ : ({0,1}*)" — {0,1} of size n and
satisfying assignment x for ¢, we define the corresponding proof string for D to be z o 7., where
my is the proof string of V' for x when x is treated as a binary string.

Fix a circuit ¢ : ({0,1}")" — {0,1} and k € [t], and let 2’ € {0,1}*?, = € {0,1}*. On input
(p, k) and oracle access to a proof 2’ o 7, the decoder D first emulates the verifier V on ¢ with
oracle access to x’ o m,. If V rejects, then D outputs L. Otherwise, D queries the coordinates

u-(k—=1)+1,...,u-k

of z and outputs the tuple of answers as the symbol in {0,1}" that it is ought to decode.

It should be clear that D satisfies the completeness requirement, and has the correct randomness
complexity, query complexity, proof length, and decoding complexity.

It remains to analyze the rejection ratio of D. Let 7’ be a proof string for D and assume that
7 = zom where z € {0,1}*" and 7 € {0,1}". Let zo be the satisfying assignment of ¢ that is
nearest to x when viewed as a binary string. Let € be the relative distance between x and xy when
viewed as strings over the alphabet {0,1}". Cleary, the decoding error of D on z o 7 with respect
to xg is €, and is an upper bound on the decoding error of D. Furthermore, the relative distance
between = and xg as binary strings is at least ¢/u. Thus, the emulation of V' rejects x o m with
probability at least p(n) - €/u, and this is also the rejection probability of D, as required. |

Remark 6.13. One could also prove Proposition [6.12| without a loss of a factor of u in the rejection
ratio p using error correcting codes.

Remark 6.14. It is not hard to see that the converse of Proposition also holds. Namely, given
a udPCP it is easy to construct from it a PCPP.
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Remark 6.15. Our definition of udPCPs (Definition bears some similarities to the notion of
relaxed locally decodable codes [BGHSVO06], which are also constructed using PCPPs. However,
the notions are fundamentally different. The most important difference between the notions is that
while the decoder of a relaxed LDC should decode any possible message, the decoder of a udPCP is
required to decode only satisfying assignments of a given circuit. This makes udPCPs signifcantly
more powerful, and in fact makes them equivalent to PCPPs. A secondary difference is that when
a udPCP is given oracle access to a corrupted oracle then it can output | with any probability,
while a relaxed LDC is required to output zj (instead of L) with some given probability.

6.3 Decoding graphs
6.3.1 The definition of decoding graphs

Recall that in the first part of the paper, we often found it more convenient to work with constraint
graphs instead of working with PCPs. We now define the notion of “decoding graphs”, which will
serve as the graph analogue of decoding PCPs just as constraint graphs serve as the graph analogue
of PCPs.

Definition 6.16 (Decoding graphs). A (directed) decoding graph is a directed graph G = (V, E)
that is augmented with the following objects:

1. A circuit  : ' — {0,1}, to which we refer as the input circuit. Here I' denotes some finite
alphabet.

2. A finite alphabet 3, to which we refer as the alphabet of G.

3. For each edge e € E, an index k. € [t], and a circuit ¢ : ¥ x ¥ — T'U{L}. We say that e is
associated with k. and .. For k € [t], we denote by Ej the set of edges associated with k.

The size of G is the number of edges of G. We say that G has decoding complexity s if all the
circuits are of size at most s. It is required that G satisfies the following property:

e Completeness: For every satisfying assignment x € I'! to ¢, there exists an assignment
7+ V — 3 to G such that the following holds. For every edge (u,v) that is associated with
an index k = k, .y and a circuit ¢ = 1), it holds that ¢ (7 (u), 7(v)) = x.

Notation 6.17. We will use the following terminology regarding constraint graphs: Let G = (V, E)
be a decoding graph with input circuit ¢ : T* — {0, 1} alphabet .

1. Let (u,v) € E and ¢ = Y(uw) be and edge its associated circuit, and let 7 : V' — X be an
assignment to G. If ¢ outputs L on input (7(u),7(v)) then we say that (u,v) rejects m (or
that 7 violates (u,v)), and otherwise we say that (u,v) accepts 7 (or that 7 satisfies (u,v)).

2. Let (u,v), ¥, and 7 be as before, let k = k(, ) be the index associated with (u,v), and let
x be an assignment to ¢. We say that (u,v) fails to decode x if ¢ (n(u), w(v)) ¢ {xg, L}.
When z is clear from the context we will omit it, and we will also say that (u,v) errs, or that
(u,v) decodes correctly (if (u,v) does not err). Note that outputting L is not considered to
be failure.

3. We say that G has the projection property if for every circuit 9, ,) has an associated function
fuw) + 2 — X such that ¢, . (a,b) # L if and only if f(, ,y(a) = b.
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4. We refer to the quantity log (maxke[t] |Ek\) as the randomness complexity of G, since it upper
bounds the number of bits required to choose a uniformly distributed edge that is associated
with a particular index.

We turn to define soundness properties of decoding graphs. As in the case of decodable PCPs,
we have two definitions, one for the case of high soundness error (unique decoding) and one for the
case of low soundness error (list decoding).

Definition 6.18. Let G = (V, E), X, T', ¢ be as before, and let 7 : V' — ¥ be an assignment to G.

e Unique decoding soundness: For every satisfying assignment x € I'! to ¢, we define the
decoding error of G on m with respect to x as the probability

e e, (V) (7 (), 7 () & {2k, L}]

where k is uniformly distributed in [¢t] and (u,v) is uniformly distributed in Ej. Note that
the edge (u,v) is chosen according to the decoding distribution of G.

We define the decoding error of G on m as the minimal decoding error of G on 7 with respect
to any satisfying assignment of ¢. Now, we say that G has rejection ratio p if for every
assignment 7 to G, if G has decoding error € on 7 then it holds that

kem,&)@k [y (7 (u), 7 (v)) = L] = p-e

where k and (u,v) are chosen as before.

e List decoding soundness: We say that G is list-decoding with list size L and soundness
error € if for every assignment 7 to G there exists a (possibly empty) list of satisfying assign-
ments 2!, ...,z € I'* for ¢ such that

1 L
kE[t],(E,I;))EEk [w(u,v) (7T (U) y T (’U)) ¢ {xkn s 7xkaJ—}] <e

where k and (u,v) are chosen as before

The following proposition gives the correspondence between decoding PCPs and decoding
graphs, in analogy to the correspondence between PCPs and constraint graphs.

Proposition 6.19. Let r,s,0,p,I',¥ be as in Definition [6.9 The following two statements are
equivalent:

o CIRCUITSATT has a udPCP with query complexity 2, randomness complexity r, decoding
complexity s, proof length £, proof alphabet 3, and rejection ratio p.

e There exists a polynomial-time transformation that transforms a circuit ¢ : I't — {0,1} of size
n to a decoding graph G = (V, E) with {(n) vertices, randomness complezity r(n), decoding
complezity s(n), proof alphabet ¥ (n), and rejection ratio p(n).

A similar equivalence holds for ldPCPs and list-decoding graphs.
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6.3.2 Additional properties of decoding graphs

Recall that when discussing constraint graphs, we were interested in the probability that a uniformly
distributed edge of the graph is satisfied by a given assignment. As can be seen in Definition
when discussing decoding graphs we are interested in a different distribution over the edges, defined
below.

Definition 6.20. The decoding distribution D¢ of a decoding graph G = (V, E) is the distribution
over the edges of G that is corresponds to the following way for picking a random edge of G: Choose
k € [t] uniformly at random, and then choose an edge uniformly at random from Fj.

It is usually inconvenient to analyze the decoding distribution of the graphs we work with.
However, we will work only with graphs whose decoding distribution is similar to the uniform
distribution over the edges. The following definition aims to capture this property, which allows us
to analyze the uniform distribution instead of the decoding distribution.

Definition 6.21. We say that a decoding graph G = (V, E) has smoothness ~ if its decoding
distribution is y-similar to the uniform distribution over F.

The following proposition gives a comfortable way for calculating the smoothness of a decoding
graph. Intuitively, observe that if all the sets Fj are of the same size then the decoding distribution
is identical to the uniform distribution. We now observe that if the sizes of the sets E}, are close to
each other then the decoding distribution is similar t to the uniform distribution.

Proposition 6.22 (Smoothness criterion). A decoding graph G with edge-set E has smoothness
|E]

if and only if for every k € [t], the number of edges that are associated with k is between y- = and

1 1B
vt

Proof Observe that if there are my, edges associated with &k € [t] then the probability for such an

edge to be chosen under the decoding distribution is % - m%c while the corresponding probability

t
under the uniform distribution is ﬁ Now apply the definition of similarity of distributions. |
We will often want our decoding graphs to be regular, or at least have bounded degree. The
precise definition follows.

Definition 6.23. We say that a decoding graph G has degree bound d € N if all the in-degress and
all out-degrees of the vertices in G are bounded by d. We say that it is d-regular if every vertex
has ezactly d incoming edges and ezxactly d outgoing edges.

6.3.3 General udPCPs and decoding graphs

Proposition gave us only a correspondence between decoding graphs and udPCPs that makes
exactly two queries. The next proposition shows that in fact any udPCP, even if it uses more
than two queries, gives rise to a procedure that transforms circuits to decoding graphs with related
parameters and unique decoding soundness. A nice property of this procedure is that it generates
decoding graphs that are regular and have smoothness 1, which will be useful later in this work.

Proposition 6.24. Let I, 3, r(n), q(n), £(n), s(n), and p(n) be as in Definition and let
ho and dy be the constants from Fact [2.17. If there exists a udPCP D for CIRCUITSATr with
the foregoing parameters, then there exists a polynomial time procedure that acts as follows. When
given a circuit o : Tt — {0, 1} of size n, the procedure outputs a corresponding vertex-decoding graph
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G = (V, E) with randomness complezity r(n) + log (do - q(n)), alphabet 9 decoding complezity
s(n) + poly log |X(n)|, and rejection ratio (p(n)/ (q(n))Q) Furthermore, G is (q(n) - do)-regular,

and has t - 2" vertices and smoothness 1.

Proof sketch The proof is a variant of a well known technique for reducing the query complexity
of a PCP verifier to 2. The graph G is constructed roughly as follows: The graph G has a vertex
for every possible invocation of the decoder D. Each such vertex v is expected to be labeled with
the answers that D receives to its queries on the corresponding invocation, and the edges that are
connected to v check that those answers are not rejected by D. The edges of G also verify that the
labels of the different vertices are consistent with each other, and in order to save in the number
of edges we choose the consistency checks according to an expander. The full details of the proof
are provided in Appendix

Observe that since a vertex should be labeled with all the answers that D gets to its queries on
this particular invocation, we can use those labels to perform decoding. In particular, given that
an edge (u,v) accepts, the value that it decodes can be decided based only on the label of w. This
property will be useful in Section (7| (see Definition for details). |

6.4 Proof of Theorem [1.4]
In this section we state and prove Theorem

Theorem dPCP, restated formally). For every function T' that maps natural numbers to
finite alphabets such that |T'(n)| < 2P°WIen the following holds. There exists an ldPCP D for
CIRCUITSATrwith query complexity 2, proof alphabet 2P°Y1°8™ randomness complexity O(logn),
soundness error 1/logﬂ(1) n, and list size polylogn. Furthermore, D has the projection property

(see Notation Item [3).

We prove this theorem analogously to the proof of Theorem Our starting point is a known
construction of a PCPP, stated here as Theorem which is then reduced to a transformation
mapping circuits to decoding graphs. We then have two main steps. The first is to equip the
decoding graphs with linear structure, as formulated in Lemma The second step is to reduce
the error by derandomized parallel repetition, as stated in Lemma [6.26 Theorem follows by
combining the two lemmas which we state next,

Lemma 6.25 (udPCP with Linear Structure). There ezists a polynomial time procedure that sat-
isfies the following requirements:

o Input:
— A decoding graph G of size n for input circuit ¢ : Tt — {0,1} with alphabet 3, rejection

ratio p, decoding complexity s, and smoothness .
— A finite field F of size q such that ¢ > 4 - d3, where dy is the constant from Fact .

e Output: A decoding graph G' = (F™, E') for ¢ such that the following holds:

— G’ has a linear structure.

The size of G is at most O (q-n/7).

G’ has alphabet $008(/7)

G’ has rejection ratio Q (p/q* - log,(n/7))
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— G’ has decision complezity s + poly (logq (n/v),log |F|)
— G’ has smoothness Q (1/q).

Lemma 6.26 (Derandomized Parallel Repetition for udPCPs). There exist a universal constant h
and a polynomial time procedure that satisfy the following requirements:

o Input:

A finite field F of size q.

A decoding graph G = (F™ E) of size n for input circuit o : T'* — {0,1} with linear
structure, alphabet 3, rejection ratio p, decision complexity s, and smoothness .

The rejection ratio p of G.
— A parameter dy € N such that dg < m/h? and p > h - dj - q_do/h/v.

e Output: A decoding graph G’ for ¢ such that the following holds:

— @' has size n©do)

— @ has alphabet a0

— G’ is list-decoding with soundness error e def . do - q*do/h/*y and list size L < q@do).

G’ has the projection property.
— G’ has decoding complexity ¢°(@) . (s + poly log|%]).

We now turn to prove Theorem

Proof Let V be a PCPP verifier for CIRCUITSAT as in Theorem By Proposition this
implies a udPCP for CIRCUITSAT with similar parameters. Next, by Proposition [6.24] we get a
polynomial time transformation taking a circuit ¢ : {0,1}" — {0,1} into a vertex-decoding graph.
The graph G has the following parameters. The randomness complexity is 7(n) = O(logn), the
decoding complexity, rejection ratio, and constant proof alphabet are constant, and the smoothness
is 1.

We choose ¢ to be the least power of 2 that is at least logn, and set F to be the finite field of
size q. We now invoke Lemma [6.25| on input G and F, and obtain a new vertex-decoding graph G;
with linear structure and parameters:

e The size of Gy is at most O(q - n).

e G has alphabet size 20008,(%)
e (1 has rejection ratio p; L) (p/q? - log,(n))

e (G has decision complexity poly(log, n)

e (G has smoothness v; = € (%)
Finally, we set dy to be an arbitrary constant such that p; > h - dg - ¢~ %/ /71 . Note that this is
indeed possible, since log, (1/p1) is a constant that depends only on p. Finally, we invoke Lemma
on input G, F, p1, and dp, and denote by G’ the output decoding graph. The transformation taking
the initial input ¢ into G’ (via intermediate steps G and G1) is equivalent, by Proposition to
a dPCP with the claimed parameters. |
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6.5 Proof of the result of [MRO08|, Theorem

Our Theorem asserts the existence of a two query PCP with soundness error 1/poly logn and
alphabet size |X| = 2P°W1o8™  Tn this section we will sketch a proof of Theorem in which
the alphabet size || can be any value smaller than 2P°Y1°8™ swhile maintaining the relation of
£ < 1/poly(log |S).

Theorem. [@ restated/For any function €(n) > 1/polylogn the class NP has a two-query

PCP verifier with perfect completeness, soundness error at most € over alphabet ¥ of size at most
D] < 91/poly(e)

Our proof of Theorem relies on the scheme of [DH09] who showed a generic way to compose
a PCP with a dPCP, and then proved Theorem by repeating the composition step, assuming
the existence of two building blocks: a PCP and a dPCP. We plug in our constructions of a PCP
(Theorem and of a dPCP (Theorem into the composition scheme of [DH09] and obtain a
new construction of the verifier of Theorem that does not rely on low degree polynomials.

Remark 6.27. An important feature of the theorem of [MROS] asserts that the verifier is randomness-
efficient, i.e. it uses only (1 4+ o(1))logn random bits rather than O(logn) random bits. Using the
composition scheme of [DH09], the outcome will be randomness efficient as long as the PCP verifier
at the outermost level of composition is randomness-efficient. It does not, for example, depend on
whether the dPCP is randomness-efficient.

However, since our PCP verifier from Theorem is not randomness-efficient, we can only
get this additional feature by relying at the outermost level on a PCP verifier as in [MRO08]. The
dPCP can still be based on our Theorem [I.4] Alternatively, if we also base the outermost PCP on
theorem [I.T] we get a polynomial-size construction, but not a “randomness-efficient” one. It is also
conceivable that the construction of Theorem can be improved to yield a randomness-efficient
PCP, and we leave this for future work.

In order to state the generic composition theorem of [DHO9] let us first define the decision
complexity of a PCP verifier. Roughly speaking, a PCP verifier has decision complexity s(n) if
every constraint in the underlying constraint graph can be computed by a circuit of size at most
s(n)lﬂ This definition is analogous to the definition of the decoding complexity of a PCP decoder.
It is easy to see that the PCP verifier (from Theorem has decision complexity polylogn in
the same way that the dPCP decoder (from Theorem [1.4)) was shown to have decoding complexity
poly log n.

Theorem 6.28 (Paraphrasing [DHQ9]). Let V' and D be a PCP wverifier and a PCP decoder as
follows:

1. Let V be a two-query PCP wverifier for NP with perfect completeness and soundness error
A(n). Assume further that the underlying constraint graphs have the projection property,
such that the alphabet size is at most |X(n)|, and such that the constraint graph has decision
complezity at most s(n).

2. Let D be a two-query PCP decoder for CIRCUITSATr for some I'(n). Assume D has perfect
completeness, soundness error §(n), list size L(n), and alphabet size |o(n)]|.

If both V' and D have the projection property then there is a PCP verifier V & D with the following
properties. V ® D invokes D on inputs of length at most s(n). V ® D has perfect completeness,

4More precisely, the verifier should be able to compute this circuit based on its input and its randomness.

38



soundness error O(8(s(n)) + L(s(n))A(n)), alphabet size |o(s(n))[PoYLESEMD “oni Ve D has
the projection property.

The main gain from this theorem is that the alphabet size of V' ® D is much smaller than
that of V. Let us see how this is useful. Suppose we take V, D from Theorems and We
have Y(n) < 2pPologn s(n) = polylogn, and o(n) < 2POWlogn  Thyus, ¢(s(n)) = 2polyloglos(n),
Similarly L(s(n)) < polyloglogn and §(s(n)) = 1/polyloglogn. This results in alphabet size
of 2polyloglog(n) and soundness error of 1 /poly loglogn. By composing this verifier again with D
(vielding (V®D)® D) one can inductively obtain a PCP verifier with soundness error 1/poly logt n
for any i and corresponding alphabet size |%| = 21/P°¥(€) To get any alphabet size |Z| one must
do careful padding and we do not go into these details.

The composition theorem (Theorem [6.28)) is stated here in the two-query terminology (rather
than in the terminology of “robust” PCPs). Let us now give a brief outline of how to obtain this
version from the version of [DH09|:

1. From two-query to robust: Use Lemma 2.5 of [DH09] to deduce existence of a robust PCP
rV and a robust dPCP rD with parameters related to V and D. In particular, the number
of accepting views for rD is bounded by |o]|.

2. Composition: Apply Theorem 4.2 of [DH09] with parameter ¢ = §/L > \U|Q(1). Deduce a
new robust PCP »V ®@rD with parameters as follows. The soundness error is § + LA +4Le =
O(0 + LA). The number of accepting views is at most |J|4/ et (this follows from inspecting
the proof, but not directly from the theorem statement).

3. Back to two queries: Again use Lemma 2.5 to move back to a two query PCP. The new alpha-

bet size is at most the number of accepting views of rV & rD which is at most |J(s(n))|4/ -

|a|(L/6)O(1) as claimed.

7 Decoding PCPs with Linear Structure

In this section we prove Lemmal[6.25] i.e., that every decoding graph G can be embedded on a graph
that has linear structure. The heart of the proof is very similar to the proof of the corresponding
lemma for constraint graphs (Lemma [3.2]) with few adaptations to the setting of decoding graphs.
Two important differences are the following:

1. Recall that we prove Lemma by embedding the constraint graph G on a de Bruijn graph
DB, and that this is done by identifying the vertices of G with the vertices of DB. Further-
more, recall that if DB has more vertices than G, then some of the vertices of DB are not
identified with vertices of G, and thus we place only trivial constraints on those vertices.
This construction does not work for decoding graphs. The reason is that in the setting of
decoding graphs every edge needs to be able to decode some index k € [t]. Furthermore,
every edge that fails to decode must contribute to the fraction of rejecting edges. Thus, we
can not have many trivial edges.

In order to resolve this issue, we prove a proposition that allows us to ensure that G has
exactly the same number of vertices as in DB, see Proposition [7.4] below.

We note that Item [I|is not caused by the fact we chose a strong definition of udPCP and not
a weak one (see Remark . Even if we used a weak definition of udPCP, requiring edges
to reject only if the decoding error is above some threshold, we still could not use dummy
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vertices and edges in the embedding, as this would cause the aforementioned threshold to be
too large for our purposes.

2. Recall that in the embedding of constraint graphs on de Bruijn graphs we used the expander-
replacement technique (Lemma to make sure that the graph G has small degree. Since
such a lemma was not proved for decoding graphs in previous works, we have to prove it on
our own. This is done in Proposition below.

The rest of this section is organized as follows. In Section we prove the aforementioned Propo-
sitions [7.3] and Then, in Section we prove Lemma [6.25

7.1 Auxiliary propositions

In this section we prove Propositions and mentioned above. In order to state those two
propositions, we need to define a special kind of decoding graphs, called “vertex-decoding graphs”.
The reason is that we only know how to prove Proposition [7.4] vertex-decoding graphs. Fortunately,
we can convert any decoding graph to a vertex-decoding one using Proposition [7.3

We move to define the notion of vertex-decoding graphs. Intuitively, a decoding graph is vertex-
decoding if the value that an edge (u, v) decodes depends only on the labeling of u, while the labeling
of v only affects on whether the edge accepts or rejects. The formal definition follows.

Definition 7.1 (Vertex-decoding graphs). We say that a decoding graph G is a wvertez-decoding
graph if it has the following properties:

1. For every edge (u,v) of G and its associated circuit ¢ = 1)), there exists a function
f 3 — T that satisfies the following: For every assignment 7 to the vertices of G for which

¥ (m(u), m(v)) # L it holds that ¥ (7(u), m(v)) = f (w(u)).

2. Every vertex has at least one outgoing edge. In other words, every vertex is capable of
decoding at least one index k € [t].

Remark 7.2. While the property of a graph being vertex-decoding is reminiscent of the projection
property, there are two important differences. First, note that Item [I| in Definition [7.1] is weaker
than the projection property, since it only requires that 7(u) determines the decoded value, and
not necessarily m(v). Second, note that Item [2|is not required by the projection property, and is
actually violated by the known constructions of graphs that have the projection property.

We turn to prove Propositions [7.3] and We begin with Proposition [7.3] which says that
we can always reduce the degree of decoding graphs while paying only a moderate cost in the
parameters. As mentioned above, the proposition also transforms the decoding graph into a vertex-
decoding graph.

Proposition 7.3. Let dy be the constant from Fact[2.17, and let d = 2dy. There exists a polynomial
time procedure that acts as follows:

o Input: A decoding graph G of size n for input circuit ¢ : Tt — {0,1} with alphabet X,
rejection ratio p, decoding complexity s, and smoothness 7.

e Output: A d-regular vertex-decoding graph G' of size at most d - n/v for input circuit ¢,
alphabet Y2, rejection ratio Q2 (p), decoding complexity s + polylog ||, and smoothness 1.
Furthermore, G' has at most n/~ vertices.
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Proof sketch We apply the same construction as in the proof of Proposition [6.24] Let ¢ :
I'" — {0,1} be the input circuit of G. The key observation is that G corresponds to a decoder
D that acts on ¢ such that D has query complexity 2, randomness complexity log (n/t - ), proof
alphabet 3, rejection ratio p, and decoding complexity s. The reason for the foregoing randomness
complexity is that by the smoothness of G and by the smoothness criterion of Proposition [6.22] it
holds that for every k € [t] there are at most n/t -~y edges that are associated with &, and therefore
choosing a uniformly distributed edge that is associated with G requires log (n/ (¢ - y)) uniformly
distributed bits. Now, by applying the construction of the proof of Proposition to the decoder
D, we obtain a graph G’ that satisfies the requirements. The fact that G’ is vertex-decoding can
be observed by examining the construction of Proposition (see also the second paragraph in
the above proof sketch of Proposition . |

We next prove Proposition [7.4] which says that we can increases the number of vertices of a
vertex-decoding graph to any size we wish, while paying only a small cost in the parameters. This
proposition will be used to ensure that the number of vertices of a decoding graph G is equal to
the number of vertices of the de Bruijn graph on which we want to embed G.

Proposition 7.4. There exists a polynomial time procedure that acts as follows:

o Input:

— A wertex-decoding graph G of size n for input circuit ¢ : Tt — {0,1} with £ vertices,
alphabet X, rejection ratio p, decoding complexity s, degree bound d, and smoothness .

— A number ¢' € N such that ¢’ > ¢ (given in unary).

e Output: Let c def [%J and let dg and hg be the constants from Fact|2.17. The procedure

outputs a vertex-decoding graph G' of size at most 2 - (¢ + 1) - dy - n for input circuit ¢
that has exactly ¢’ vertices and also has alphabet X, output size s + polylog|X|, rejection
ratio €2 (72 . p/dz), degree bound 2 - dy - d, and smoothness % .

Furthermore, if G is d-regular then G’ is (2 - dy - d)-regular and has rejection ratio §2 (’72 . p).

Proof sketch The basic idea of the proof is as follows. Given the graph G, we construct the graph
G’ by replacing each vertex v of G with multiple copies of v, such that the total number of vertices
becomes ¢’ as required. Each copy of v will be connected to the same edges as the original v. An
assignment to G’ will be required to assign the same value to all the copies of v: Clearly, if an
assignment 7’ to G’ assigns the same value to the copies of each vertex v of G, then in a way 7’
“behaves” like an assignment to G, and we can use the soundness of GG to establish the soundness
of G’ with respect to 7’. In order to verify that the copies of a vertex v are assigned the same
value, we will put equality constraints between the copies of v. In order to save edges, the equality
constraints are placed according to the edges of an expander, and the analysis goes exactly as in
the proof of Proposition We use the fact that G is vertex decoding in order to allow the
equality constraints to decode values even though they can use only the labeling of a single vertex
of G. The rest of this proof consists of the technical details of this construction, and is provided in
Appendix [E] [

7.2 Embedding decoding graphs on de Bruijn graphs

In this section we prove the following proposition, which implies Lemma [6.25] and is analogous to
Proposition [£.4] The proof follows the proof of Proposition [£.4] with the few adaptations to the
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setting of decoding graphs. For inutition and a high-level explanation of the proof, we refer the
reader to Section [4] and in particular to Section

Proposition 7.5. Let dy be the constant of Fact[2.17. There exists a polynomial time procedure
that satisfies the following requirements:

o Input:

— A decoding graph G of size n for an input circuit ¢ : I'* — {0,1} with alphabet X,
rejection ratio p, decoding complexity s, and smoothness .

— A finite alphabet A such that |A| > 4 - d3.
— A natural number m such that |[A|™ > 2-dy-n/y.

e Output: A decoding graph G’ for ¢ such that the following holds:

The underlying graph of G’ is the de Bruijn graph DB .
— The size of G' is |A]™".

G’ has alphabet O™

G’ has rejection ratio (p/ G m)

G’ has smoothness at least ' L) (%)

— G’ has decision complexity s + poly (m,log|X])

Let G, A, and m be as in Proposition and let ¢ : " — {0,1} be the input circuit of G.
On input G, A, and m, the procedure acts as follows. The procedure first constructs a vertex-
decoding graph G; by applying to G the procedure of Proposition [7.3] and then applying to the
resulting graph the procedure of Proposition with ¢ = |A|™. Tt can be verified that Gy is a

vertex-decoding graph for input circuit ¢ with exactly |A|™ vertices, alphabet ¥, def %2, rejection
ratio p1 = Q (p), decoding complexity s+ poly log |X|, and smoothness at least % Furthermore, G
is d-regular for d = 4 - d3 < |A|, and is of size d - |A|™.

Then, the procedure identifies the vertices of G with the vertices of DB = DB ,,, partitions
the the edges of G1 to d matchings 1, ..., 14, and views those matchings as permutations on the

vertices of DB. We apply Fact to each permutation p; resulting in a set of paths P; of length

1 9m. Let P =P

Next, the procedure constructs G’ in the following way. The alphabet of G’ is set to be ¥49,
viewed as (Ell)d. Ifoe (Ell)d, and 0 = (01,...,04q), we denote by 0;; the element (0;); € ¥y. It
remains to describe how to associate each edge e of G’ with an index k. € [k] and with a circuit
1e. To this end, we first describe in which cases a circuit . accepts, and then describe how the
index k. is chosen and what is the output of 1, when it accepts.

The conditions in which ¢, accepts Fix an edge ¢/ = (u,v) of G’, and let 1, be the circuit
associated with e. The circuit 1. accepts in exactly the same cases in which the constraint that
corresponds to e in the proof of Proposition accepts. That is, the circuit . accepts if and only
if all of the following conditions hold:

1. For every i € [d], the values <7r’ (w);, 7 (u)“> satisfy the edge (y; ' (u),u) of G.
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2. It holds that @’ (u); ; = ... = 7" (u), and that 7’ (v), ; = ... =7 (v)y;.

3. For every i € [d] and j € [l — 1] such that u and v are the j-th and (j + 1)-th vertices of a
path in p € P; respectively, it holds that 7/ (u)m # 7 (U)i,j—H‘

4. Same as Condition [3| but when v is the j-th vertex of p and w is its (j + 1)-th vertex.

The choice of k. and the output of 1), Fix a vertex u of G’. We describe the way we assign
indices k. to the outgoing edges of u, and the output of the circuits .. We begin by associating
the each of the |A| outgoing edges of u in G’ with one of the d outgoing edges of v in Gy. This
association is done in a “balanced” way - that is, each outgoing edge of u in G is associated with
either [|A|/d] or [|A]/d] edges of u in G'.

Now, let €’ be an outgoing edge of u in G’, and suppose that it is associated with an outgoing
edge e; of u in Gy, and that e; belongs to the matching p;. Let ke, and ., be the index and circuit
associated with e;. Recall that since GG; is vertex-decoding, there exists a function fe, : ¥1 — I
such that whenever v, (a,b) # L it holds that 1, (a,b) = f.,(a). We associate ¢’ with the index

ke,, and with the circuit 1 that is defined for every a/, b’ € (Ea)d for which v (a,b) # L by

Ve (d/\ V) = fe, ((a,)1,1>

Note that 1. is indeed well defined, since the cases in which . outputs 1 were defined above.

The parameters of G’ The size and alphabet of G’ are immediate, and the completeness of
G’ can be established in the same way as in Proposition It can also be verified that G’ has
smoothness at least 7/ = ﬁ using the smoothness criterion (Proposition and a straightfor-
ward calculation.

It remains to analyze the rejection ratio of G’. Let 7’/ be an assignment to G’ that minimizes the
ratio between the probability that a random edge of G’ rejects ©’ (under the decoding distribution)
to the decoding error of G’ on 7’. As in the proof of Proposition [4.4] we may assume that for every
vertex u of DB it holds that 7' (u), ; = ... = 7' (u),,, since otherwise we may modify 7’ to such
an assignment that satisfies this property without increasing the rejection probability or decreasing
the decoding error. Let m be the assignment to Gy defined by mi(u) = 7’ (u), ;. Let € be the
decoding error of G1 on 71, and let x be the assignment to ¢ that achieves this decoding error. Let
¢’ be the decoding error of G’ on 7’ with respect to z. We show that the rejection probability of
G’ on 7' is at least Q (7' - p1-€'/|A]-m), and this will yield the required rejection ratio.

Observe that by the smoothness of G (resp. G’), the fraction of edges of G; (resp. G’) that
fail to decode x on m (resp. 7') is at least £ - 1. (resp. e) =7/ -€’). Furthermore, the fraction
of edges of (G1 that reject m; is at least p; - €9. This implies, using the same argument as in the
proof of Proposition that the fraction of edges of G’ that reject 7’ is at least Q (p1 - g9/ |A] - m).

We finish the proof by relating ef, with . To this end, observe that for every edge ¢’ = (u, v) of
G’ and its associated edge e1 of G1, the edge ¢’ fails to decode x on 7’ (i.e. Yo (7' (v)) & {zk,,, L})
only if e; fails to decode x on m; (i.e. 1, (m1 (u)) ¢ {xkcl,J_}). Furthermore, each edge e; of

G1 corresponds to either [|A|/d] or [|A]/d] edges in G'. It can be verified by a straightforward
calculation that this implies that e, < 2-¢&g. It now follows that the fraction of edges of G’ that
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reject 7' is at least

P1 €0 /31'66
Q > 0
(\M-m) - (!Mm)

IV
o)
A
=3
3 |~
~_

The required rejection ratio follows.

8 Derandomized Parallel Repetition of Decoding Graphs with
Linear Structure

In this section we prove Lemma [6.26] restated below.

Lemma ((6.26, restated). There exist a universal constant h and a polynomial time procedure that
satisfy the following requirements:

o Input:

A finite field F of size q.

— A decoding graph G = (F™, E) of size n for input circuit ¢ : Tt — {0,1} with linear
structure, alphabet 32, rejection ratio p, decision complexity s, and smoothness .

— The rejection ratio p of G.
A parameter dy € N such that dy < m/h2 and p > h-dy- q_do/h/y.

e Output: A decoding graph G’ for ¢ such that the following holds:

— G has size n©do)

G’ has alphabet »q9t0)

G’ is list-decoding with soundness error € ety do - q_do/h/'y and list size [ % q@do).

G’ has the projection property.
— G’ has decoding complexity (@) . (s + poly log|%]).

The proof follows the proof of the corresponding lemma for constraint graphs (Lemma ,
with the following modification: Recall that the proof of Lemma described the graph G’ by
decribing a wverification procedure (the E-test, Figure . Moreover, recall that the E-test works
by choosing a random subspace F' of edges and verifying that the edges in F' are satisfied by the
assignment I (F).

In order to describe the graph G’ of Lemma we describe a decoding procedure (the E-
decoder, see Figure {4 below). The E-decoder is constructed by changing the E-test as follows.
Whenever the E-decoder is required to decode an index k € [t], the E-decoder chooses a random
edge e that is associated with &, and then chooses the subspace F' to be a random subspace that
contains e. The E-decoder then checks, as before, that the edges in F' are satisfied by the assignment
ITI(F). If one of the edges in F' is unsatisfied, then the E-decoder rejects. If all the edges in F' are
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satisfied, then the E-decoder decodes the index k by invoking the circuit v, associated with e on
input IT (F),,.

The intuition that underlies the construction of the E-decoder is as follows. Just as in the
proof of Lemma we argue that the E-decoder contains an implicit S-test, and therefore the
assignment II needs to be roughly consistent with some assignment 7 to G in order to be accepted.
We now consider two cases:

1. If G has high decoding error on 7, then by the soundness of G it holds that many of the edges
of G reject w. By the sampling property of I, there are many edges in F' that reject 7, and
therefore the E-decoder must reject with high probability.

2. If G has low decoding error on 7, then due to the sampling property of F', only few of the
edges in F err. In particular, since e is distributed like a random edge of F', it only errs with
low probability. Thus, in this case the E-decoder decodes correctly with high probability.

Thus, in both cases the soundness error of the E-decoder is small.

8.1 The construction of G’ and its parameters

The decoding graph G’ is constructed as follows. Let G = (F™, E) and dy be as in Lemma
and let d; = h - dyp where h is the universal constant from Lemma to be chosen later. As in
the proof of Lemma the graph G’ is bipartite, the right vertices of G’ are the 2dy-subspaces of
F™ (the vertex-space of G), and the left vertices of G’ are the 2d;-subspaces of the edge space F
of G. An assignment IT to G’ should label each 2dy-subspace A of F™ with a function from A to
3., and each 2d;-subspace F' of E with a function that maps the endpoints of the edges in F' to X.
The edges of G’ are constructed such that they simulate the action of the “E-decoder” described
in Figure

1. Suppose that we are required to decode an index k € [t]. Let e = (u,v) be a uniformly
distributed edge of G that is associated with k, and let 1. be its associated circuit.

2. Let Fr, and Fr to be random d;-subspaces of E, and let

By, “eft (F), Bgr “ right (Fr), F %< Fj+ Fg.

Fr, and Fgr are chosen to be uniformly and independently distributed d;-subspaces
of E conditioned on e € F, dim(F) = 2d;, dim (Br) = dy, dim (Bg) = di, and

BN Br = {0}
3. Let Ay, and Ag be uniformly distributed dg-subspaces of By, and Bpr respectively, and
let
AY AL+ Ap.

4. If either IL(F) 4, a,) # I (A)|(a,, 4, Or the assignment II(F) is rejected by of the
edges in F', output L.

5. Otherwise, output (H (F),, . II (F)|U).

Figure 4: The E-decoder
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The completeness, size, and alphabet size of G’ is can be verified in the same way as it was
done in the proof of Lemma and so is the fact that G’ has the projection property. It remains
to analyze the soundness of G’, which is done in the following section.

8.2 The soundness of ¢’

We turn to prove that G’ is list-decoding with € = h - dj - q_dO/h/'y and list size L = ¢9(0), Let
IT be an assignment to G’. That is, we prove that there exists a (possible empty) list of satisfying
assignments x!,...,z € T? to the input circuit ¢ such that when given as input a uniformly
distributed index k € [t], the probability that the output of the E-decoder is not in {x,{:, . ,xé, J_}
is at most €.

Consider the distribution on the edges of G’ that results from letting the edge e of the E-
decoder be chosen according to the uniform distribution on the edges of G insead of the decoding
distribution of G. We will refer to the above distribution as the G-uniform distribution of G'. It
is straightforward to show that the G-uniform distribution and decoding distribution of G’ are ~-
similar, by applying Claim 2.15| with X; and X5 being the choices of e according the the G-uniform
distribution and the decoding distribution, and Y; and Ys being the G-uniform distribution and
decoding distribution of G’ respectively. In the following proof, all the probability expressions are
not over the decoding distribution of G’, but rather over the G-uniform distribution of G'. We will
later use the similarity between the distributions to argue that G’ has small soundness error with
respect to its decoding distribution.

Notation 8.1. We denote by D the random variable that equals to the output of the E-decoder.
As in the proof of Lemma [3.3] we denote by 7 the event in which the E-decoder accepts II, so T
is the event D # 1. Moreover, as in the proof of Lemma for an assignment 7 : F™™ — X, we

denote by II (F) ~ 7 the claim that for at least 1 — a fraction of the edges e of F' it holds that
(6%
I1(F) is consistent with 7 on both the endpoints of e, and otherwise we denote II (F') % .

Our proof proceeds in two steps. We first show that there exists a (possible empty) assignments

7t ..., 7l F™ — 3 such that whenever the E-decoder accepts II, it almost always does so while
being roughly consistent with one of the assignments 7',...,7%. We can then choose the assign-
ments z', ..., 2" to be the assignments that minimize the decoding error of 7', ..., 7 respectively.

Next, we show that whenever II is roughly consistent with 7%, the E-decoder either rejects IT with
high probability (if 7% has high decoding error) or decodes z successfully with high probability (if
7" has low decoding error). Thus, the overall probability that the E-decoder fails is small.

The above strategy is made formal in the following three propositions. Let A’ and ¢ be the

universal constants defined in Theorem below, and let « def . do - g%/ W Let g def e-v/3=

h-do-q~%/"/3 and let L = O (1/ef).

Proposition 8.2. There exists a (possibly empty) list of assignments wt, ..., 7% : F™ — ¥ such

that
Pr {T and Zic[L] st I(F) < | <22

Proposition 8.3. For every assignment w : F™ — % on which G has decoding error at least £y/2L

it holds that Pr [T and II (F) S 7T:| <eo/L.
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Proposition 8.4. For every assignment w : F"™ — X on which G has decoding error less than
e0/2L with respect to a satisfying assignment x to the input circuit ¢ it holds that

i

o3

Pr|D#uz, and II(F) = 7| <eo/L

where k is the index on which the E-decoder is invoked.

Propositions [8.2] and [8.4] are proved in Sections and respectively. Proposition [8.3] can
be proved in the same way as Proposition by noting that due to the soundness of GG, at least
p - €0/2L of the edges of G reject .

We now prove that G’ is (L, €)-list decoding using Propositions and Let nt,..., 7k
be the assignments from Proposition For each i € [L], let x* be the assignment to ¢ that
attains the decoding error of w¢. The decoding error of G’ on II under the G-uniform distribution
of G’ is as follows.

L
Pr[Dgé{x,lc,...,ajﬁ,J_}] < ZPr[Dgé{x,lg,...,xﬁ,J_} andH(F)4§7ri]
i=1

+Pr [D ¢ {x,ﬁ,...w%,J.} and Ai e [L] s.t. II(F) = 771}

L
< ZPr [D ¢ {x}, L} and II(F) = Tri]
=1
+Pr [T and Bie [L] st. IL(F) = wi]
L
< ) eo/L+2-g (7)
i=1

= 3-60

where Inequality [7] follows from Propositions [8.2) and Finally, since the G-uniform distribution
of G and the decoding distribution of G’ are v-similar, it follows that the decoding error of G’ on
IT under the decoding distribution of G’ is at most 3 - 9/v = €, as required.

8.2.1 Proof of Proposition

Recall that in order to analyze the soundness of the E-test in Proposition [5.5] we argued that the E-
test contains an “implicit S-test”, and then relied on a theorem regarding the S-test (Theorem [5.3]).
The aforementioned theorem said that if the S-test accepts an assignment II with some probability,
then there exists an assignment 7 such that with some (smaller) probability, the S-test accepts IT
while being consistent with the S-direct product of 7. This can be thought as a “unique decoding”
theorem, that decodes 7 from II.

In order to prove Proposition [8:2] for the E-decoder, we use a similar argument, but this time
we use a “list decoding” theorem for the S-test. The following theorem says that there exists a
short list of assignments 71, ..., 7z, such that it is almost always the case that if the S-test accepts
11, it does so while being consistent with the S-direct product of one of the assignments 1, ..., 7.

Theorem 8.5. There exist universal constants h',c € N such that for every dy € N, dy > I - do,
and m > W -dy, the following holds: Lete > h/-dy-q~ %/ o def W -dy-q%/" . Let II be a (possibly
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randomized) assignment to 2dy-subspaces of F™ and to pairs of di-subspaces of F™. Then, there
exists a (possibly empty) list of L = O (1/£°) assignments w*, ..., 7% : F™ — % such that

Pr {H(Bl,Bg)l(ALAQ) = T(A) 4, 4, and Bi € [L] s.t. T1(By, By) %nf(BhBQ)} <e

Theorem is proved in Section [9

We turn to prove Proposition based on Theorem As in the proof of Proposition
we begin by extending II to disjoint d;-subspaces of F™ in a randomized manner as follows: Given
a pair of disjoint di-subspaces B; and Bs, we choose F} and Fb to be uniformly distributed and
disjoint dj-subspaces of E such that left (F}) = Bj and right (Fy) = Bs, and set II (B, By) =
II (Fl + F2)\(Bl,B2)'

Again as in the proof of Proposition [5.5] we observe that the probability that the E-decoder
accepts equals to the probability that the S-test accepts the extended II. The reason is that the
subspaces By, Br, A, Ag of the E-decoder are distributed like the subspaces By, By, A1, As of the
S-test. By choosing h to be at least the constant A’ we can invoke Theorem and conclude that
there there exists a list of L = O (1/¢°) assignments 7',..., 7l : F™ — ¥ such that for subspaces
By, By, A1, Ay as in the S-test it holds that

Pr [H (Bl’B2)|(A1,A2) =11 (A)‘(Al,AQ) and /HZ S [L] s.t. H(Bl,BQ) % 7T|7:(B1’BQ):| < €o

The latter inequality is equivalent to the following inequality:

«Q

Pr [H (F)|(BL,BR) = H(A)l(AlyAQ) and /HZ S [L] s.t. H(F)‘(BL,BR) =~ Tr‘i(BL7BR)i| < &p

which in turn implies the inequality

Pr [T and i € [L] s.t. TL(F), 5, pp) %wf'(BbBR)} < & (8)

In the rest of this section we show that this implies that

W~

Q

Pr {T and Ai€[L] st. II(F) = wl} <2-¢gg (9)
To this end, we use Claim which was proved in Section and is restated below.
Claim | restated). For every fized 2dy-subspace Fy of E such that 11 (Fp) 472 7, it holds that
Pr [T(F), 3, ) ® 3,300 | F = Fo] <1/ (672 0?)

Claim implies immediately the following corollary.

Corollary 8.6. For every i € [L] it holds that

Oé

PI' [H(F)(BL,BR) ~ T‘—'L‘ BLvBR

Aj e [L] s.t. TI(F) gle] <1/ (qdl_Q-a2>

In order to prove Inequality [9] we first show that

67

Pr [’T and Ai € [L] s.t. ]'_‘[(F)KBL,BR) T BL,BR
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To show it, we prove an upper bound on the complement event, that is, we prove that

Qe

Pr |7 and 3Ji € [L] s.t. H(F)|(BL,BR)

(! . da 1
7T|<BL,BR)‘ Ai € [L] st. TI(F) =~ w] <3

To see the latter inequality, observe that the right end side is upper bounded by

S Pr () 5,y & | € (0] s T0(E) wf} < S/ ("2 0?)
€lL] - iclL]
= L/ (er? ) Oﬂ)
- ofu (¢
:

where the first inequality follows from Corollary[8.6] and the second inequality follows for sufficiently
large choice of h. Now, it holds that

Qe

Pr [7 and Ai € [L] s.t. IL(F) 5, pp) “\i(BL,BR) and Ai € [L] s.t. II(F) L m’] (11)

is upper bounded by

[e7

Pr [T and Ai € [L] st. II(F);5, gy & ”r(BL,BR)} <€

On the other hand, by writing the probability in in conditional form and applying Inequality
we obtain that the probability in is at least

%~Pr [T and Ai e [L] s.t. II(F) 4%047#]
By combining the two last bounds, we obtain that
Pr [T and Ai € [L] st. I1(F) 4&‘#} <2-&
as required.

8.2.2 Proof of Proposition
Fix an assignment 7 : F™ — ¥ on which G has decoding error less than £¢/2L with respect to a

4.
satisfying assignment x of the input circuit ¢. We prove that Pr [D # xp and II(F) ~ | < eo/L

4.
Let us denote by & the event in which II (F) ~ 7 and by & the event in which F' contains less
than ¢g/3L fraction of edges on which G fails to decode x on . We will prove that

Pr[D # x; and & ] =Pr |D # xy, andH(F)4§aﬂ] <eo/L

It holds that

Pr[D # 2 and &) =Pr[D # x; and & and &|+ Pry(a,b) # z; and & and =&
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1. Choose two uniformly distributed di-subspaces By, By of F™.
2. Choose two uniformly distributed dy-subspaces A1 C By, Aa C Bs.

3. Accept if and only if I1 (B1, B2)|(4, a,) = 11 (41, A2).

Figure 5: The P?-test

We upper bound both terms on the right hand side. The second term is clearly upper bounded by
Pr[—&]. The latter probability can be shown to be at most O (L?/¢*%~2 . &3 + -dy /g™~ *), using
the fact that F' samples well the edges of GG, and more specifically using an argument similar to the
one used in the proof of Proposition For sufficiently large choice of h, the latter expression is
upper bounded by e/3L.

We turn to upper bound the probability Pr[D # z; and & and &]. This probability is upper

bounded by the probability Pr[D # z;|€; and &]. Now, let Fjy be any 2d;-subspace of E such that
I1 (Fp) 45'5 7; and such that the fraction of edges of Fy that fail to decode = on 7 is at most 2¢(/3L.

Let us consider the probability Pr [D # z;|F = Fp]. Observe that conditioned on the choice F' = Fy,
the edge e chosen by the E-test is uniformly distributed among the edges of F. Observe that e fails
to decode x only if one of the endpoints of e is inconsistent with 7 or if e is one of the edges in F’
that fail to decode x on w. The probability of the first case is at most 4 - & < g¢/3L (where the
latter inequality holds for sufficiently large choice of h), and the probability of the second case is
at most £9/3L. It therefore holds that

Pr[D # x;, and & and &) < Pr[D # a;|F = Fy] < eo/3L +¢e0/3L < 2e0/3L

All in all, it holds that Pr[D # x; and &] is at most 2¢9/3L + 3 - £9/3L = ¢/ L, as required.

9 The Analysis of the Specialized Direct Product Test

In this section we provide the analysis of the S-test and prove Theorems and which are
used in Sections and The proof proceeds in two steps. First, in Section we define
and analyze an intermediate direct product test, which we call the P2-test. Then, in Section
we reduce the analysis of the S-test to the P?-test.

For the rest of this section, we let ' be a finite field of size g and let dy,d; € N.

9.1 The P3-test

In this section we define and analyze the P?-test. Informally, the P2-test consists of two P-tests
that are performed simultaneously. Details follow.

Given two strings 71, 72 : F™ — %, we define their P2-direct product II (with respect to dg,d; €
N) as follows: II assigns each pair of do-subspaces (A1, A2) the pair of functions (myj4,,72)4,),
and assigns each pair of dj-subspaces (B1, B2) to the pair of functions (my|p,, T p,). We consider
the task of testing whether a given assignment II is the P?-direct product of some pair of strings
w1, mo : F™ — 3. That is, we are given an assignment II , and in order to check whether II is a
P2-direct product, we invoke the P?-test, described in Figure

It is easy to see that if II is a P?-direct product then the P?-test always accepts. Again, it
can be shown that if II is “far” from being a P?-direct product, then the P?-test rejects with
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high probability, and that this holds even if II is a randomized assignment. Formally, we have the
following result.
Theorem 9.1. There exist universal constants h,c € N such that the following holds: Let ¢ >

h-dy-qg %/, o def . do-q %/". Assume that di > h-dy, m > h-dy. Suppose that an assignment
II passes the P?-test with probability at least €. Then, there exist two assignments m and m to F™
such that for uniformly distributed By, B, A1, As as in the P%-test it holds that

Pr T1(B1, B2) |4, 4,) = (A1, A2) and IT (A1, A2) ~ (7114, T94,) and II(By, By) & (7r1|Bl,7r2‘32)]
is at least Q (°).

In the rest of this section we prove Theorem We denote by P the event in which the P?-test
accepts, that is, that II (B, B2)|(A1,A2) =TI (A, A2). The core of the proof is the following lemma:

Lemma 9.2. There exist universal constants h',c¢’ € N such that the following holds: Let & >
B - dy g %/ o def gy do-q~%/"  Assume that di > K -dy, m > h'-dy. If II passes the P?-test
with probability at least € then there exists an assignment mwo : F™ — X such that

al !

Pr|P andH(Al,Ag)‘AQ %7T2|A2 and (B1,32)|B2 %71—2|B2 >Q(5¢:)

and symmetrically, there exists a function m : F"™ — X such that

a/ !

Pr|P andH(Al,Ag)‘Al %7T1|A1 and (Bl,BQ)lBI %ﬂ-HBl >Q(EC)

We prove Lemma [9.2] in Section We turn to derive Theorem from Lemma [0.2

Proof of Theorem [9.1] The following proof is for the case where II is not randomized, but it can
be easily extended to the case where II is randomized (see Remark for details). We will choose
h to be larger than the constant i’ of Lemma so we can apply this lemma. Let mo : F™ — X
be the assignment guaranteed by Lemma and let IT' be an assignment that is obtained from II
as follows:

1. For every pair (A, Az) for which IT (A1, A2) 4, ~ ol Ay, set TI' (A1, A2) =TT (Ayq, A2).

2. For every other pair (A1, As), set II' (A1, A3) = 1, where L is some special value on which
the test never accepts.
3. Set the pairs (Bj, B) similarly.

The probability ¢ that the assignment IT' passes the P%-test is at least () by the definition of
m. By choosing h to be sufficiently larger than the corresponding constants of Lemma [9.2] we can
make sure that &’ satisfies the requirements of Lemma Therefore, we can deduce by Lemma
that there exists an assignment 71 : F”* — X such that

/

" [P and I' (A1, Ag) 4, ® myja, and I (By, By) p, & 7T1IBI] > Q((£)7) = Q).

We now choose ¢ = (¢ )2. Since the test never accepts when II' answers L, we deduce that

Pr [77 and II(A1, Ag) ~ (7r1|A1,772‘A2) and II (By, B2) ~ (7r1|31,772|32)] > Q(e9)

Choosing h such that o > o' completes the proof. |

51



Remark 9.3. If II is randomized, then the definition of IT' in the foregoing proof should be slightly
changed to consider the internal randomness of II. That is, we define II' to be a randomized
assignment, and obtain it from II as follows. For every pair (A, A2) and every internal randomness
w of TI, let us denote by (a1, az) the output of I on (A, A2) and randomness w. We define the

output of II' on (A;, A3) and randomness w to be (a1,asz) if ag ~ T9|4,, and define it to be L
otherwise. The definition for pairs (B, B2) is again similar.

9.1.1 The proof of Lemma 9.2

We prove Lemma [9.2] only for the assignment s, and the conclusion 71 can be proved analogously.
The proof proceeds in three steps. First, we rely on Theorem to find for each pair of Aq, By
a direct product function that agrees (on average) with a good fraction of II(Aj,-) and II(By, ).
Then, we show that for each A; separately, the number of distinct such functions is bounded.
Next, we show that there is a single function 7 such that the probability that the test accepts and
II (A1, A2)) 4, & Ta, is non-negligible (Apriory there could have been a different 7 for each A;).
Finally, we extend the latter result for di-subspaces By, Bs. Let hy be the universal constant whose
existence is guaranteed in Theorem and let a1 be the corresponding value from Theorem

Step 1. Consider the bipartite graph corresponding to the P-test, that is, the graph whose left
vertices are dgp-subspaces and whose right vertices are di-subspaces, and such that a dy-subspace
Aj is connected to a dj-subspace By by an edge if and only if A; C By. . We label an edge (A1, By)
by 7w : F"™ — ¥ if
(e %) aq
P [P and T(By, By) g, ® mp, and T (A1, Ag) g, = s, | = Q)

If no such 7 exists then do not label the edge.

Fix A1, B;. We will choose the universal constant h’ to be at least 2 - hy. If the probability of
passing the P?-test conditioned on Ay, By is at least £/2, then we claim that the edge is labeled.
Indeed, define an assignment 1l 4, p,) by

(4, B,)(A2) = T (A1, A2) 4, and Il(a, p,)(B2) = 11 (By, B2) p,

If I 4, B,) passes the P-test with probability at least €/2, then by Theorem there is an assign-
ment 7 as needed (since h' > 2 - hq).

Furthermore, observe that by averaging at least £/2 of the edges (Aj, B1) have conditional
success at least £/2, so (Aq, By) is labeled.

Step 2. Fix By and let L(Bj) be the labels on edges touching By. Consider the following “prun-
ing” process: arbitrarily choose a label m € L(Bj) and remove all elements in L(B;) that are within
relative Hamming distance 3a; of m. Repeat until no more labels can be removed. Let L'(Bj)
denote the remaining set of labels. The set L'(Bj) has the following properties

e Every pair of labels in L'(Bj) are at least 3ay apart, and

e Every f € L(B) is 3aj-close to some label in L'(By).

We prove that |L'(B;)| < O(1/e*), using an argument in the spirit of the Johnson bound: Suppose
L'(B1) = {m1,m2, ...} is non-empty. For every m; # m; € L'(B) let us denote

def
pi = gzr [H (B1, B2), ~ | By
aq aq
pij = br [H (B1, B2)p, = mip, and IL(By, B) g, = mp,
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By the definition of the labels ;, we know that for some universal constant 7 it holds that p; > n-&4
for every m;. We upper bound the fractions p; j: We know that for every m; # 7; it holds that

3-aq

m; # mj. It follows that

2-aq
Dij < EQF [77¢|BQ ~ jIBz]

< 1 <qd1_2 : (061 - q_d1>2>
1

< - e

2
where the second inequality follows by Lemma and the third inequality holds for sufficiently
large choice of h’. Now, by the inclusion-exclusion principle that

Zpi — sz',j <1

i i#

|L'(By)|- (n-&*) - % LBy - @ Y 58> < 1
The last inequality immediately implies that [L'(By)| < 2/ (n-&*) = O(1/&*).

We define L(A;) similarly, and prune it to L'(A4;). Imagine now choosing a random 74, € L'(A)
for each Ay and a random 7wp, € L'(By) for each By. An edge (A1, By) is called alive if it is labeled
by a function 7 that is 3a/-close to both 74, and 75,. We expect at least 1/ |L'(A)||L'(B)| = Q(&%)
fraction of edges to be alive. Fix a choice of 74, and np, for each A; and B; in a way that attains
this expectation.

Step 3. Let D; be the distribution of choosing a random d;-subspace B; and two neighbors Ay, A}
of it in the graph. Let Dy be the distribution of choosing two dy-spaces A;, A} independently and
a random Bj that is a common neighbor of them in the graph. The statistical distance between
D1 and Do is small:

Claim 9.4. For every k € N, if the constant h' is sufficiently large then the distributions D1 and
Dy are §-close for § < et /k.

We defer the proof of this claim to Section Now choose a random triplet A;, A, By
according to D;. We lower bound the probability that both edges (A1, B1) and (A}, By) are alive.
This certainly holds if (i) Q(e®) fraction of the edges adjacent to B are alive, and (ii) both both
edges (A1, B1) and (A}, By) are alive. Part (i) holds with probability Q(¢®) and conditioned on
this, Part (ii) holds with probability at least Q(e1®). Altogether

P A, B A/B both ali —Q 24.
(317A1,£;)~D1 [(A1, By), (A}, By) are both alive] (24

Finally, if we let ¢ be the statistical distance of D; and Ds, and apply Claim [9.4] with sufficiently
large choices of x and h’, then we have that

p Ay,Bq), (A}, B both alive] > Q(£24) — § = Q(24).
(BlyAl,j‘ll)NDQ [(A1, B1), (A], By) are both alive] > Q(e*%) (€24

Now fix A such that the above holds when conditioning on A;. This means that for at least (c24)
fraction of the dp-subspaces A} there exists a dj-subspace By such that both the edges (41, By)
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and (A}, By) are alive. For each such A}, it holds that the label of (A4}, By) is 3aj-close to 7p,,
which in turn is 3aq-close to the label of the edge (A1, B1), which is 3aj-close to m4,. Thus, the
label of (A}, By) is is 9aj-close to m4,. Let us denote by T(44.3,) the label of the edge (A}, B1).

Recall that by the definition of (41,B1) it holds that

s [P and IT (47, 42) % ”(Ag,Bl)mz} > Q (%) (12)

9.
Since T(4}.By) ~ 4 it holds by Lemma that for a uniformly distributed dy-subspace As:

10-a1

1
IA);‘ |:7T(A’1,B1)|A2 # 7TA1|A2:| < qd0_2 (

ap — (¢

_d0)2

The latter expression can be made smaller than any constant times €* by choosing h' to be suffi-
ciently large. By subtracting that expression from Inequality [I2] we obtain that

’ a1 10,;9‘1 4
AE}”BQ [P and II (AlaAZ)\AQ ~ T(44,B1)|Az and T(ALBy)[Ar 7 TAL A, > Q (")

By letting mo = 74, and choosing ¢ = 28, we have by the triangle inequality

11-aq

~ 7r2|A2} > Q) - Q () = Q%) (13)

Pr {73 and IT ( ’1,A2)|A2

A,17A2

Step 4 It remains to show that the assignment II agrees with both 7 and 7o on a non-negligible
fraction of the B’s. To this end, we observe that

11-a;

Pr [P and H(Al,A2)|A2 ~ 7T2|A2 (14)

1, D2 T9By | <
) | B2 | B2 qd0_2 . ( 1/2)2
To see lt, note that it suffices to prove that

11-aq

Pr [H(B1,32)|A2 ~ 7T2‘A2

(B, By) 1201 ] 1 1
, s < S
1 2)|Bs ’7é 2| B2 qd0_2 . (al _ q_d0)2 qd0—2 . (a1/2)2

The latter inequality is an immediate corollary of Lemma [2.3
Now, by choosing A’ to be sufficiently large so that the upper bound in Inequalityis sufficiently
smaller than e, and by combining Inequality [13| with Inequality we obtain that

11- 12- ,
Pr |:7) and H(Al,A2)|A2 R‘(‘Xl 9| Ag and II (Bl,BQ)|B2 r"tv(’ll 9| By > Q(EC)

By setting h’ such that o/ > 12 - a; this concludes the proof of Lemma

9.1.2 Proofs of Auxiliary Claim

Proof of Claim [9.4] Fix x € N. In order to prove the claim, consider the event J which holds if
and only if A and A’ are disjoint. We argue that

§/2 §/2
Dl ~ D1’J = DQ‘J =~ Dg.

§/2 §/2
The fact that Di|J = Ds|J is exactly Proposition We show that D; é D;|J and Dy é

Ds|J. The statistical distance between D; and Dji|J (respectively, Do and Da|J) is exactly the
probability that the event J does not occur under D; (respectively Dg). It follows immediately
from Propositionthat Prp, [=J] < 2-do/q™ %% and Prp, [-J] < 2-do/q™ 2. Both the latter
expressions can indeed be made smaller than €24/ by choosing sufficiently large k', as required. M
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9.2 The proof of Theorems and
In the rest of this section we prove Theorems [5.3pnd

9.2.1 The proof of Theorem

Theorem restated). There exists a universal constants h,c € N such that the following holds:
Lete > h-dy - q_do/h, « def h-dy - q_do/h. Assume that dy > h-dg, m > h-dy. Suppose that
a (possible randomized) assignment I1 passes the S-test with probability at least €. There exists
an assignment w : F"™ — X for which the following holds. Let By, By be uniformly distributed
and disjoint dy-subspaces of F'™, let A1 and Ag be uniformly distributed do-subspaces of By and Bo
respectively, and denote A = Ay + As. Then:

Pr [I1(By, Ba) 4y 4y = IL(A)(4, 4, and I(By, By) & m(BLBQ)} = Q)

Remark 9.5. Note that in the foregoing restatement of Theorem we denote the first universal
constant by h, while in its original statement it was denoted by A'.

The intuition that underlies the proof is the following. Consider an adversary the chooses the
proof II. Since the S-test essentially contains a P?-test, the adversary must choose the assignment
IT such that for random dy-subspaces A; and A, the assignment II (A; + Ag)‘( A1, As) is consistent
with two assignments w1, m on Ay, As respectively. On the other hand, given the sum A; + Ao,
the adversary can not deduce the choices of A; and A, and therefore he must label both of Ay
and Ay with the same assignment in order to make the S-test accept. We conclude that w1 and 9
must be essentially the same. Details follow.

Let i/ be the universal constant whose existence guaranteed in Theorem and let o/ be the
corresponding value from Theorem We choose ¢ to be the same constant as in Theorem
and will choose the universal constant h to be at least h'.

Fix an assignment II that passes the S-test with probability at least €. We define a new
assignment IT" that assigns values to pairs of dg-subspaces and to pairs of dj-subspaces of F™ (not
necessarily disjoint) by choosing II' (B1, Bs) (respectively IT' (A1, A2)) to be equal to II (B, Bs)
(respectively II (A + Ag)) if By and Bs (respectively A; and Ag) are disjoint, and choosing IT’ to
be arbitrary otherwise. Observe that the assignment IT’ passes the P?-test whenever By and By are
disjoint and II passes the S-test. Furthermore, the probability that two uniformly distributed d;-
subspaces By and By of F™ are not disjoint is at most dy /¢~ %% by Proposition and therefore
I’ passes the P2-test with probability at least € — d; /g™ 2. For a sufficiently large choice of h,
the latter probability is at least 2 (¢), and also matches the requirements of Theorem SO we can
apply this theorem. It follows that there exist assignments 71, ms : F™ — ¥ such that for uniformly
distributed (not necessarily disjoint) By, By, A1 C Bj, Ay C By it holds that

Pr(I' (B, Ba)|(a,.4,) = II' (A1, A2) (15)

and HI (Al, AQ) gj (771|A177T2‘A2)

(03
and H/ (Bl, BQ) ~ (ﬂ'llBl y 7T2\Bz)]
= Q9
The probability that B; and Bs are not disjoint is at most d;/¢™ %9, and the latter expression
can be made smaller than any constant factor times €° by choosing h to be sufficiently large. Thus,
Inequality [15] also holds for uniformly distributed disjoint By and By. We now argue that
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5.
Claim 9.6. For sufficiently large choice of h, it holds that w1 ~ 9.

We defer the proof of Claim to the end of this section. We turn to prove the theorem. By
Inequality [15] it holds for uniformly distributed and disjoint d;-subspaces By and By of F™ that

/

Pr [H/ (B1, Ba)|(a,,4,) = II' (A1, A2)  and 11 (B, By) ~ (T8> ToB,) | = Q(£°)

5.a/

By Claim it holds that m; = my. Since Bs is a uniformly distributed di-subspace of F'™, this
implies by Lemma [2.3] that

p [ % } >1 ! S P
I TR, ~ T9 B = — > —
11B2 B2 qdl_z-(a’—q_d1)2 @12 ( //2)

We conclude that

Pr |:H/ (Bl’BQ)|(A1,A2) :H/ (Al,Ag) and H(Bl,Bg) ’&of (771\3177r1|32)

o 6-o
> Pr |:H/ (B17BQ)|(A1,A2) = H/ (Al,AQ) and H(Bl,Bg) ~ (771\3177r2|32) and 1B, ~ 2| By
c 1
= Q(e% — A2 (a2
= Q(e9

where the last equality holds for sufficiently large choice of h. the theorem now follows by defining
m = m and setting h to be sufficiently large such that a = 7- /.
5-a’
Proof of Claim [9.6] For the sake of contradition, assume that m; % mo. Let A be a uniformly
distributed 2 - dg-subspace A of F™ and let A; and Ay be uniformly disributed and disjoint dg-
subspaces of A. By Lemma [2.3] it holds that
4o/ 1 1

Pr |« T >1-— >1-—
|: 1]A ?é 2A:| = qQ‘dO*Q . (O/ o q*2d0)2 - 2d0 ( //2)

4-of 2-a/ 2-a/
If |4 # mo 4 then by the triangle inequality it either holds that IT(A) % 4 or that IT1(A) %

Ty 4. Since Aj is a uniformly distributed do-subspace of A, it holds by Lemma that

a/

Pr [H(A)ml # 1) Ay

2-a/

1
II(A) # 7T1|A:| >1- o

(o/2)?

o o

A similar claim can be made for w3 and As. Now, if either II (A)|A1 % 4, or 11 (A)|A2 # oA,

/

then by definition it holds that II (A)\(Al,Az) a% (7T1|A137T2\A2)- We conclude that

a/

Pr |:H(A)(A1,A2) % (114, T 4,)

4« 1
TilA # WQA} z1- 2do 2. ( //2)

and therefore by lifting the conditioning and substituting A = A1+ A5 we obtain that for a uniformly
distributed and disjoint dy-subspaces A; and Ay of F™ it holds that

2
- (o/2)?

Pr [H (A +A2)|(A1,A2) ~ (771A1>7T2|A2):| < g2 do—2
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On the other hand, by the definition of II', Inequality [L5{ implies that for uniformly distributed
and disjoint dgp-subspaces A; and Ao of F™ it holds that

Oél

PI‘ H(Al +A2)|(A1,A2) ~ (7T1‘A1,7T2|A2) 2 Q(gc)

By choosing h to be sufficiently large, the latter lower bound can be made larger than 2/ (q2'd0_2 . (o/)2> ,
and this is a contradiction. |

9.2.2 The proof of Theorem

Theorem 9.7 (8.5, restated). There exist universal constants h,c € N such that for every dy € N,
dy > h-dy, and m > h-dy, the following holds: Let e > h-dy-q %", o h.dy.q=/", Let 1
be a (possibly randomized) assignment to 2dy-subspaces of F™ and to pairs of di-subspaces of F™.
Then, there exists a (possibly empty) list of L = O (1/°) assignments ©',... 70 : F™ — % such
that

Pr|I1(B1, B2) |4, 45) = W (A) (4, 4,y and Bi € [L] s.t. (B, Ba) R 7i(p, p,)| <€

Remark 9.8. Note that in the foregoing restatement of Theorem [8.5] we denote the first universal
constant by h, while in its original statement it was denoted by A/'.

The basic idea of the proof is as follows. We apply Theorem to II, thus “decoding” from it
an assignment 7!. We then remove from II the places at which it roughly agrees with 7!, resulting
in an assignment II?. If the assignment II? is accepted by the S-test with probability less than e,
then we are finished - the required list of assignments in this case consists only of 7!.Otherwise, the
assignment II? is accepted by the S-test with probability at least €, and we can therefore “decode”
a second assignment 72 from II?. Next, we remove from II? the places at which it roughly agrees
with 72, resulting in an assignment II3. We proceed in this manner, each time obtaining new
assignments II° and 7, until the conclusion of Theorem holds.

We prove Theorem only for non-randomized assignments II, but the proof can easily be
extended to randomized assignments, see Remark for details. We choose the constants h and
¢ to be the same as in Theorem If the S-test accepts II with probability less than e then the
theorem holds vacously. We thus assume that the S-test accepts II with probability at least . We

show that for L = O (1/£°) there exist assignments 7!, ..., 7l : F™ — ¥ such that
Pr [H (B1, B2)(a,,40) = H(A)|(A1,A2)} (16)
—PI‘ |:H(BI7BQ)‘(A1,A2) :H(A)|(A1,A2) and EZ c [L] . H(Bl,BQ) %Fr(BlyB2)i|
< ¢

We construct the assignments 7', ..., 7" as follows. We begin by applying Theorem to II,

obtaining the assignment 7', and set IT' def . Then, for each i > 1 we define an assignment IT**!
as follows.

1. For every pair of di-subspaces By, By such that II' (By, Bs) ~ 7T|Z‘(B1 By) W set 1" (By, Bs) =
1, where 1 is a special symbol that the test always rejects. This is our formal way of
“removing” IT* (By, Bz).
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[0}

2. For every pair of di-subspaces By, By such that IT* (By, By) % 7T|i(Bl Ba)s Ve set IT"*! (By, Bs) =
I (B, Bs).
3. For every 2dp-subspace A, we set II'™! (4) = II' (A).

Now, observe that
Pr [0 (B1, Bo) 4, 4y = 1 (4)) 4, (17)
= Pr [Hi (B1,B2)|(A1,A2) =1r (A)|(A1,A2)]
—Pr [Hi (B1, Ba)j(y,40) = ' (A))(4, 1) AT (B1, B) = 7Tli(Bl,Bz)}

since we must have IT'*! (B, Ba)ay,40) 7 i+t (A)|(4;,4,) Whenever I+ (By, B2)|(a,,4,) = L, and
the latter occurs whenever IT* (B, Bg) ~ T\(By,By)- HPT [Hz+1 (B1, BQ)I(Al,Az) =1+t (A)|(A17A2)] <e
then we set L = i and finish the construction. Otherwise, we construct 7! by applying Theo-

rem to the assignment IT"™! and setting 7*™! to be the resulting assignment.
It is easy to prove by induction that for every i € [L] it holds that

br [Hi“ (B1, B2) (4,40 = I (A)|(A1,A2)} (18)

The proof of the Equality goes essentially by summing over the probabilites of events of the
form

Hi (Bl, B2)‘(A1,A2) = HZ (A)|(A1,A2) and HZ (Bl, BQ) ~ T

{8y and Bj <ist. IV (B, By) o

|(B1,B2)

for different values of 3.
Finally, by combining Equality [L§| with the fact that

Pr [HL'H (By, B2)‘(A17A2) = -t (A)|(A1,A2)} <€

it follows that the assignments 7!, ..., 7% satisfy Inequality To see that L = O (1/€°), observe
that for each ¢ we have that

Pr [Hi (B1, B2) (4, ay) = IT' ()4, 4,y and I (By, Ba) & Wf(Bl,BQJ — Q)

By Equality this implies that the acceptance probability of II**! is smaller than the acceptance
probability of IT* by at least ¢, and therefore that the number of iterations can be at most O (1/£°),
as required.

Remark 9.9. As in the proof of Theorem if IT is randomized, then for each i the definition of
ITI**! should be slightly changed to consider the internal randomness of IT*. That is, we define IT**!
to be a randomized assignment, and obtain it from II as follows. For every pair (Bj, Ba) and every
internal randomness w of IT?, let us denote by (by, bz) the output of IT; on (B1, B2) and randomness w.
We define the output of II**! on (Bj, By) and randomness w to be L if (b1, bs) ~ 7T|i(Bl,Bg)’ and
define it to be (b1, by) otherwise. The definition for 2dy-spaces A can be changed similarly to include
the internal randomness of II°.

Acknowledgement. We would like to thank Eli Ben Sasson for a useful discussion.
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A Proof of Theorem [2.1]

In this section we prove Theorem [2.1] restated below. Let I be a finite field of size g, let m, dy, dy €
N, and consider a (possible randomized) assignment IT that assigns values to dp- and d;-subspaces
of F™.

Theorem A.1 (2.1 restated). There exists a universal constant h € N such that the following

holds: Lete > h-dy-q %/, o def . do - g %/". Assume that di > h-do, m > h-dy. Suppose that
an assignment 11 passes the P-test with probability at least €. Then, there exists an assignment m
such that

Pr [H (B)jy =T(A) andTI(B) & mp and I (4) & x| = Q(c")

where the probability is over A, B chosen as in the P-test.
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We begin by recalling the required preliminaries from [IKWQ9], and then turn to prove Theo-
rem 2.1

Definition A.2 (Good). Let A be a dy-subspace of F™ and let € € (0,1). We say that A is e-good
(with respect to an assignment II) if for a uniformly distributed d;-dimensional subspace B that
contains A it holds that

Pr [H(B)lA —T(4)] >«

where the randomness is over the choice of B and over the randomness of II.

Definition A.3 (Plurality function). Let A be a dg-subspace of F™. We denote by 74 : F"* — X
the plurality function of A (with respect to II). In other words, for every = € F™ we define 74(z)
to be the value v € ¥ that maximizes

Pr [1(B), = v |1 (B) =11(4)]

where B is a uniformly distributed d;-dimensional subspace that contains A.

Definition A.4 (DP-consistent). Let A be a dy-subspace of F™ and let a,7y € (0,1). We say that
A is (e, a,y)-direct product consistent (abbreviated (e, a,y) -DP-consistent) if A is e-good and it
holds that

(0%

~ = > —

P [I1(B) & 7 [1(B), = TH(A)] 21—
The following lemma is a direct corollary of the proofs of [IKW09, Lemma 4.2] and [IKW09,

Lemma 4.4].

Lemma A.5. There exists a universal constant hg € N such that the following holds: Let ¢ >
ho - g~ (d1/ho—do) gnd o, ~ € (0,1). The probability that a uniformly distributed A is e-good but not
(e, a,y)-DP-consistent is at most 0(1/ (a cy-g2. qdo*z)).

Proof of Theorem 2.1

We will choose the universal constant h to be larger than hy (where hgy is the constant from
Lemma . Assume that the P-test accepts with probability at least ¢ as in the statement of the
theorem. Let 61 = % ceand vy, = Ei’/h . Choose a1 = O (1/551)’ -1 qd0_2) such that the probability
in Lemma that A is e1-good but not (e1, aq,v1)-DP-consistent is at most €1, which is indeed
possible for sufficiently large choice of h. We will later choose & = O (1), by choosing again h to
be sufficiently large.

We consider the following sequence of events. Let A;, A2 denote random dy-subspaces, and let
B denote a random d;-subspace, and define events S1, S, S3 as follows:

1. S1(A41, A9, B) : Ay and Ay are (g1, aq,7v1)-DP-consistent and l_[(B)|A1 =1I(Ay), H(B)‘A2 =
I1(A3).

2. 83(A1, Az, B) : The event Sy (Ay, A2, B) occurs and 74, |5 ¢S T4, (recall that ma, and 74,
are the plurality assignments of A; and As respectively).

3
3. S3(A1,Az): Ap and Ay are (1, 1,71 )-DP-consistent and 74, ~ TA,-
In the next three claims we choose A1, As and B according to the following distribution: choose Ay
and As to be uniformly distributed and disjoint dy-spaces A1, A2, and a choose B to be a uniformly
distributed di-subspace that contains them. We show that the probability of events S1, Sa, Sg under
this distribution is non-negligible.
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Claim A.6. Pr(S] > Q (e3).

Proof Let B’ be a uniformly distributed d;-subspace of F”* and let A’ be a dyp-uniformly distributed
subspace of B’. We begin by lower bounding the probability

Pr [H (B’)‘A/ =1I(A") and A" is (e1, 1, 71)-DP-consistent (19)
To this end, let us denote by P the event that I1(B’) 4, = II(4'), by D the event that A’ is
(e1,0a1,7v1)-DP-consistent, and by G the event that A’ is e1-good. Observe thatPr [P and —G] <
Pr[P|-G] < &;. Furthermore, A’ is a uniformly distributed dy-subspace of F™ and thus by
Lemma and our choice of ay, it holds that Pr[G and —D] < ;. Finally, it holds that the

probability in is

Pr[P and D] > Pr[P and G and D]
= Pr[P and G| —Pr[P and G and —D]
= Pr[P]—Pr[P and =G] —Pr[P and G and —D]
> Pr[P]—Pr[P and —=G] — Pr[G and —D]
> e—¢€1—¢€1
> €

So the probability in is at least 1. By averaging, this implies that for Q (e1) fraction of the
di-subspaces B’ it holds that at least €2 (g1) fraction of the dy-subspaces A’ of B’ are (e1,a1,71)-
DP-consistent and satisfy IT(B’), 5 = II (A’).

Now, observe that by Proposition the distribution over Ay, As, B is equivalent to choosing
B to be a uniformly distributed di-subspace of F™ and then choosing A; and Ay to be disjoint
uniformly distributed dy-subspaces of B. With probability at least € (e1) it holds for B that at least
€ (e1) fraction of the dy-subspaces A of B are (1, a1, 71)-DP-consistent and satisfy I1 (B) 4 = I1(A4).
We condition on the latter event, and claim that under this conditioning the event Si(Ai, A2, B)
occurs with probability at least €2 (5%) To see it, consider two uniformly distributed (not necessarily
disjoint) dp-subspaces A} and A}, of B. Then, by our condltlonlng, it holds that Sy (A}, AL, B) occurs
with probability at least Q (51). Furthermore, by Proposmon it holds with probability at least
1—2-do/qm %% that A} and A} are disjoint. It therefore follows under the foregoing conditioning
on B that

Pr[Si(A1, Az, B)] Pr [S81(A], A5, B)| A}, A} are disjoint]
Pr [S( ’1, 2 B) and A’, Aj are disjoint]
r|

S1(A], Q,B)] - Pr[ 1, Ay are disjoint]|

AV AVARLVARLY,

where the last inequality holds for sufficiently large h. Lifting the conditioning on B, we get that for
a uniformly distributed di-subspace B of F* and two disjoint uniformly distributed dp-subspaces
Aj and As of B, it holds with probability at least €2 (5?) that both Ay and As are (g1, aq,7v1)-DP-
consistent and that II(B) 4, =1 (A1), II(B) 4, = 11 (A2), as required. [ |

Claim A.7. Pr[S;] > Q (e}).
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Proof Let & be the event in which Ay is (€1, a1, 71)-DP-consistent, II (B), 4, = II (A1) and I1 (B) ;él
T, B, and let & be the corresponding event for As. We begin by noting that the probabilities
of both & and & are upper bounded by 1. To see it for £, note that conditioned on A; being
(e1,1,71)-DP-consistent and on II(B), 4, = II1 (A1) it holds that B is a uniformly distributed d;-

(e
subspace satisfying Il (B) 4, = II (A1), and therefore it holds that II (B) aél 4,1 With probability
at most 1 (by the DP-consistency of A;). The probability of & can be upper bounded similarly.
It now follows by Claim that

2001

Pr [Ss] Pr |81 and 74,3 = Ta,B

Pr[S; and =& and —&]
Pr[S1] — Pr[&1] — Pr[&]
Q (E?) —-2-m

Q (e7)

where the last inequality holds for sufficiently large choice of h. The required result follows. |

AV AVAR VARV,

Claim A.8. Pr[S;3] > Q (e}).

Proof Let us say that A; and A are “agree on a random B” if both A; and A are (€1, a1, 7v1)-DP-

2.
consistent and Prp-4,,4, |:7TA1|B ~ 7TA2B:| > Q (E‘i’) By Claim [A.7| and by averaging, we know

that with probability at least €2 (E:f) it holds that A; and As agree on a random B. We show that
3-a
for every A; and As that are (e1, a1, y1)-DP-consistent such that w4, aél T4, it holds that A; and

Ao do not agree on a random B. This will imply that if A; and As agree on a random B then

3-
it must hold that 74, ~' 7 A,. Since we know that the probability of A; and As to agree on a

random B is at least €2 (6:1)’) the required result will follow.
3-aq

Fix A; and Ay to be any (e1,aq,71)-DP-consistent disjoint dg-subspaces such that w4, %
TA,. Now, by Lemma and by sufficiently large choice of h, the probability that a uniformly
distributed di-subspace B that contains A; and As contains at most 2- a3 < 3-a7 — 1 /q”lo*2 —
1/qM %40 fraction of coordinates on which ma, and ma, disagree is at most 1/ (qd1_4‘d0_6), and
the latter expression can be made smaller than any constant factor times 3. Thus, it holds that

2.
Prp-5a,,4, |:’7TA1|B ~ 7rA2|B} can be made sufficiently small such that A; and A do not agree on

a random B, as required. [

We now find a global assignment 7 and show that it agrees with II on many B’s, and then on
many A’s.

Claim A.9. There exists an assignment 7 : F™ — 3 such that Prp[I1(B) < mp and II(B) 4 =
I (A)] > Q (e1).

Proof By Claim and by averaging, we get that for at least () (5?) fraction of the dy-subspaces
A; it holds that A; is (1, a1, v1)-DP-consistent and

3
R |:A2 is (&1, a1,71)-DP-consistent and 74, ~ Tay| > Q2 (eF)
Ag: A, is disjoint from A,
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Fix such dg-subspace A;, and set m = m4,. Consider choosing a uniformly distributed dp-space As

5.
and a uniformly distributed dj-space B D As. We show that II(B) ~ mp with probability at
least 2 (e1).

Let us denote by D the event in which A, is disjoint from A1, by P the event in which II (B)| Ay =

IT(Az2), and by C the event in which Asg is (g1, a1, y1)-DP-consistent and 74, 3§1 TA,-

By Proposition it holds that Pr[D] > 1 —2-dy/qm >% > % (where the second inequality
holds for sufficiently large h). Furthermore, conditioned on D, the subspace As is a uniformly
distributed dy-subspace of F'™ that is disjoint from Ai, and thus by the choice of A; it holds that
Pr[C|D] > Q (e}). Lifting the conditioning, it follows that Pr[C] > Q (7). Next, observe that B
is distributed uniformly over the dj-subspaces that contain Ay, and thus (since in particular A is
e1-good) Pr[P|C] > e1. It therefore holds that Pr[C and P] > Q (1)

Now, let us condition on the events C and P. By Lemma [2.3] and for sufficiently large h,
it holds with probability at least 1 — 1/ (qd1_3’d0_6) > % that B contains at most 4 - a1 > 3ay +
1/q%=241/q% %4 fraction of coordinates on which 74, and 74, disagree. Furthermore, by the DP-
consistency of Ay and for sufficiently large choice of h, it holds with probability at least 1 —~; > %

that IT (B) =7 4,8+ By the union bound and the triangle inequality, it follows that with probability
at least % it holds that II (B) disagrees with = A,/B on at most 5 - a; fraction of the coordinates.
Lifting the conditioning on C and P, we obtain that with probability at least (2 (5‘11) it holds that

5-a1

II(B) = ma, B, and 11 (B) = I (A) as required. |

Finally, we turn to prove the theorem. Let m be the assignment whose existence is guaranteed
by the previous claim. Let us denote by P the event in which II (B)I 4 = 1II(A) (ie., the P-test

accepts A and B), by & the event in which II(B) = ™, by &2 the event in which I1(A) o A
and by &3 the event in which II(B), 4 o2 T 4. Using this notation, it suffices to prove that
Pr[P and & and &)= (5111)
By the definition of 7, it holds that
Pr[P and &)= Q(e})

The subspace A is a uniformly distributed dg-subspace of B, and therefore it holds by Lemma [2.3
that
Pr[~£3161] = O (1/472)

This implies that

Pr[P and & and &3] Pr[P and &]|—Pr[P and & and —&;]

Pr [’P and 51] —Pr [—|53|51]
= () -0 (1/g™1*2)
= ()

Y

where the last inequality holds for sufficiently large h. Now, observe that whenever both the events
P and &3 occur, the event & also occurs. It follows that

Pr[P and & and &) > Pr[P and & and &) = Q (ef)

as required.
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B Routing on de Bruijn graphs

In this section we prove the routing property of de Bruijn graph given in Fact Recall the
following.

Definition (4.1} restated). Let A be a finite alphabet and let m € N. The de Bruijn graph DB m
is the directed graph whose vertices set is A™ such that each vertex (aq,...,a;) € A™ has outgoing
edges to all the vertices of the form (aw,...,a, ) for § € A.

Fact (4.5 restated). Let DB, be a de-Brujin graph. Then, given a permutation p on the vertices
of DBA.m one can find a set of undirected paths of length | = 2m which connect each vertex v to
w(v) and which have the following property: For every j € [l], each vertex v is the j-th vertex of
exactly one path. Furthermore, finding the paths can be done in time that is polynomial in the size
of DBA .

We actually prove the following slightly stronger result, which says that if the permutation pu
acts only on the i last coordinates of its input then the routing can be done in only 2¢ steps.

Claim B.1. Let DB, be a de-Bruijn graph and let i € [m]. Then, given a permutation p on
A% one can find a set of undirected paths of length 2 - i that connect each vertex (aq,...,aum) of
DBAm to the vertex (ai, ..., m—i, it (m—it+1,--.,0m)) and that have the following two property:
For every j € [l], each vertex v is the j-th vertex of exactly one path. Furthermore, finding the
paths can be done in time that is polynomial in the size of DBA .

The proof works by induction on 7. For i = 0 the claim is obvious. Assume that the claim holds
for some 0 < ¢ < m. We prove that the claim holds for i + 1. Let DB = DBy ,,, and let u be a
permutation on A'T!. For convenience, let us define the action of 1 on each (ag,...,an) € F™ as
o, .o am) = (a1, oy Qmeie1, b (Qn—iy e ooy Q)

Let G be the directed graph whose vertices are the set A™ and whose edges are all the pairs of
the form (v, u(v)). Let G’ be the graph that is obtained from G by contracting each |A| vertices
of G that agree on their last coordinate to one vertex. Clearly, every vertex in G’ has in-degree
and out-degree exactly |A|, and each edge of G’ corresponds to an edge of G. Furthermore, observe
that the vertices of G’ can be identified with the vertices of A™ 1.

The |A|-regularity of G implies that the edges of G’ can be partitioned to |A| perfect matchings
{G},ca in polynomial time (see, e.g., [Cam98, Proposition 18.1.2]). Fix a matching G/, and

consider an edge ¢ in G. Observe that if e is coming out of a vertex (ai,...,am—1) of G,
then it must enter a vertex of the form (al, e Qi O ,o/m_l). Thus, we can define a
permutation v, on A’ that maps (um—i, ..., am-1) to (al,_;,..., ), ;) for each such edge €’ (since

G/ is a perfect matching, this is well defined). We now invoke the induction hypothesis on the
graph DB = DB, to find a set of paths P, of length 27 for each permutation v.

We construct the required paths for u as follows. Let v = (aq,...,a;) € A™, and suppose that
w(Qm—iy ey ) = (o/m_i, . ,a;n). We wish to construct a path p in DB that connects v to u (v).
The edge (v, 2 (v)) corresponds to some edge €’ in G, so let G5 be the matching to which e’ belongs.
We turn to construct the path p: The first edge in the path p connects v = (a1, ...,qn) to the
vertex (3, a1,...,am-1). The next 2i edges of p will be the edges of the path in Pg that connects
(B,a1,...,Qm—1) to (ﬁ, ALy Qi 1, Qi ,a;n_l). Finally, the last edge of p will go from the
/

) to the vertex (al,...,am_i_l,a;n_i,...,o/ ) = u(v).

/
vertex (ﬂ, Oy ey Q15 Oy iy e Qg ™

Observe that p indeed connects v to p (v) and is of length 2 - (i + 1)
It remains to show that for each j € [2i + 2] it holds that every vertex v is the j-th vertex of
exactly one path. The cases of j =1 and j = 2-¢+ 2 are trivial. We analyze the case of j = 2, and
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the rest of the cases will follow from the induction hypothesis. Let u = (5, a1,...,am-1) € A™.
We show that u is the second vertex of a unique path p by constructing p. Let ¢’ be the unique
edge of G’ that comes out of the vertex (a1, ..., am,—1) and that belongs to the matching G%. The
edge ¢’ of G’ corresponds to some unique edge (v, u (v)) of G. Now, by construction, the only path
p such that u is the second vertex of p is the path that connects v to p(v). The required result
follows.

C Proof of Claim

In this section, we prove Claim restated below. Recall that G = (F™, E) is a graph with linear
structure and in particular F is a linear supspace of edges.

Claim restated). Let d € N and let E, be a uniformly distributed d-subspace of E. Then,
Pr [dim (left (E,)) = d] > 1—d/q™ %, and conditioned on dim (left (E,)) = d, it holds that left (E,)
is a uniformly distributed d-subspace of F™. The same holds for right (E,).

More generally, let Ey be a fized subspace of E such that dim (Ep) > d and dim (left (Ep)) >
d. Let E, be a uniformly distributed d-subspace of Ey. Then, Pr[dim (left (E,)) =d] > 1 —
d/qimet(E)=d = gnd conditioned on dim (left (E,)) = d, it holds that left (E,) is a uniformly
distributed d-subspace of left (Ey). Again, the same holds for right (E,).

Proof We prove the proposition only for special case in which E, = E and only for left (E,). The
proof of the general case and of the case of for right (F,) is analogous. Let e1, ..., e4 be independent
and uniformly distributed vectors of E, and let E/, = span{eq,...,eqs}. We prove Proposition
by showing that E, is distributed similarly to E/, and analyzing the distribution of FE,.

Observe that by Proposition it holds that conditioned on dim (E}) = d, the subspace E,
is a uniformly distributed d-subspace of E. It therefore holds that

Pr[dim (left (E,)) =d] = Pr[dim (left (E})) = d|dim (E}) = d|
> Pr[dim (left (E,)) =d and dim (E))
= Pr[dim (left (E})) = d]

d]

where the last equality holds since clearly dim (left (E!)) = d implies dim (E!,) = d. Now, since
left () is a linear function, it holds that left (e;),...left (eq) are independent and uniformly dis-
tributed vectors of left (E) = F™, and therefore by Proposition [2.14]it holds that Pr [dim (left (EY,)) = d] >
1 —d/q™ % Tt thus follows that Pr[dim (left (E,)) = d] > 1 —d/¢™ ¢, as required.

It remains to show that conditioned on Pr [dim (left (E,)) = d] it holds that left (E,) is a uni-
formly distributed d-subspace of F™. To see it, observe that for every fixed d-subspace D of F™, it
holds that

Pr[left (E,) = D|dim (left (E,)) =d] = Pr[left (E,) = D|dim (E,) =d and dim (left (E},)) = d|
= Pr [left (E}) = D|dim (left (E;,)) = d|

where the first equality again holds since conditioned on dim (E/) = d it holds that E! is a uni-

formly distributed d-subspace, and the second equality again holds since dim (left (E/,)) = d implies

dim (E!) = d. Now, it holds that left (E!) is the span of d uniformly distributed vectors of F™  and

therefore by Proposition it holds that conditioned on dim (left (E])) = d the subspace left (E})
is a uniformly distributed d-subspace of left (Ep). This implies that the probability

Pr [left (E,) = D|dim (left (E},)) = d|
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is the same for all possible choices of D, and therefore the probability
Pr [left (E,) = D|dim (left (E,)) = d]

is the same for all possible choices of D, as required. |

D Proof of Proposition |6.24

In this section we prove Proposition restated below.

Proposition (6.24] restated). Let I', ¥, r(n), q(n), {(n), s(n), and p(n) be as in Definition [6.9,
and let hg and dy be the constants from Fact[2.17 If there exists a udPCP D for CIRCUITSATp
with the foregoing parameters, then there exists a polynomial time procedure that acts as follows.
When given a circuit ¢ : T'* — {0,1} of size n, the procedure outputs a corresponding decoding
graph G = (V, E) q(n) -do-t-2"") with randomness complexity r(n) +log (do - ¢(n)), alphabet ¥4,
decoding complezity s(n) + polylog |X(n)|, and rejection ratio Q (p(n)/ (q(n))g) Furthermore, G

is (q(n) - do)-regular, and has t - 2" vertices and smoothness 1.

Fix n € N and let r = r(n), ¢ = q(n), £ = £(n), ¥ = X(n), and s = s(n). We describe the
output of the procedure on fixed circuit ¢ : I'* — {0, 1} of size n. The procedure outputs a decoding
graph G defined as follows:

e The vertices set of G is the set [t] - {0,1}", whose elements are identified with all the pairs
(k,w) where k € [t] is an index to be decoded and w is a sequence of coin tosses of D on input
(¢, k). We denote by I,y and 1)}, are the queries tuple and circuit that are output by D
on input (¢, k) and coin tosses w.

e The alphabet of G is 9.

e The edges of G are constructed as follows. For every i € [¢], we let C; be the set of pairs
(k,w) such that on I ) contains i. For each i € [{], we consider the expander G|c, over
|C;| vertices from Fact and identify its vertices with the elements of C;. Now, for each
undirected edge of G|¢,|, we put two directed edges between the corresponding vertices in Cj,
one edge per direction.

e If an edge is coming out from a vertex (k,w), then it is associated with the index k.

e The circuits 1. associated with the edges are constructed as follows. Let e be an edge going
from (k1,w1) to (ko,ws), let 1. be the associated circuit. Suppose that (ki,w;) and (k2,ws)
belong to Cj, so there exist ji,j2 € [g] such that (I(k1,w1))j1 = (1'(1627“,2))].2 = 4. Now, the
circuit v, is given as input two tuples a,b € 39, outputs L if a;, # bj,, and otherwise outputs

w(kl ,wl) (CL) .

Let ¢ and n’ denote the numbers of vertices and edges of G. It is easy to see that the decoding
graph G has the correct size, randomness complexity, alphabet, decoding complexity, and number
of vertices, and also that it is ¢- dp-regular. To see that it has smoothness 1, consider an edge (u,v)
that is chosen under the decoding distribution and observe that

e y is uniformly distributed among the vertices of G.

e Conditioned on the choice of u, the edge (u,v) is uniformly distributed among the edges of w.
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Combining the two above observations with the regularity of G implies that the decoding distribu-
tion of G is the uniform distribution over the edges.

We turn to show the completeness of G. Let = be a satisfying assignment for ¢, and let m = 7,
be the corresponding proof string for D. We define an assignment II to the vertices of G by defining
(g w) to be T Loy It should be clear that this choice of II satisfies the requirements.

It remains to analyze the rejection ratio of G. Let II be an assignment to G. For each vertex
(k,w), if for some j € [g] it holds that (I(j,w))j = i, then we refer to (H(k,w))j as the opinion of
(k,w) on i, and also as the j-th opinion of (k,w). Let m be the proof string for D defined by setting
m; to be the most popular opinion of a vertex of G on i. Suppose that D has decoding error e
on 7 and let = be the satisfying assignment to ¢ that achieves this decoding error. Let & be the
decoding error of G on II with respect to x. We show that at least g - ¢’ fraction of the edges of G
reject 11, and this will establish the rejection ratio of G.

Let n be the fraction of vertices of G that have an opinion that is inconsistent with 7. Clearly,
g’ <e+mn: To see it, note that for at least 1 — e — 7 of the vertices (k,w) of G it holds that all the
opinions of of (k,w) are consistent with 7 and that D does not err on proof string 7 and on (k,w)

(i-e. Yw) (7r|1<j’w>> € {L,zx}). Then, observe that all the outgoing edges of such a vertex (k,w)

do not err.

Let k be uniformly distributed over [¢t]. We consider two possible cases. First, consider the case
in which 7 < p-¢/2. By the soundness of D, it holds that D rejects m with probability at least p-e.
Thus, at least p - e fraction of the vertices (k,w) of G, it holds that D rejects m on (k,w). This
implies that at least (p-e —n) fraction of the vertices (k,w) of G, it holds that both D rejects =
on (k,w) and all the opinions of (k,w) are consistent with 7, in which case all the outgoing edges
of (k,w) reject II. It follows that the fraction of edges of G that reject II is at least

1
pe—n>p-e/2> —77—|—£~ L

>

Hk\b

as required.

We turn to consider the case in which n > p-e/2. By averaging, there exists some j € [g] such
that for at least n/q fraction of the vertices (k,w) of G it holds that the j-th opinion of (k,w) is
inconsistent with 7. For every i € [¢], denote by S; the set of vertices of C; whose j-th opinion is
an opinion on ¢ that is inconsistent with 7;, and observethat

L
7 > 18]
=1

Fix i € [/] and denote S; = C;\S;, and note that since m; is the plurality vote it holds that
|Si] < |C;] /2. Now, observe that every edge that goes from S; to S; or vice versa must reject II.
By the edge expansion of G|c,|, the number of such edges is at least hq - do - |S|. Since this holds
for every ¢ € [¢], it follows that the fraction of edges of G that reject II is at least

1
vl Z = 7 Zho do -

— qdo

oy
= — ISl
q-t i=1

ho m
q

v
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where the first equality follows since G is (g - dp)-regular. The required result follows.

E Proof of Proposition

In this section we prove Proposition [7.4] restated below.
Proposition (7.4] restated). There exists a polynomial time procedure that acts as follows:

e Input:

— A wvertex-decoding graph G of size n for input circuit o : Tt — {0,1} with ¢ vertices,
alphabet 32, rejection ratio p, decoding complexity s, degree bound d, and smoothness .

— A number ' € N such that ¢’ > £ (given in unary).

def | ¢

e Output: Let c = [7J and let do and hg be the constants from Fact|2.17. The procedure

outputs a vertex-decoding graph G’ of size at most 2 - (¢ + 1) - do - n for input circuit ¢
that has exactly ¢' vertices and also has alphabet ¥, output size s + polylog|X|, rejection

ratio €} (72 . p/dz), degree bound 2 - dy - d, and smoothness % .

Furthermore, if G is d-regular then G’ is (2 - dy - d)-regular and has rejection ratio 2 (’yQ . p).

Let G = (V,E), ¢, £, and ¢’ be as in the proposition and let z = ¢’ mod ¢. We construct G’ as
follows. Choose an arbitrary set T' C V of size z. The vertices of G’ consist of a set C, of vertices
for each v € V, where |Cy,| = ¢+ 1 if v € T and |C,| = ¢ otherwise. Observe that G’ indeed has ¢’
vertices. For each v € V let us denote C,, = {Ul, Uy } The edges of G’ are defined as follows:

1. For each edge (u,v) of G and for each I € [c], the graph G’ has dy edges (u;,v;) that are

associated with the same index ki, ) and circuit 9, as the edge (u,v) of G. We call such
edges “G-edges”.

. For each edge (u,v) for which u € T, the graph G’ contains the following “trivial” edges: Let
Jk = k() and ¥ = 9, ) be the index and circuit associated with (u,v). Recall that since
G is vertex-decoding, there exists a function f : ¥ — I' such that for every a,b € ¥ on which
¥ (a,b) # L, it holds that v (a,b) = f(a). Let ¢/ : ¥ — ' U {L} be the circuit that for
every input (a,b) € $? outputs f(a). The graph G’ contains dy edges (uci1,Uct1) that are
associated with the index k and with the circuit 1)’.

. For each edge (u,v) of G the graph G’ contains the following edges, which correspond to
“equality constraints”: Let k = k(,,) and ¥ = 1), ,) be the index and circuit associated
with (u,v), and let f : ¥ — T' as in Item [2l Let ¢’ be the circuit that on input (a,b) € %2
outputs L if a # b and outputs f(a) otherwise. We now identify the vertices of C,, with the
vertices of the expander G|¢,| from Fact and for every (undirected) edge of G, | we put
two directed edges between the corresponding vertices of C, where the directed edges are
associated with the index k and with the circuit 1)’. We call such edges “consistency edges”
of u.

Let n/ be the size of G’. It is easy to see that G’ has the correct size, alphabet, decoding complexity,
and degree bound, and also that G’ satisfies the completeness requirement. It can also be verified

c+1

that G’ has smoothness (1 — L) Y > % -7 using the smoothness criterion (Proposition [6.22

a straightforward calculation.
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It remains to analyze the rejection ratio of G'. Let 7’ be an assignment to the vertices of
G’, and let 7 be the corresponding plurality assignment to G. That is, 7 is the assignment that
assigns each vertex v of G the most popular value among the values that 7’ assigns to vertices in
C,. Suppose that G has decoding error € on 7 and let € I'* be an assignment that attains this
decoding error. Let ¢’ be the decoding error of G’ on 7’ with respect to . We will show that G’

rejects 7 with probability at least h%f - p - & under the decoding distribution, and this clearly
suffices since ¢’ is an upper bound on the decoding error of G’. To this end, we will analyze the
decoding error and rejection probability of G’ under the uniform distribution on the edges, and
then use the smoothness of G’ to derive conclusions on the decoding distribution.

By the smoothness of G’, the probability that a uniformly distributed edge of G’ fails to decode

x on 7' is at least £] def 1 ~ - &'. Furthermore, a uniformly distributed edge of G fails to decode

=2
z on m with probability at least 1 def v - € and rejects with probability at least p-e1 =~v-p-c.
Let 1 be the fraction of vertices of G’ on which 7’ is inconsistent with w. We begin the analysis by
expressing £} in terms of 1 and 7.

Let F be the set of edges of G that fail to decode x on 7, let F’ be the set of edges of G’ that fail
to decode x on 7/, and let S’ be the set of vertices of G’ on which 7’ is inconsistent with plurality
assignment 7, so 7 def |S”| /€. An edge ¢ = (u,v) of G’ is in F’ if and only if €’ corresponds to
some e € F or if v is in S’ (note that since G’ is vertex-decoding, we need not consider the case
where v is in S”). Now, every edge in F' has dj - ¢ corresponding G-edges in G’, and every vertex in
S’ has at most 2 - dy - d outgoing edges. Thus, it holds that

Observe that since every vertex of G has at least one outgoing edge (since G is vertex-decoding),
it holds that every vertex in G’ has at least 2 - dy outgoing edges, and therefore n’ > 2-dy- ¢ . It
follows that

]
o= 5 (20)
do-C'|F‘+2'd0'd'|S/|

= o
< dQ-C“F‘+2'do‘d'|S,’
— 2-dp-c-n 2-do- ¥
< e +d-n

Observe that the last inequality implies that if 1 is small compared to €] then 1 must be large,
and vice versa. We turn to consider each of the cases separately.

The case where 7 is small First, consider the case where n < p-£{/16-d. In this case, we argue
that 7’ is roughly consistent with 7, and therefore the action of G’ on 7’ is similar to the action of
G on w. In particular, we argue that the fraction of edges of G’ that reject © must be related to
the fraction of edges of G that reject m, which is at least p - £1. However, since by Inequality [20] it
holds that ¢; is large compared to £}, it will follow that the fraction of edges of G’ that reject 7’ is
roughly p - €], as required.

More formally, it holds that the fraction of edges touching S’ (both incoming amd outgoing) is
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at most

2-dy-d- |9 2-dy-d-n-t
W
2-do-d-
(Since n’ >2-dy- ') < 2t 2h
2-dy
do-d-p-¢
(By assumption on 1) < Odo-ilpt"mlsl
_ pE
16

On the other hand, it holds that the size of F' (the set of edges of G that reject ) is at least p-£1 - n.
Each such edge has at least dy-c corresponding G-edges in G’, and since n’ < 2-dy-(c+1)-n, it follows
that the fraction of edges of G’ that correspond to edges in F' is at least (%) > p-e/4.
Furthermore, it holds that

g1 >¢el—d-n>¢el—p-€y/16 > &) /2

So in fact the fraction of edges in G’ that correspond to edges in F is at least p-e1/4 > p-¢) /8. This
implies that the fraction of edges of G’ that both correspond to edges in F' and whose endpoints
are consistent with 7 is at least p- €| /8 — p- €} /16 > p- €/ /16. Since all of these edges reject 7', it
follows that the fraction of edges of G’ that reject 7’ is at least p-f /16 > p-1.~-€//16 > v-p-€/32.
This implies that the rejection probability of 7/ under the decoding distribution of G’ is at least
Q(y*-p- ). as required.

The case where 7 is large We turn to consider the case where 7 > p-£]/16-d. In this case, the
assignment 7’ is quite inconsistent with 7, and we argue that a significant fraction of the consistency
edges reject m’. More formally, using similar considerations as in the proof of Proposition every
set C, contributes at least hg - do - |S" N Cy| rejecting consistency edges. Thus, there are at least
ho - dg - |S’| rejecting edges. This implies that the fraction of rejecting edges is at least

ho - do - |S'| S ho - do - ||
/ — 2-do-d-V

n

ho
32 . d?

ho
32 - d?
ho -~y
64 - d?

v

.p.g

Y
DO | =

.p.

~

Y
o

.p.

which implies that the rejection probability under the decoding distribution is at least €2 (72 -p-€'/ d2),
as required.

The “furthermore” part For the “furthermore” part of the lemma, first observe that it is easy
to see from the definition of G’ that if G is d-regular then G’ is (2 - dy - d)-regular. For the rejection
ratio part, note that in the foregoing analysis we lose a 1/d factor in two places:
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1. We lose a factor of 1/d in the proof of Inequality where our upper bound on the number of
edges that go out of S is 2-dp - d-|S| while our lower bound on n’ is only 2-dg - ¢'. However, if
G is d-regular, then G’ is (2 - dy - d)-regular, and thus the lower bound on n’ can be improved
to 2-dy-d-¢. This implies that Inequality [20] becomes &} < &1 + 7.
As a result, the case of “small 7)” can be extended to all the cases where n < p-¢//16, and in
the case of “large 1” we can assume that 7 > p- ¢/ /16. This saves a factor of 1/d in the case
of “large n”.

2. We lose a factor of 1/d in the case of “large 7”, since the lower bound on the number of
rejecting consistency edges for a set C, is only hg - dp - |S N Cy|, while the upper bound on
the number of consistency edges in the graph is dy - d - n. However, if G is d-regular then the
foregoing lower bound can be improved to hg - dy - d - |S N C, ], regaining the factor of 1/d.
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